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A B S T R A C T

The nonlinearity and non-separability of the antithetic PID (aPID) controller have provided greater flexibility
in the design of biochemical reaction networks (BCRNs), resulting in significant impacts on biocontrol-systems.
Nevertheless, the dilution of control species is disregarded in designs of aPID controllers, which would lead
to the failure of inhibition mechanism in the controller and loss of robust perfect adaptation (RPA)—the
biological counterpart of robust steady-state tracking. Here, the impact of dilution processes on the structure
of aPID is investigated in this study. It is discovered that the proportional and low-pass filters are altered
when the dilution processes is present in control species, which increases the coupling between the controller
parameters. Moreover, additional integrations for the reference signal and control output generated by control
species dilution further leads to the loss of RPA. Subsequently, a novel aPID controller represented by BCRNs,
termed quasi-aPID, has been designed to eliminate the detrimental effects of the dilution processes. In an
effort to ameliorate the interdependencies among controller parameters, a degradation inhibition mechanism
is employed within this controller. Furthermore, this work establishes the limiting relationship between the
controller’s reaction rates in order to guarantee RPA, while abstaining from the introduction of supplementary
species and biochemical reactions. By using the quasi-aPID controller in both the Escherichia coli gene
expression model and the whole-body cholesterol metabolism model, its effectiveness is confirmed. Simulation
results demonstrate that, the quasi-aPID exhibits a smaller absolute steady-state error in both models and
guarantees the RPA property.
1. Introduction

One of the fundamental characteristics of biological systems is their
ability to maintain stability in the uncertain external environment,
which is typically achieved through endogenous feedback regulatory
mechanisms [1–3]. Restoring internal balance when endogenous reg-
ulatory mechanisms fail has been a focus of researchers [4,5]. Fortu-
nately, the rational design of biomolecular feedback controllers holds
promise for addressing this issue [6–9].

The integral controller ensures that the system’s output approaches
the desired reference signal and perfectly adapts to disturbances, a
property known as robust steady-state tracking or robust perfect adap-
tation in the biological context [10–12]. Moreover, the integral con-
troller has strong scalability and flexibility, as it can be transformed
into a proportional–integral (PI) controller or a proportional–integral–
derivative (PID) controller by incorporating proportional and derivative
modules [13–15]. However, there are several limitations in imple-
menting PID controllers using biomolecules. Firstly, BCRNs inherently
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possess nonlinear structures [16,17]. Secondly, the quantities of the
controlled objects, such as protein copy numbers or concentrations,
cannot be negative. To achieve RPA, researchers initially focused on
implementing independent integral controllers [18–20]. Subsequently,
a series of aPI and aPID controllers have been proposed to enhance
control performance while ensuring RPA. Unlike other molecular PID
controllers, the aPID controller is based on antithetic motif, with the
reference signal defined by the reaction rate of the reference reaction
and the control output defined by the reaction rate of the controller
reactions. In contrast to molecular PID controllers which not based on
antithetic motif, the control output is set based on the concentration
of the control species, aPID controllers typically exhibit fewer species
and reactions [21,22]. The biological implementation of aPID con-
trollers requires the design of mechanisms that facilitate the adjustable
modulation of reaction rates. This is often achieved through specific
activators, inhibitors, or the design of specific binding sites on the
control species [17,23].
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The antithetic motif is essential for achieving RPA [24]. Based
on the antithetic motif, the antithetic integral (aI) controller is pro-
posed [10,19]. Studies on implementing the aI controller in cells have
identified that the dilution of the controlled species, synchronized
with cell growth, disrupts the functionality of the aI controller, and
corresponding solutions have been proposed [19,24]. Building upon
the aI controller, a design method for the aPID controller has been
proposed [17]. Compared to previously proposed biomolecular PID
controllers, the aPID controller is more suitable for implementation
using BCRNs and involves fewer reactions and control species. Previous
studies are influenced by the design of traditional PID controllers,
focusing on separately implementing the P, I, and D components and
then summing them together, assuming linear dynamics of the con-
troller [22,25,26]. However, the feedback mechanisms in BCRNs are
inherently nonlinear, and there is no reason to constrain the dynamics
of the controller to be linear [17]. Moreover, these controller designs
introduce additional species, increasing the complexity of their bio-
logical implementation. The aPID controller is a nonlinear controller,
and its P, I, and D components are not independent. Researches have
shown that aPID possesses several excellent characteristics, including
but not limited to guaranteeing RPA, enhancing stability, and dynamic
performance [9,17,23].

In living systems, widespread inhibitory mechanisms are critical for
maintaining system homeostasis [27,28], and the aPID controller is
formed by introducing an inhibitory mechanism based on the antithetic
motif [17]. Different types of inhibitory mechanisms can result in aPID
controllers with different performance characteristics. According to the
study in Ref. Filo et al. [17], aPID controllers utilizing degradation
inhibition exhibit more prominent performance. In the biochemical
implementation of non-antithetic feedback controllers, time-delay and
leakage reactions are important issues to consider [29–32]. While con-
trolling the dilution of species is a more urgent problem to be solved in
the design of antithetic feedback controllers [17,19]. Because whether
it is the natural degradation of the control species, or the change of
environment in which the controller is located, such as the growth and
division of cells, will lead to the dilution of the control species [17],
which in turn will lead to the failure of the antithetic motif in the
antithetic feedback controller. Nevertheless, the existence of species di-
lution is disregarded in earlier aPID controller designs. Therefore, while
aPID controller may be able to provide the intended control function
in cell-free environments without causing natural species degradation
theoretically, our simulated results show that the RPA is not maintained
when molecular dilution is present. It should be noted that earlier
research on species dilution in controllers is limited to aI controllers.
This is because the molecular dilution problem in the aPID controller
is much more complex than the dilution problem in the aI controller.
In actuality, the molecular dilution problem in aPID controllers cannot
be solved by the usual strategy for addressing molecular dilution in aI
controllers because of inhibition mechanism.

In this work, investigations are conducted into the causes of the
loss of RPA characteristics in aPID controllers when control species
dilution is present. Furthermore, a new aPID controller, namely quasi-
aPID, is designed to mitigate the detrimental effects caused by control
species dilution. Specifically, a mathematical method is used to create
the controller in the presence of dilution and to determine the precise
limiting relationships that the reaction rates of the various reactions
within the controller needed to satisfy. By following this method, the
scope of applicability for quasi-aPID is clearly defined. Importantly,
these conditions hold true under mild assumptions and are largely
independent of specific parameter values. Then the effectiveness of
the quasi-aPID design is validated through numerical simulations con-
ducted on two typical models in synthetic biology, namely the gene
expression model in Escherichia coli and the whole-body cholesterol
metabolism model.

This study elucidates the impact of species dilution process on
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the structure of aPID controller, and theoretically explains the reason
behind the loss of RPA property of aPID controller. The newly designed
quasi-aPID overcomes the detrimental effects of species dilution, facil-
itating the application of aPID controller in a wider range of biological
fields such as implementing quasi-aPID in rapidly proliferating cells.
Moreover, quasi-aPID enriches the types of aPID controllers and pro-
vides a valuable reference for designing other types of aPID controllers
with dilution processes.

2. Impact analysis of species dilution on the structure of aPID
controller

In this section, the BCRNs of aPID with dilution processes are
described. A comprehensive explanation of the species and related
biochemical reactions is provided, along with the dynamic model of
the closed-loop system consisting of the controlled network and the
aPID controller. Subsequently, the closed-loop system undergoes lin-
earization using the linear perturbation approach. Structural block
diagrams of the controller are obtained for both scenarios, with and
without dilution of the control species. These diagrams form the basis
for a study examining the impact of dilution processes on the aPID
controller’s control capability.

2.1. Symbol description

Block diagrams are typically used to describe feedback control
systems. However, this research adopts a general framework proposed
in [17] to adjust to the biological situation. The control and the con-
trolled network, or the controller and plant, are described by BCRNs.

Consider a general plant shown in Fig. 1 in orange. This network
has 𝑛 species 𝑋 ∶=

{

𝑋1,… , 𝑋𝑛
}

, each of which reacts with 𝑚 reaction
channels, represented by 𝑅 ∶=

{

𝑅1,… , 𝑅𝑚}. Every reaction 𝑅𝑖(𝑖 =
1,… , 𝑚) has a propensity function 𝜆𝑖 ∶ R𝑚

+ → R+ and a stoichiometric
vector 𝜁𝑖 ∈ Z𝑛×1. The combination of the propensity function (vector-
valued) 𝜆 ∶=

[

𝜆1 𝜆2 ... 𝜆𝑚
]𝑇 , species 𝑋, and stoichiometric matrix

𝑆 ∶=
[

𝜁1 𝜁2 ⋯ 𝜁𝑚
]

∈ Z𝑛×𝑚 can characterize a controlled network,
denoted as N ∶= (𝑋,𝑆, 𝜆), which is also referred to as an open-loop
system. Using the catalytic reaction 𝐴

𝜏
←←←←←←→ 𝐴 + 𝐵 as an example, the

stoichiometric vector is
[

0 1
]𝑇 , the propensity function is 𝜏𝑎, where

𝐴 and 𝐵 are species, 𝑎 is the concentration of the species 𝐴, 𝜏 is the
reaction rate.

The aim of this study is to construct a controller N𝑐 , or control
network, that has the ability to regulate the concentration of 𝑋𝑛 within
the regulated network N. With the exception of species 𝑋1 and 𝑋𝑛, it
is presumed that the controller cannot access any other species within
the controlled network. To be more precise, the controller ‘‘senses’’ the
control network’s output species 𝑋𝑛, ‘‘processes’’ the sensed signal via
the control species 𝑍 ∶= {𝑍1, 𝑍2}, and then ‘‘actuates’’ the regulated
network’s input species 𝑋1. The control species are permitted to interact
with the plant input/output species as well as with one another through
𝑙 reaction channels, represented by 𝑐 ∶= {1

𝑐 ,
2
𝑐 ,… ,𝑙

𝑐}. Let 𝑆̄𝑐 ∈
Z4×𝑙 and 𝜆𝑐 ∶ R4

+ → R𝑙
+ denote the stoichiometry matrix and propensity

function of the controller, respectively.
The stoichiometry matrix 𝑆̄𝑐 can be partitioned as 𝑆̄𝑐 ∶= [𝑆1𝑆𝑛𝑆𝑐 ]

because the controller reactions 𝑅𝑐 involve the controller species 𝑍
and the plant input/output species 𝑋1∕𝑋𝑛. We assume that the output
increases with an increase in the input. Here, the stoichiometry coef-
ficients of the plant input and output species 𝑋1 and 𝑋𝑛, respectively,
among the controller reaction channels 𝑅𝑐 are encrypted by the two
variables, 𝑆1 and 𝑆𝑛. Moreover, the controller species’ stoichiometry
coefficients are encrypted by 𝑆𝑐 . Therefore, designing 𝑆1, 𝑆𝑛, 𝑆𝑐 , and
𝜆𝑐 is the main task involved in the controller design problem. Take note
that we only include plants with single-input, single-output species for
simplicity’s sake. But by adding more rows to 𝑆1 and 𝑆𝑛, this may be
easily adapted to multiple-input-multiple-output species. In the end,
the closed-loop system consists of the open-loop network enhanced
with the controller network, encompassing all the species of plants and
controllers 𝑋𝑐𝑙 ∶= 𝑋 ∪ 𝑍 and reactions 𝑅𝑐𝑙 ∶= 𝑅 ∪ 𝑅𝑐 . The propensity
function 𝜆𝑐𝑙 and closed-loop stoichiometry matrix 𝑆𝑐𝑙 together can

therefore fully represent the closed-loop network, Ncl ∶= N ∪ Nc.
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Fig. 1. Closed-loop system composed of the aPID controller with dilution and plant.
Table 1
The BCRNs of aPID.

Reaction name BCRN Propensity function Stoichiometry vector

Reference Rxn: 𝑅𝑟 ∅
𝑔

⟶ 𝑍1 𝑔(𝜇, 𝑥𝑛) [0⋯ 0 1 0]𝖳

Actuation Rxn: 𝑅𝑎 ∅
ℎ

⟶ 𝑋1 ℎ(𝑧1 , 𝑥1 , 𝑥𝑛) [1⋯ 0 0 0]𝖳

Sensing Rxn: 𝑅𝑠 𝑋𝑛
𝜃

⟶ 𝑋𝑛 +𝑍2 𝜃𝑥𝑛 [0⋯ 0 0 1]𝖳

Sequestration Rxn: 𝑅𝑞 𝑍1 +𝑍2
𝜂

⟶ ∅ 𝜂𝑧1𝑧2 [0⋯ 0 − 1 − 1]𝖳

Dilution Rxn1: 𝑅𝑑1 𝑍1
𝛾

⟶ ∅ 𝛾𝑧1 [0⋯ 0 − 1 0]𝖳

Dilution Rxn2: 𝑅𝑑2 𝑍2
𝛾

⟶ ∅ 𝛾𝑧2 [0⋯ 0 0 − 1]𝖳

2.2. Controller description

An incoherent feedforward loop (IFFL) and an antithetic motif are
the two main components of an aPID. In Fig. 1, the reactions in the IFFL
are indicated by red lines, whereas the reactions in the antithetic motif
are depicted by black lines. For every reaction, Table 1 displays the
stoichiometry vector, propensity function, and BCRN representation.

To be specific, 𝑅𝑟 represents the reference reaction, which is equiv-
alent to ∅

𝜇
←←←←←←←→ 𝑍1 and 𝑋𝑛

𝛽
←←←←←←→ 𝑋𝑛 + 𝑍1, thus 𝑔(𝜇, 𝑥𝑛) = 𝜇 + 𝛽𝑥𝑛. More

precisely, ∅
𝜇
←←←←←←←→ 𝑍1 belongs to the antithetic motif, while 𝑋𝑛

𝛽
←←←←←←→ 𝑋𝑛 +𝑍1

belongs to the IFFL. 𝑅𝑎 is the ‘‘driving’’ reaction that implements the
controller’s actuaion on the plant, its propensity function depends on
the specific inhibition mechanism. When there is no inhibitory reaction
present, the given reaction is equivalent to 𝑍1

𝑘
←←←←←←→ 𝑍1 + 𝑋1, thus

ℎ(𝑧1, 𝑥1, 𝑥𝑛) = 𝑘𝑧1, and it serves as the driving force within the anti-
thetic motif. However, when inhibitory reaction is present, it interacts
with 𝑋𝑛

𝛽
←←←←←←→ 𝑋𝑛+𝑍1 to form a complete IFFL. Specifically, the inhibition

mechanism can be described as the output 𝑋𝑛 directly inhibits the input
𝑋1 and simultaneously produces it via the intermediate species 𝑍1.
𝑅𝑠 is the measurement reaction, where the concentration change of
controlled species 𝑋𝑛 is reflected by the concentration change of control
species 𝑍2; 𝑅𝑞 is the sequestration reaction, which associates control
species 𝑍1 and 𝑍2 to prevent unbounded growth of the control species.
∅

𝜇
←←←←←←←→ 𝑍1, 𝑍1

𝑘
←←←←←←→ 𝑍1+𝑋1, 𝑅𝑠 and 𝑅𝑞 combine to form the antithetic motif.

𝑅𝑑1 and 𝑅𝑑2 are dilution reactions with dilution rate 𝛾, representing the
dilution processes of control species 𝑍1 and 𝑍2. These two reactions
are ignored in the previous design of aPID. With this, the BCRNs rep-
resentation of the aPID with dilution processes is completed. Thus, the
stoichiometric matrix 𝑆𝑐𝑙 and propensity function 𝜆𝑐𝑙 of Ncl described
in the right of Fig. 1. The control architectures can be obtained by
suitably selecting the functions 𝑔(𝜇, 𝑥𝑛) and ℎ(𝑧1, 𝑥1, 𝑥𝑛). A theoretical
linear perturbation analysis is carried out in Section 2.3 to verify the
proportional–integral–derivative control structure of the proposed con-
trollers. In fact, the analysis applies to any smooth function ℎ(𝑧1, 𝑥1, 𝑥𝑛)
3

which is monotonically increasing (resp. decreasing) in 𝑧1 (resp 𝑥1 and
𝑥𝑛), and any smooth function 𝑔(𝜇, 𝑥𝑛) that is monotonically increasing
(resp. decreasing) in 𝜇 (resp. 𝑥𝑛). The genetic implementation of the
various control mechanisms presented throughout the paper can be
carried out using basic activators, repressors and proteases which do
not require any complicated biophysical mechanisms to implement
the control designs. See Section 4 for more details on the genetic
implementations.

2.3. Linear perturbation analysis

Considering an arbitrary plant controlled by an aPID controller
described in Fig. 1, the dynamics of the closed-loop system, based on a
common kinetic assumption —mass action kinetics, can be represented
by a set of ordinary differential equations as

⎧

⎪

⎨

⎪

⎩

𝑥̇ = 𝑓 (𝑥) + ℎ(𝑧1, 𝑥1, 𝑥𝑛)𝑒1
𝑧̇1 = 𝜇 + 𝛽𝑥𝑛 − 𝜂𝑧1𝑧2 − 𝛾𝑧1
𝑧̇2 = 𝜃𝑥𝑛 − 𝜂𝑧1𝑧2 − 𝛾𝑧2

(1)

where 𝑥 ∶=
[

𝑥1 𝑥2 ⋯ 𝑥𝑛
]

∈ R𝑛×1, 𝑒1 ∶=
[

1 0 ... 0
]𝑇 ∈ R𝑛×1

and 𝑓 (𝑥) ∶= 𝑆𝜆(𝑥). The perturbation from the fixed point
[

𝑥̄𝑇 𝑧̄1 𝑧̄2
]𝑇 of Eq. (1) should be denoted by

[

𝑥̃𝑇 𝑧̃1 𝑧̃2
]𝑇 . We

assume that the reference signal 𝜇 is permitted to vary slightly in
time around a nominal constant reference 𝜇̄ in order to do a linear
perturbation analysis. That is, we have

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑥̃(𝑡) = 𝑥(𝑡) − 𝑥̄

𝑧̃1(𝑡) = 𝑧1(𝑡) − 𝑧̄1
𝑧̃2(𝑡) = 𝑧2(𝑡) − 𝑧̄2
𝜇̃(𝑡) = 𝜇(𝑡) − 𝜇̄

(2)

Then the linearized dynamics can thus be written as

⎧

⎪

⎨

⎪

⎩

̇̃𝑥 = 𝐴𝑥̃ +
(

𝜎1𝑧̃1 − 𝜎2𝑥̃1 − 𝜎3𝑥̃𝑛
)

𝑒1
̇̃𝑧1 = 𝜇̃ + 𝛽𝑥̃𝑛 − 𝜂𝑧̄1𝑧̃2 − 𝜂𝑧̃1𝑧̄2 − 𝛾𝑧̃1
̇̃𝑧2 = 𝜃𝑥̃𝑛 − 𝜂𝑧̄1𝑧̃2 − 𝜂𝑧̃1𝑧̄2 − 𝛾𝑧̃2

(3)

where the jacobians are defined as 𝐴 ∶= 𝜕𝑓 (𝑥̄), 𝜕ℎ(𝑧̄1, 𝑥̄1, 𝑥̄𝑛) =∶
[

𝜎1 −𝜎2 −𝜎3
]

, and 𝜎1, 𝜎2, 𝜎3 > 0. Taking the laplace transforms
of Eq. (3) and omitting irrelevant state variables yields

𝑥̃𝑛(𝑠) = 𝑒𝑛
𝑇 (𝑠𝐼 − 𝐴̄)−1𝑒1𝑢̃(𝑠); 𝐴̄ ∶= 𝐴 − 𝜎2𝑒1𝑒

𝑇
1 (4)

𝑢̃(𝑠) = 𝜎1𝑧̃1(𝑠) − 𝜎3𝑥̃𝑛(𝑠) (5)

𝑧̃1(𝑠) =
𝜇̃(𝑠) + 𝛽𝑥̃𝑛(𝑠) − 𝜂𝑧̄1𝑧̃2(𝑠)

𝑠 + 𝜂𝑧̄2 + 𝛾
(6)

𝑧̃2(𝑠) =
𝜃𝑥̃𝑛(𝑠) − 𝜂𝑧̄2𝑧̃1(𝑠) (7)
𝑠 + 𝜂𝑧̄1 + 𝛾
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Fig. 2. Block diagram of the aPID feedback controllers without dilution.
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Next, let 𝑧̃1(𝑠) and 𝑧̃2(𝑠) be represented by 𝜇̃(𝑠) and 𝑥̃𝑛(𝑠) respec-
tively. The error defined as 𝑒(𝑠) ∶= 𝜇̃(𝑠) − (𝜃 − 𝛽)𝑥̃𝑛(𝑠). Then, Eqs. (6)
nd (7) can be rewritten as

𝑧̃1(𝑠) =
𝑠
𝐷

[

𝜇̃(𝑠) + 𝛽𝑥̃𝑛(𝑠) +
𝜂𝑧̄1
𝑠

𝑒(𝑠) +
𝛾𝐸
𝑠

]

(8)

𝑧̃2(𝑠) =
𝑠
𝐷

[

𝜃𝑥̃𝑛(𝑠) −
𝜂𝑧̄2
𝑠

𝑒(𝑠) +
𝛾𝜃𝑥̃𝑛(𝑠)

𝑠

]

(9)

where 𝐷 ∶= 𝑠2+(𝜂𝑧̄+2𝛾)𝑠+𝜂𝑧̄𝛾+𝛾2, 𝑧̄ ∶= 𝑧̄1(𝑠)+ 𝑧̄2(𝑠), 𝐸 ∶= 𝜇̃(𝑠)+𝛽𝑥̃𝑛(𝑠),
ubstituting Eqs. (8) and (9) into Eq. (5), we obtain

𝑢̃(𝑠) =
[

𝜎1
𝜂𝑧̄

𝜇̃(𝑠) +
𝑧̄1𝜎1
𝑧̄

𝑒(𝑠)
𝑠

+
𝜎1𝛽
𝜂𝑧̄

𝑥̃𝑛(𝑠) +
𝛾𝐸
𝑠

]

𝑊

−𝜎3𝑥̃𝑛(𝑠)
(10)

where 𝑊 ∶= 𝜂𝑧̄+𝛾
𝑠+𝜂𝑧̄+𝛾 − 𝛾

𝑠+𝛾 . Eq. (10) provides an initial insight into the

structure of the aPID controller N𝑐 . Subsequently, the specific impact
of the species dilution processes on the aPID control structure is further
investigated. Specifically, The different forms of Eq. (10) corresponding
o varying values of 𝛾 are examined. The discussion is presented below.
Case 1: When there is no dilution processes, i.e, 𝑅𝑑1 , 𝑅𝑑2 do not

xist, 𝛾 = 0, thus Eq. (10) and closed-loop system N𝑐𝑙 can be written as

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑢̃(𝑠) =

[

𝐾𝐹 𝜇̃(𝑠) +
𝐾𝐼
𝑠
𝑒(𝑠)

− (𝐾𝑃 +𝐾𝐷𝑠)𝑥̃𝑛(𝑠)

]

𝑤
𝑠 +𝑤

;

𝑥̃𝑛(𝑠) = 𝑃 (𝑠)𝑢̃(𝑠).

(11)

where
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐾𝑃 = 𝜎3 −
𝜎1𝛽
𝜂𝑧̄

, 𝐾𝐼 = 𝜎1
𝑧̄1
𝑧̄
, 𝐾𝐷 =

𝜎3
𝜂𝑧̄

,

𝑤 = 𝜂𝑧̄,

𝑃 (𝑠) = 𝑒𝑇𝑛 (𝑠𝐼 − 𝐴̄)−1𝑒1,

𝑒(𝑠) = 𝜇̃(𝑠) −𝐾𝑆 𝑥̃𝑛(𝑠), 𝐾𝐹 =
𝜎1
𝜂𝑧̄

, 𝐾𝑆 = 𝜃 − 𝛽.

(12)

Eq. (11) provides the relationship between the biochemical reaction
network parameters and the aPID controller parameters when the
species dilution processes is absent in the aPID controller. In this case,
the block diagram of the aPID controller’s structure is depicted in Fig. 2.
According to Eq. (12), it can be inferred that the P, I, D structures
generated by IFEL and antithetic motif are inseparable. For instance,
𝜂 simultaneously affects both 𝐾 and 𝐾 .
4

𝐷 𝑃
Case 2: When there are dilution processes, i.e, 𝛾 > 0, Eq. (10) and
losed-loop system N𝑐𝑙 can be written as

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑢̃(𝑠) =

[

𝐾𝐹𝑑 𝜇̃(𝑠) +𝐾𝐼𝑑
𝑒(𝑠)
𝑠

+𝐾𝐼𝑢
𝜇̃(𝑠)
𝑠

− (𝐾𝑃𝑑 +𝐾𝐷𝑑𝑠)𝑥̃𝑛(𝑠) +𝐾𝐼𝑥𝑛
𝑥̃𝑛(𝑠)
𝑠

]

𝑊 ;

𝑥̃𝑛(𝑠) = 𝑃 (𝑠)𝑢̃(𝑠).

(13)

where

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝐾𝑃𝑑 = 𝜎3 −
𝜎1𝛽
𝜂𝑧̄

+
2𝜎3𝛾
𝜂𝑧̄

,

𝐾𝐼𝑑 = 𝜎1
𝑧̄
𝑧̄
, 𝐾𝐷𝑑 =

𝜎3
𝜂𝑧̄

,

𝐾𝐼𝑥𝑛 =
𝜎1𝛽𝛾
𝜂𝑧̄

− 𝜎3𝛾 −
𝜎3𝛾2

𝜂𝑧̄
, 𝐾𝐼𝑢 =

𝜎1𝛾
𝜂𝑧̄

,

𝑊 =
𝑤1

𝑠 +𝑤1
−

𝑤2
𝑠 +𝑤2

, 𝑤1 = 𝜂𝑧̄ + 𝛾,𝑤2 = 𝛾,

𝑃 (𝑠) = 𝑒𝑇𝑛 (𝑠𝐼 − 𝐴̄)−1𝑒1,

𝑒(𝑠) = 𝜇̃(𝑠) −𝐾𝑆 𝑥̃𝑛(𝑠), 𝐾𝐹𝑑 =
𝜎1
𝜂𝑧̄

, 𝐾𝑆 = 𝜃 − 𝛽.

(14)

The expression Eq. (13) represents the linearized result of the aPID
ontroller with dilution. It directly reveals the impact of the dilution
rocesses on the structure of the aPID controller N𝑐 , as shown in Fig. 3.

In comparison to Eq. (11), the proportional component in Eq. (13)
s more intricate, with increased coupling between P, I and D terms.
he low-pass filter 𝑤

𝑠+𝑤 has transformed to 𝑤1
𝑠+𝑤1

− 𝑤2
𝑠+𝑤2

, enabling the

frequency 𝑓 range from {𝑓 ∶ 𝑓 ≤ 𝜂𝑧̄} to {𝑓 ∶ 𝛾 < 𝑓 ≤ 𝜂𝑧̄ + 𝛾}. Fur-
thermore, it should be noted that in Eq. (13), there are two additional
integral components, namely the integral term 𝐾𝐼𝑢

𝜇̃(𝑠)
𝑠 of the reference

input 𝜇̃(𝑠) and the integral term 𝐾𝐼𝑥𝑛
𝑥̃𝑛(𝑠)
𝑠 of the control output 𝑥̃𝑛(𝑠).

These two integral components, which are absent in Eq. (11), arise due
to the presence of the dilution processes in the control species.

In this section, the control structure Eq. (13) of the aPID controller
ith the dilution processes of the control species is derived using

he linear perturbation method. From this control structure, it can be
bserved that the original structure Eq. (11) of the aPID controller

is altered due to the presence of the dilution processes of the con-
trol species. As a result, the characteristics of the controller are also
changed, such as the loss of the RPA property. In the numerical simula-
tions conducted in Section 4, the influence of the dilution processes on
the control performance can be visually observed. Subsequently, based
on the obtained control structure Eq. (13), a new aPID controller is de-
signed by constraining the reaction rate of the biochemical reaction in
order to overcome the adverse effects caused by the dilution processes
of the control species.
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. Design and analysis of quasi-aPID

The goal of this section is to design an aPID controller with a
ilution processes and exams its performance. The following analysis
s based on two assumptions about the general controlled network. For
onvenience of description, let 𝐹𝑖(𝑖 = 1, 2,… , 𝑛) represent the mapping
etween the system input 𝑢 and the concentration of the controlled
pecies 𝑥𝑖. When the system is stable, we have
{

𝑓 (𝑥̄) + 𝑢̄𝑒1 = 0

𝑥̄𝑖 = 𝐹𝑖(𝑢̄) = 𝑒𝑇𝑖 𝑥̄
(15)

he two assumptions are described as follows.

ssumption 1. It is assumed that there always exists a valid input 𝑢̄
hat can achieve the desired steady-state output 𝑥̄𝑛 = 𝑟. More precisely,
or 𝑟 > 0, ∃𝑢̄ ∈ 𝛺 ⊂ R such that 𝐹𝑛(𝑢̄) = 𝑟, where 𝛺 represents the set
f acceptable inputs for the controlled network.

ssumption 2. It is assumed that for a valid input 𝑢̄, the steady-state
oncentration of the species 𝑥̄𝑖(𝑖 = 1, 2,… , 𝑛 − 1) in the plant N exists
nd is non-negative. That is, for 𝑢̄ ∈ 𝛺 ⊂ R, ∃𝑥̄𝑖 ≥ 0(𝑖 = 1, 2,… , 𝑛 − 1)
uch that 𝑥̄𝑖 = 𝐹𝑖(𝑢̄).

It is significant to note that these two presumptions solely depend
n the controlled network and the chosen driving input species; they
re not reliant on the controller being utilized. If these presumptions are
ot met, the selection of input species will be inadequate. No controller
ould function if these presumptions could not be met since no kind
f controller could provide the intended result without altering the
oncentration of the input species. For the sake of simplicity, we will
ssume 𝛺 = R+ in the analysis that follows.

.1. Design of quasi-aPID

Next, let us consider the design of a class of aPID controllers with
ilution processes, referred to as quasi-aPID controllers in this paper.
n this controller, the inhibitory mechanism is degradation inhibition,
he ‘‘driving’’ reactions 𝑅𝑎 is equivalent to

1 ⟶ 𝑍1 +𝑋1 (16)

1 +𝑋𝑛 ⟶ 𝑋𝑛 (17)

he network module composed of Eqs. (16) and (17) generates a total
ropensity function ℎ(𝑧1, 𝑥1, 𝑥𝑛) = 𝑘𝑧1 − 𝛿𝑥𝑛

𝑥1
𝑥1+𝜅

, representing the
ropensity function for the ‘‘driving’’ reactions. For a plant that satisfies
5

Assumptions 1 and 2, when connected to a quasi-aPID controller, the
dynamics of the closed-loop system can be represented as

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑥̇ = 𝑆𝜆(𝑥) + 𝑢𝑒1

𝑢 = ℎ(𝑧1, 𝑥1, 𝑥𝑛) = 𝑘𝑧1 − 𝛿𝑥𝑛
𝑥1

𝑥1 + 𝜅
𝑧̇1 = 𝜇 + 𝛽𝑥𝑛 − 𝜂𝑧1𝑧2 − 𝛾𝑧1
𝑧̇2 = 𝜃𝑥𝑛 − 𝜂𝑧1𝑧2 − 𝛾𝑧2

(18)

hen the closed-loop system is stable, 𝑧̇1 = 0, 𝑧̇2 = 0, thus the output
f the closed-system is

̄𝑛 =
𝜇 − 𝛾(𝑧̄1 − 𝑧̄2)

𝜃 − 𝛽
(19)

If 𝛾 = 0, 𝑥̄𝑛 =∶ 𝑟 = 𝜇
𝜃−𝛽 , which is the set-point. It means the

quasi-aPID should driven 𝑥̄𝑛 to 𝑟.
According to Eq. (18), the equilibrium point (𝑧̄1, 𝑧̄2) of the controller

an be represented as

⎧

⎪

⎨

⎪

⎩

𝑧̄1 =
1
𝑘
[𝑢̄ + 𝛿𝑟

𝑥̄1
𝑥̄1 + 𝜅

]

𝑧̄2 =
𝜇 + 𝛽𝑟 − 𝛾𝑧̄1

𝜂𝑧̄1

(20)

To ensure 𝑧̄1, 𝑧̄2 ≥ 0, it should satisfy

𝜇 + 𝛽𝑟 ≥ 𝛾𝑧̄1 (21)

According to the definition of the partial derivatives in Eq. (4), we
an obtain

1 = 𝑘; 𝜎2 = 𝛿𝑥̄𝑛
𝜅

(

𝑥̄1 + 𝜅
)2

; 𝜎3 =
𝛿𝑥̄1

𝑥̄1 + 𝜅
(22)

Based on the analysis results in Section 2, we deal with the impacts
brought by the dilution processes. To eliminate the integral term caused
by the dilution processes, let 𝜂 ≫ 𝑘𝛾, then 𝐾𝐼𝑢 = 𝑘𝛾

𝜂𝑧̄ ←←→= 0. To reduce
the coupling between controller parameters, we denote 𝑇 (𝑥̄1) ∶=

𝑥̄1
𝑥̄1+𝜅

(When 𝜅 is sufficiently small, it approaches 1), and let 𝜂 ≫ 𝛾, 𝜂 ≫
𝑇 (𝑥̄1)𝛾, 𝜂 ≫ 𝑘𝛽𝛾. Meanwhile, to avoid the failure of the differential

term due to excessive 𝜂, it is necessary to ensure 𝛿𝑇 (𝑥̄1) ≫ 𝛾. According
to Eq. (14), the gain and cutoff frequency of the controller can be
obtained as
⎧

⎪

⎪

⎨

⎪

⎪

𝐾
𝑃𝑑

≈ 𝛿𝑇 (𝑥̄1) −
𝑘𝛽
𝜂𝑧̄

, 𝐾
𝐼𝑑

=
𝑘𝑧̄1
𝑧̄

, 𝐾
𝐷𝑑

=
𝛿𝑇 (𝑥̄1)
𝜂𝑧̄

,

𝑤
1
≈ 𝜂𝑧̄, 𝑤

2
= 𝛾,

𝐾 ≈ 0, 𝐾 ≈ 0, 𝐾 ≈ −𝛿𝛾.

(23)
⎩
𝐹𝑑 𝐼𝑢 𝐼𝑥𝑛
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Clearly, the gain and cutoff frequency of the quasi-aPID controller
depend on the specific controlled system. It can also be observed that
the quasi-aPID controller includes an integral term not only for the
error 𝑒(𝑠) but also for the system output 𝑥̃𝑛(𝑠).

Fixing 𝜅, 𝜇, 𝑟 and thus 𝑢̄ and 𝑥̄1, according Assumptions 1 and 2,
nd taking a small enough 𝜅, then representing the biological molecule
arameters 𝜂, 𝛿, 𝑘, 𝛽, 𝜃 in terms of gain and cutoff frequency in Eq. (23)
esults in the following

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝜂 =
𝐾𝐼𝑑𝑤1

𝜇̄ + 𝑟𝐾𝐷𝑑𝑤1

𝛿 = 𝐾𝐷𝑑𝑤1

𝑘± ≈
𝑤1
2𝜇

(𝑢̄ + 𝑟𝐾𝑃𝑑

±

√

(𝑢̄ + 𝑟𝐾
𝑃𝑑
)2 − 4𝜇

𝐾
𝐼𝑑

𝑤
1

(𝑢̄ +𝐾
𝐷𝑑𝑤1 𝑟

))

𝛽± =
𝑤1
𝑘±

(

𝐾
𝐷𝑑
𝜔

1
−𝐾

𝑃𝑑

)

𝜃± =
𝜇
𝑟
+ 𝛽±

(24)

According to Eq. (24), it is evident that only an approximation of
± is obtained, as the processes of determining 𝑘± relies on condition
≫ 𝑘𝛽𝛾. It should be noted that under this condition, the use of ‘‘≈’’

an be replaced with ‘‘=’’, and the impact on control performance can
e neglected; this is merely for mathematical accuracy. Additionally,
, 𝛽, 𝜃 can be determined with two different sets of values to achieve
he gain and cutoff frequency of quasi-aPID. However, it is important
o highlight that the biological molecule parameters 𝑘, 𝛽, 𝜃 cannot be
egative or complex, which restricts the range that quasi-aPID can
over in terms of gain and cutoff frequency. Now let us determine
he parameter coverage range of quasi-aPID. Under the constraints of
≫ 𝛾, 𝜂 ≫ 𝑘𝛾, 𝜂 ≫ 𝑘𝛽𝛾, 𝜂 ≫ 𝛿𝑇 (𝑥̄1), 𝛿𝑇 (𝑥̄1) ≫ 𝛾 and with

he further restriction that 𝑘, 𝛽 is a non-negative real number, the
arameter coverage range of quasi-aPID is derived as follows

= {(𝐾𝑃𝑑 , 𝐾𝐼𝑑 , 𝐾𝐷𝑑 , 𝑤1) ∈ R4 ∶

𝑃𝑑 ≤ 𝐾𝐷𝑑𝑤1,

≤ 𝐾𝐼𝑑 <
𝑤1
4𝜇

(𝑢̄ + 𝑟𝐾𝑃𝑑 )2

𝑢̄ +𝐾𝐷𝑑 , 𝑤1𝑟
, 𝐾𝐷𝑑 , 𝑤1 ≥ 0}

(25)

Eq. (25) implies that it is possible to adjust the gain and con-
trol frequency within a certain range by appropriately modulating
the molecular parameters 𝜂, 𝛿, 𝑘, 𝛽, 𝜃 of biochemical reaction networks.
Next, we demonstrate how to adjust the molecular parameters of the
controller in a general gene expression network to achieve different
control performance.

3.2. Performance analysis of quasi-aPID

The aim of this part is to evaluate the performance of the quasi-
aPID. let us consider a gene expression network controlled by quasi-
aPID, and the controlled network is represented by the BCRNs as
follows

𝑋1
𝑘1
←←←←←←←←←←→ 𝑋2

𝑋1
𝛾1
←←←←←←←←←→ ∅

𝑋2
𝛾2
←←←←←←←←←→ ∅

(26)

where 𝑋1 is the input species, 𝑋2 is the output species and 𝑘1, 𝛾1, 𝛾2 are
reaction rates. When connecting quasi-aPID to this controlled network,
the dynamic model of the controlled network can be represented as
follows
{

𝑥̇1 = 𝑢 − 𝛾1𝑥1 (27)
6

𝑥̇2 = 𝑘1𝑥1 − 𝛾2𝑥2
in which 𝑢 represents the overall control input and 𝑥2 is the system
output, according to Eq. (27), the transfer function of the open-loop
system can be obtained as follows

𝑃 (𝑠) =
𝑘1

(𝑠 + 𝛾1)(𝑠 + 𝛾2)
(28)

By using the control block diagram shown in Fig. 3, the transfer
function of the closed-loop system can be obtained as follows

𝐻(𝑠) =
(𝐾𝐹 𝑠 +𝐾𝐼 +𝐾𝐼𝑢)𝛥𝑤𝑘

𝑠4 + 𝑝3𝑠3 + 𝑝2𝑠2 + 𝑝1𝑠 + 𝑝0
(29)

where
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑝0 = 𝛾1𝛾2𝛾𝑤1 +𝐾𝐼𝐾𝑆𝑘1𝛥𝑤 −𝐾𝐼𝑥𝑛𝑘1𝛥𝑤

𝑝1 = 𝛾(𝛾1 + 𝛾2)𝑤1 + 𝛾1𝛾2(𝑤1 + 𝛾) +𝐾𝑃 𝑘1𝛥𝑤

𝑝2 = 𝛾𝑤1 + (𝛾1 + 𝛾2)(𝑤1 + 𝛾) + 𝛾1𝛾2 + 𝑘1𝛥𝑤𝐾𝐷

𝑝3 = 𝑤1 + 𝛾 + 𝛾1 + 𝛾2
𝛥𝑤 = 𝑤1 − 𝛾

(30)

Next, let us address the pole placement problem with the aim of
etermining the gain and cutoff frequency of quasi-aPID. To ensure
ystem stability, the poles should be located in the left half of the
omplex plane and preferably on the real axis to prevent oscillations.
ssuming that the closed-loop poles are situated at 𝑠 = −𝑎, theoreti-

cally, the larger the value of 𝑎, the faster the system response. Thus,
the closed-loop characteristic polynomial is given by

𝑝(𝑠) = (𝑠 + 𝑎)4 = 𝑠4 + 4𝑎𝑠3 + 6𝑎2𝑠3 + 4𝑎3𝑠 + 𝑎4 (31)

To make 𝑝(𝑠) equal to the denominator of 𝐻(𝑠), quasi-aPID’s gain and
cutoff frequency can be expressed in terms of the controlled network
parameters 𝛾1, 𝛾2, the control species dilution rate 𝛾, and 𝐾𝑠 as follows

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝐾𝐷𝑑 =
6𝑎2 − 4𝑎(𝛾 + 𝛾1 + 𝛾2)

𝑘1(𝑤1 − 𝛾)

+
𝛾(𝛾1 + 𝛾2) + (𝛾2 + 𝛾21 + 𝛾22 ) + 𝛾1𝛾2

𝑘1(𝑤1 − 𝛾)

𝐾𝑃𝑑 =
4𝑎2 − 𝛾(𝛾1 + 𝛾2)𝑤1 − 𝛾1𝛾2(𝑤1 + 𝛾)

𝑘1(𝑤1 − 𝛾)

𝐾
𝐼𝑑

=
𝑎4 +𝐾

𝐷𝑑
𝑤

1
(𝑤

1
− 𝛾)𝛾 − 𝛾𝛾1𝛾2𝑤1

𝐾
𝑆
𝑘1(𝑤1

− 𝛾)

𝑤
1
= 4𝑎 − 𝛾 − 𝛾1 − 𝛾2

(32)

Then, based on the controller parameter settings constraints given
by Eq. (25), we seek to determine the range of poles on the real
axis. While obtaining an analytical solution for the poles might not be
possible, we can obtain a subset of the pole solution set, namely

(𝐾𝑃𝑑 , 𝐾𝐼𝑑 , 𝐾𝐷𝑑 , 𝑤𝑐1) ∈ 𝑆

⇒
𝛾1 + 𝛾2

2
≤ 𝑎 ≤ 𝛾1 + 𝛾2 ⊂ 𝑆𝑎

(33)

where 𝑆𝑎 represents the complete set of pole solutions. Starting from
the obtained pole set, controller parameters 𝐾𝐷𝑑 , 𝐾𝑃𝑑 , 𝐾𝐼𝑑 are deter-
mined according to Eq. (32), followed by obtaining controller biochem-
ical reaction network parameters 𝛿, 𝛽, 𝑘 via Eq. (24), resulting in the
control of the system output 𝑥2.

A gene expression network Eq. (26) controlled by quasi-aPID ex-
hibits a range of pole values {𝑎 ∶ −0.2 ≤ 𝑎 ≤ −0.1} when 𝛾1 = 0.1 and
𝛾2 = 0.1 as shown in Fig. 4a. These pole values correspond to different
controller parameters, 𝐾𝐷𝑑 , 𝐾𝑃𝑑 and 𝐾𝐼𝑑 as represented in Fig. 4b,
which in turn lead to variations in the biochemical reaction network
parameters, 𝑘, 𝛿 and 𝛽 as presented in Fig. 4c. The closed-loop system
output 𝑥2 is then observed in Fig. 4d for different combinations of
controller’s biochemical reaction network parameters. The pole set rep-
resents a subset of pole solutions, as obtaining the analytical solutions
for all poles is not feasible due to practical physical limitations. Four
values (−0.200,−0.167,−0.133,−0.100) are selected uniformly from the
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ole set to reflect the control performance of quasi-aPID. It is observed
hat as the pole values increase, the system response becomes faster.

In this section, the quasi-aPID is introduced, and the mapping
etween its biomolecular parameter spaces and the control structure is
xpressed through Eqs. (23) and (24). The range of coverage for con-

troller parameters is defined by Eq. (25). The process of setting quasi-
aPID’s biomolecular parameters is demonstrated by controlling a gene
expression model in Eq. (26). Additionally, two specific BCRNs from
ynthetic biology are utilized in the next section to further illustrate
he characteristics of quasi-aPID.

. Numerical simulation

This section validates the effectiveness of the quasi-aPID design
hrough two numerical simulations, ensuring both RPA and enhanced
ynamic performance. The gene expression of Escherichia coli and
he whole body cholesterol metabolism model are examples of the
egulated BCRNs. Furthermore, the 2nd order aPID controller proposed
n [17] is chosen as a benchmark for comparison. The absolute value
f steady-state error is chosen as the main performance metric, which
eflects whether the controller guarantees RPA characteristics in the
resence of external disturbances.

.1. Regulation of gene expression in Escherichia coli

The performance of the quasi-aPID controller in a simulated basic
etwork is the main topic of this part. With just two species, Escherichia
oli’s gene expression network is represented as the network under
7

ontrol. 𝑋
Fig. 5 provides a comprehensive overview of the closed-loop sys-
em. The quasi-aPID controller involving 𝑍1 and 𝑍2, the disturbance
etwork (see the right gray part of Fig. 5), and the plant (see the top
f Fig. 5) compose the genetic closed-loop system. The goal is to force
he regulated output 𝑋2 to track an adjustable set-point. The imple-
entation of the antithetic integral control involves the sequestration

f the 𝜎 factor (SigW, represented by 𝑍1) and 𝑎𝑛𝑡𝑖 − 𝜎 factor (RsiW,
epresented by 𝑍2), which are driven by 𝑃𝐿𝑈𝑋 and 𝑃𝐵𝐴𝐷, respectively,
s promoters. The expression rate 𝜇 of 𝑍1, which is adjustable with
omoserine lactone (HSL), encrypts the set-point. There are two genes
n a plant. The first gene is controlled by the SigW-responsive promoter
sigW and encodes exsA coupled to the degradation pdt tag (recognized
y Mflon). The second gene, which encodes the transcription factor
raC fused to the ssrA(DAS) degradation tag and the protease MfLon,
s driven by the ExsA-responsive promoter PexsD. By expressing sspB
t a tunable rate with anhydrotetracycline (aTc), the disturbance (see
he right gray part of Fig. 5) speeds up the degradation rate of 𝑋2.
Tc identifies the DAS tag in 𝑋2 and forwards it to the endogenous
egradation machinery. While the AraC can activate both 𝑃𝐵𝐴𝐷 and
ts lesser variant 𝑃𝐵𝐴𝐷 (i.e., 𝛽 < 𝜃), the MfLon in 𝑋2 can degrade 𝑋1.
he integral control module is driven by the promoter 𝑃𝐵𝐴𝐷, whereas
second copy of a gene expressing 𝑠𝑖𝑔𝑊 is driven by 𝑃𝐵𝐴𝐷.

Then the BCRNs of the plant can be written as

1
𝑘1
←←←←←←←←←←→ 𝑋2

1
𝛾1
←←←←←←←←←→ ∅
𝛾2+𝛥

(34)
2 ←←←←←←←←←←←←←←←←←←←←→ ∅
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𝑥

Fig. 5. Schematic diagram of a closed-loop system comprising a gene expression network of E. coli and quasi-aPID.
w
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m
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Table 2
The controller parameter settings of Fig. 6.

Biomolecular parameter 2nd order aPID 2nd order aPID +
Quasi-integral control

𝜇 (nM min−1) 100.00 1000.00
𝜃 (min−1) 1.00 10.00
𝛽 (min−1) 0.00 0.00
𝜂 (min−1) 0.05 0.05
𝑘 (min nM−1) 0.05 0.05
𝜅 (nM) 10.00 10.00
𝛿 (min−1) 0.14 0.14
𝛾 (min−1) 0.10 0.10

where 𝑋1 is the input species, 𝑋2 is the output species, 𝛥 is an unknown
disturbance, and 𝑘1, 𝛾1, 𝛾2 are reaction rates. The plant denoted by N1.
Its parameter settings are the same as those listed in Ref. Filo et al. [17].
Let Eqs. (16) and (17) replace 𝑅𝑎 in N𝑐 , we get the BCRNs of quasi-aPID,
denoted by N𝑞𝑐 . The controller N𝑞𝑐 settings are configured correctly
based on the suggested aPID controller architecture in Section 3.

The dynamic equations cased by N1 and N𝑞𝑐 can be written as

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑥̇1 = 𝑢 − 𝛾1𝑥1; 𝑢 = 𝑘𝑧1 − 𝛿𝑥2
𝑥1

𝑥1 + 𝜅1
𝑥̇2 = 𝑘1𝑥1 − (𝛾2 + 𝛥)𝑥2
𝑧̇1 = 𝜇 + 𝛽𝑥2 − 𝜂𝑧1𝑧2 − 𝛾𝑧1
𝑧̇2 = 𝜃𝑥2 − 𝜂𝑧1𝑧2 − 𝛾𝑧2

(35)

According to Eq. (35), when the closed-system (N1 and N𝑞𝑐) is
stable, the stable state of 𝑥2 can be written as

𝑥̄2 =
𝜇 − 𝛾(𝑧̄1 − 𝑧̄2)

𝜃 − 𝛽
(36)

First, we use the quasi-integral control that is suggested in Ref. Qian
and Del Vecchio [24]. Following this method, the parameter 𝜇, 𝜃, 𝛽 is
scaled by the same factor, such that 𝜇 ≫ 𝛾, 𝜃 ≫ 𝛾, 𝛽 ≫ 𝛾. Consequently,
Eq. (36) can be expressed as follows

̄2 ≈
𝜇

𝜃 − 𝛽
(37)

From Eq. (37), it appears that quasi-integral control combined with 2nd
order aPID can potentially achieve the desired trajectory tracking.

However, based on the simulation results shown in Fig. 6 (The
controller parameter settings are shown in Table 2), the control output
8

𝐾

Table 3
The controller parameter settings of Fig. 7.

Biomolecular parameter 2nd order aPID Quasi-aPID

𝜇 (nM min−1) 100.00 1000.00
𝜃 (min−1) 1.00 10.00
𝛽 (min−1) 0.00 0.00
𝜂 (min−1) 0.05 0.25
𝑘 (min nM−1) 0.05 0.30
𝜅 (nM) 10.00 10.00
𝛿 (min−1) 0.14 0.84
𝛾 (min−1) 0.10 0.10

Table 4
The absolute steady-state error of quasi-aPID and 2nd order aPID under 𝛾 =
0.1 min−1.

Controller 𝜇 = 50 nM 𝜇 = 100 nM 𝜇 = 100 nM, 𝛥 = 0.084 min−1

Quasi-aPID 0.37 3.31 2.22
2nd order aPID [17] 5.09 5.07 19.54

does not stabilize at the set-point. At the beginning, the reference signal
𝜇 is set to 50 nM. At the 8th hour, the reference signal is changed
to 100 nM. At the 16th hour, a system disturbance is introduced.
The blue line represents the system output under the control of the
2nd-aPID controller without dilution of control species. The green
line represents the system output under the control of the 2nd order
aPID controller with dilution of control species. It can be observed
that the system output deviates from the set-point, both in tracking
the step signal and in the presence of system disturbance. The red
line represents the system output under the control of the quasi-aPID
controller with dilution of control species while using quasi-integral
control. The mismatch between quasi-integral control and aPID can
be observed as it has not been able to achieve the desired trajectory
tracking. Not only does the system output deviate from the set-point,
but it may also exhibit oscillations. This phenomenon can be attributed
to the degradation inhibition mechanism in the controller, which is not
considered in quasi-integral control.

According to Section 3.1, it is crucial to ensure 𝜂 ≫ 𝑘𝛽𝛾. Therefore,
hen 𝛽 is multiplied by a factor, it is necessary to increase 𝜂 corre-

pondingly. This can result in a decrease in differential gain 𝐾𝐷𝑑 , which
ay increase overshoot and cause oscillation. According to Eq. (23),

ncreasing 𝛿 can increase 𝐾𝐷𝑑 . However, 𝛿 is also positively related to
and negatively related to 𝐾 , where 𝐾 can be expressed in
𝑃𝑑 𝐼𝑥𝑛 𝐼𝑥𝑛
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Fig. 6. The concentration of 𝑋2 with 2nd order aPID [17] and quasi-integral control [24].
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erms of 𝐾𝐷𝑑 . Therefore, the magnitude of increase in 𝛿 only needs
o balance 𝐾𝐷𝑑 and 𝐾𝑃𝑑 . Following the quasi-aPID’s parameter setup
The controller parameter settings are shown in Table 3), the control
utput (red line) in Fig. 7 is produced. It can be seen that the quasi-aPID

controller achieves a similar control effect as the 2nd-aPID controller
without dilution of control species, almost perfectly tracking the set-
point and ensuring RPA. The corresponding absolute steady-state error
is shown in Table 4. Clearly, the quasi-aPID exhibits a smaller absolute
teady-state error.

.2. Application of quasi-aPID in a whole body cholesterol metabolism
odel

This section examines the regulation of plasma cholesterol levels in
he human body to illustrate the efficacy of quasi-aPID in managing
ntricate biochemical networks. Cardiovascular illnesses are largely
aused by elevated cholesterol levels, especially low-density lipopro-
ein cholesterol (LDL-C). The natural regulatory systems of the hu-
an body regulate the amount of LDL-C in the blood. But as people

ge, these regulatory systems frequently deteriorate, which can cause
etabolic problems and elevated LDL-C levels. As controlled network,
se the whole body cholesterol metabolism model that is described in
ef. Mc Auley [33], as shown in Fig. 8.

The model monitors the circulation of cholesterol, including its
ifferent forms, throughout the body. In brief, Intestinal Cholesterol
IC) originates from the daily dietary intake or is secreted by the liver
Hepatic Tissue) through biliary secretion. Additionally, the intestine
tself synthesizes IC. The fate of IC involves either excretion from the
ody or absorption and transportation to the liver, where it is sub-
equently released into the plasma via Very-Low-Density Lipoproteins
VLDL). Any excess cholesterol in peripheral tissues is transferred to the
iver by High-Density Lipoproteins (HDL). Two external disturbances:

304 mg/day increase in dietary intake (denoted by disturbance1)
9

t

nd a 25% increase in absorption (denoted by disturbance2). The
ormer represents a shift in daily diet, while the latter pertains to
igher intestinal absorption efficiency. When no feedback control is
pplied, both disturbances lead to an increase in cholesterol levels
n the plasma. In the context of quasi-aPID control implementation,
ntestinal Cholesterol (IC) is designated as the actuated input species,
ith 𝑍1 producing IC while the output species, LDL-C, degrades IC.

This cholesterol network has 43 parameters and 34 state variables
species), all of which are set to the same values as in Ref. Filo et al.
17]. LDL-C levels are controlled to keep at 100 mg/dL under these
erturbations by connecting the quasi-aPID controller to this network,
ttaining RPA. The control species’ dilution is taken into consideration
s a result of deterioration, or as dictated by the control species’ rate
f degradation.

First, as Fig. 9a illustrates, the output species LDL-C concentration
aried in response to disturbances when the regulated species’ degra-
ation rate is set to 0 (The controller parameter settings are shown
n Table 5). It is evident that under the two previously described
erturbations, the content of LDL-C considerably rises in the absence of
PID control (black line). The predicted control impact is demonstrated
y both 2nd order aPID control and quasi-aPID control, guaranteeing
PA.

Taking into account the deterioration of the control species (The
ontroller parameter settings are shown in Table 6), Fig. 9b illustrates
ow the 2nd order aPID controller encounters disturbance 2 (pink
ashed line) and is unable to sustain RPA. Conversely, a quasi-aPID
ontroller guarantees RPA with a negligible overshoot. The absolute
teady-state error of quasi-aPID and 2nd order aPID is presented in
able 7. When disturbances are introduced, the absolute static error
f quasi-aPID is significantly smaller compared to 2nd order aPID.

. Conclusion

This work examines how species dilution affects the structure of
he aPID controller through the linear perturbation method and devises
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Fig. 8. Quasi-aPID control of a whole-body of cholesterol metabolism model.
Fig. 9. Comparison of concentration variations in LDC-C under the quasi-aPID and 2nd order aPID [17].
Table 5
The controller parameter settings of Fig. 9(a).

Biomolecular parameter 2nd order aPID Quasi-aPID

𝜇 (nM min−1) 100.00 1000.00
𝜃 (min−1) 51.00 60.00
𝛽 (min−1) 50.00 50.00
𝜂 (min−1) 0.10 0.10
𝑘 (min nM−1) 100.00 100.00
𝜅 (nM) 0.00 0.00
𝛿 (min−1) 0.10 0.10
𝛾 (min−1) 0.00 0.00

Table 6
The controller parameter settings of Fig. 9(b).

Biomolecular parameter 2nd order aPID Quasi-aPID

𝜇 (nM min−1) 100.00 1000.00
𝜃 (min−1) 51.00 60.00
𝛽 (min−1) 50.00 50.00
𝜂 (min−1) 0.10 0.10
𝑘 (min nM−1) 100.00 100.00
𝜅 (nM) 0.00 0.00
𝛿 (min−1) 0.10 0.10
𝛾 (min−1) 0.01 0.01

effective strategies to address the resulting detrimental effects. Subse-
10

quently, a novel aPID controller, referred to as quasi-aPID, is proposed.
Table 7
The absolute steady-state error of quasi-aPID and 2nd order aPID under 𝛾 =
0.01 min−1.

Controller Disturbance1 Disturbance1 + Disturbance2

Quasi-aPID 0.01 0.04
2nd order aPID [17] 0.01 1.31

By designing the biochemical reaction rate of this controller, the ad-
verse effects of the dilution processes on the aPID controller are reduced
or even eliminated without the need for additional control species or
reactions. Detailed performance analysis of the quasi-aPID controller
is presented, along with the coverage range of its parameters. The
controller is then applied to models of gene expression in Escherichia
coli and whole-body cholesterol metabolism, and its effectiveness is
demonstrated through numerical simulations. The simulation results
show that quasi-aPID maintains the RPA. Meanwhile, regardless of
the presence of external disturbances, quasi-aPID reduces the absolute
value of steady-state error. In the future, the design of aPID will
be further investigated to build high-performance controllers for the
reliable manipulation of gene circuits in synthetic biology.
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