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Abstract

This dissertation resolves a mystery in cosmic radio recombination line observa-
tions reported by Bell et al. (2000). This is accomplished by rigorously “reverse-
engineering” the novel data processing technique they used and through inde-
pendent observations of high-order RRLs (radio recombination lines) of cosmic
origin to test the theory of Stark broadening in plasmas. The findings of this
dissertation are summarized in two papers published during the dissertation and

reproduced in Chapter 4.

I discovered that the apparent hydrogen RRL narrowing first reported by Bell
et al. 1s an artifact of their data processing. I accomplished this by creating a
theoretical model of the multiple FS (frequency shifting) technique, originally
developed by Bell (1997), which I then implemented as a computer simulation.
This technique copies a spectral line bandpass, shifts it in frequency by an offset,

and adds it to the unshifted bandpass. The output of this process is then fed back



to itself multiple times. I then co-created a theoretical model of the Orion neb-
ula which includes mechanisms of spectral line broadening and non-equilibrium
thermodynamics effects. This model is used to numerically solve the radiative
transfer problem to simulate hydrogen RRLs. These simulated lines are then
processed through the multiple FS model, the results of which are called “pro-
cessed” lines. Finally, I used Monte Carlo simulation to estimate how noise

influences the processed line widths and amplitudes.

From these models and simulations, I discovered that multiple FS does not pre-
serve broadening when the original line width is greater than the FS-offset. In
this case, I find the processed results manifest the narrowing reported by Bell et
al., by reducing broad spectral wings characteristic of Stark broadened RRLs. I
also discovered that the S/N of processed lines reduces weakly with the number
of overlaps as a result of adding dependent samples. This means the S/N of pro-
cessed lines as a function of An (transition-order), at fixed frequency, decreases
faster than for unprocessed lines, such that a given statistical insignificance level

is reached more quickly.

Given this analysis, I argue Bell et al.’s An > 11 lines are artifacts of their tech-
nique. I conclude that their reported findings, upon re-examination of their novel
data processing technique, do not indicate a need to change Stark broadening

theory.



I present original observations of high-order RRLs from the Orion nebula to test
the theory of Stark broadening in cosmic plasmas. I use a wide 1 GHz bandpass
centered at 6 GHz to significantly improve the accuracy of measurements by
stacking up to eleven hydrogen RRLs of the same An and find no evidence
of spectral line narrowing. I show that all statistically significant data from
my observations and four-sets of previous observations of high-order hydrogen
RRLs (Smirnov et al., 1984; Bell et al., 2011) are in agreement and demonstrate
how Stark broadening theory is consistent with these observations. I find that
Lockman and Brown (1975)’s RRL model of the Orion nebula over a large range
of radio frequencies and An < 2 requires the addition of small-scale density
inhomogeneities (clumps) and turbulence to adequately predict my observed

hydrogen RRLs for An <5.

I demonstrate that the power law predicted by electron-impact Stark broaden-
ing theory is consistent with the five-sets of high-order hydrogen RRLs analyzed
here. My data do not allow distinguishing between two approaches to the cut-off
parameters (nearest neighbor versus Debye radius) when predicting line broad-
ening from electron impacts. Specifically, the data does not allow an unambigu-
ous choice between the theoretical results of Griem (1967); Gee et al. (1976)
and Watson (2006); Peach (2015). This ambiguity arises from small differences
in the radiative transfer nebula model parameters. It is currently impossible

to independently determine turbulent velocities and other physical & geomet-



ric parameters of the Orion nebula with enough accuracy to choose between the
two predications of electron-impact broadening theory. This situation represents
an ill-posed inverse problem that is currently unsolvable (Brown et al., 1978).
However, I am able to show that Peach’s model for electron-plus-proton impacts

significantly deviates from the Lorentz-width trend in my data.
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Prologue1

There is little in our daily experience to condition ourselves to think in terms of
the universality of space-time. Each year we become more dependent on clearly
defined boundaries within which we may live comfortably. We want to know
exactly what to expect and when. A life span of so many years, a speed limit of

so many km/hr. A salary bracket of so much money.

Space and time does not fit this pattern. It breaks down all boundaries of thought.
As aresult, it is ignored by most and misunderstood by many, even those who
take time to consider it. It is accepted and understood by a relative handful of
pioneers willing to start from a mental jumping-off place beyond which most

refuse to venture.
Consider, for a moment, some statistics of space and time:

We inhabit a tiny planet about an average star which is one in a galaxy of some

lAdapted from Bell (1960).
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100 billion stars. If we had started counting at a rate of 100 stars a minute at the

time Christ was born, we would just now be finishing the count.

Traveling at 10,000 km/hr, it would take us two days to reach the Moon, two
years to reach the Sun and 80 years to arrive at Pluto. And it would take 470,000
years to reach Alpha Centauri, our next closest star system. This system is
three gravitationally-bound stars — two similar to our sun, the third a red dwarf
— with a growing number of detected planets, including an Earth-sized one
in its habitable zone. There is now nearly 3000 confirmed planetary systems
within 2000 light years of us. About one in five Sun-like stars have an Earth-
sized planet in the habitable zone. Assuming there are 200 billion stars in the
Milky Way, we can hypothesize that there are 11 billion potentially habitable
Earth-sized planets in the Milky Way, rising to 40 billion if planets orbiting the

numerous red dwarf stars are included. So, where is everybody?

These facts should not be considered prosaically, like this weeks grocery list or
mortgage payment. These are incredible statistics requiring enhanced thinking,
a mental gear-shifting necessary for the new age, the Space Age. And for a few,

this thinking has preceded the space age. This is the stuff of pioneers.

Space alone is one of the great unknowns to be explored. A dictionary tells us

that it is the interval between objects. What interval? What objects?

When scientists talk of space, they usually refer to a volume beyond 100 km al-

18



titude, below which lies the majority of Earth’s atmosphere. Earth’s gravitation
is slight enough and its atmosphere thin enough that relatively low velocities
will permit escape. And space is a vacuum far greater than any attainable on

Earth.

It is from this last fact that the present dissertation begins an exploration of giant

cosmic atoms...
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1 Introduction

“No problem can be solved from the same level of consciousness

that created it.” Albert Einstein (1879-1955)

1.1 Goal

The goal of this dissertation is to deepen our understanding of matter at the
highest electron excitations, known as Rydberg atoms.! This has been done by
resolving a mystery about cosmic atoms detected from an enormous volume of
ionized gas ~ 1000 times that of our solar-system known as the Orion nebula,
located, as we are, in the Orion arm, a minor spiral arm of our Milky Way galaxy
(Brunthaler et al., 2011).? In resolving this mystery, I have tested the theory of

spectral line broadening at the highest measurable changes in principal quantum

'Named after the Swedish physicist Johannes R. Rydberg (1854—1919) who predicted the
frequencies of light emitted/absorbed by a change in the energy level of an electron in a
hydrogen atom (Rydberg, 1890; Martinson and Curtis, 2005).

2~ 460 pc from Earth, this nebula is a stellar nursery containing stars ~0.01% of the age of
our Sun.
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1.2 A cosmic laboratory

number, An, where atomic dimensions reach ~10° times that of hydrogen atoms
in terrestrial laboratories and the spectral emission frequencies occur within the

radio range of the electromagnetic spectrum.

1.2 A cosmic laboratory

Danish pioneer of quantum theory, Neils Bohr (1885-1962) anticipated that the
most highly excited atoms will be cosmic in origin: “Only at very low pressures,
large electronic orbits will not be disturbed by electrical forces of neighboring
atoms... We can propose the existence of hydrogen in celestial bodies, and it
could occupy huge areas” (Bohr, 1914). It was not until just after the end of
his life that these most highly excited atoms were detected by radio astronomy
techniques. Today, we know that such cosmic atoms have up to approximately
1000 distinctly observable electronic quantum levels (Gordon and Sorochenko,

2009).

The mean density between stars is ~1 atom per cubic centimeter (Kaplan and
Pikel’ner, 1970). That is eight orders-of-magnitude lower than that attainable in
the greatest vacuums created in terrestrial laboratories (van Atta et al., 1991).
Thus, the ISM (interstellar medium) represents a unique “laboratory” to re-
veal phenomena of, and relationships between, atoms impossible to detect on

Earth. The medium is subjected to radiation and energetic particles from astro-
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1.2 A cosmic laboratory

physical objects and their associated processes, including stars, galactic corona,
supernova explosions, cooling supernova remnants, shock-waves driven by su-
pernova explosions, expanding H II (ionized hydrogen) regions, stellar winds,
colliding interstellar-clouds and supersonic gas flows from forming stars. As a
result, most of the matter in the ISM is a plasma characterized by populations
of electrons, ions and neutral atoms in various states of excitation. In these
voluminous and rarefied environments, atoms attain measurable dimensions ap-

proaching 0.1 mm, the width of a human-hair (Gordon and Sorochenko, 2009).

Such atoms, termed Rydberg atoms, are formed from radiative recombinations
of electrons with ions into energy-levels n > 1, with subsequent de-excitations
(cascades) producing photon emission. Such Rydberg states of atomic carbon
have been observed in absorption against the supernova remnant Cassiopeia A
from levels as large as n = 1009, An = 4, where the exciting-photon wavelength
is A ~12m; a frequency of v ~26MHz (Stepkin et al., 2007). Here, An is
the transition order and represents the number of levels transited by electrons
which absorb the photons, the lack of which is detectable in absorption spectra

measured using radio telescopes.

Recombination lines are a powerful diagnostic of the environments they are
excited by and in which they radiate from. Spanning eight-orders in wave-
length, line-transition radiation from Rydberg atoms have been detected be-

tween A ~ 107" m (ultraviolet) and 10m (radio). Cosmic hydrogen, helium,
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1.2 A cosmic laboratory

carbon and sulfur atoms have been detected by the observations of RRLs (ra-
dio recombination lines) (Gordon and Sorochenko, 2009). These are observed
from galactic HII regions, planetary nebulae, diffuse interstellar gas, molecular
clouds, and other galaxies, both in emission and absorption. RRLs address ques-
tions about the theory of star formation, structure & evolution of our galaxy, and
primordial nucleosynthesis, as well as plasma physics & spectroscopy (Tsivilev

et al., 2016).

In addition to identifying the chemistry of the ISM, recombination lines probe
temperature and density of recombining plasmas. RRLs provide a relatively
simple and precise method of determining the electron temperature 7, in HII
regions. Contrasted with optical emission lines, RRLs do not suffer from ab-
sorption by interstellar dust (Carroll and Ostlie, 1996). We can measure RRLs
even in weak astronomical sources due to population-inversion of atomic states
that produce spectral-line amplification, the basis of the “partial maser effect”
(Goldberg, 1966; Strelnitski et al., 1996a,b). The population of atomic states
and the degree of ionization, which determines the population ratio of bound to
unbound quantum domains, are specified by a single parameter, 7,.> Because
the temperature dependence of these two domains are different, the intensity ra-
tio of spectral-line to continuum emission enables an accurate determination of

T,.

3This is valid for high-frequency RRLs, where radiative mechanisms dictate the distribution
of bound states.
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1.2 A cosmic laboratory

The electron density N, of an HII region may be found by measuring line-width
broadening of RRL-profiles emanating from the same volume of gas. This
broadening, known as impact Stark broadening, occurs when emitting atoms
collide with other constituents, including electrons and ions. These impacts dis-
rupt the electromagnetic wave of an emitting atom, causing effective reductions
in atomic level lifetimes. The resulting spectral line profile is broadened as
function of transition levels (n,An) and N,. Fitting this function to a series of
observed Stark-broadened spectral lines and analyzing their relative line inten-

sities enables the determination of N,.

Finally, Rydberg atoms are currently attracting the attention of those working
to realize quantum computing (Cooper, 2016). Atomic nuclei are roughly fem-
tometres in size, while the excited valance electron can travel micrometers from
the nucleus while still remaining bound. With such reach, Rydberg atoms in-
teract with nearby atoms via an electric dipole moment millions of times larger
than that of unexcited atoms. This interactive ability — controllable with a sin-
gle carefully chosen photon — makes Rydberg atoms an attractive candidate for

logic gates, the basis of modern computers (Goldschmidt et al., 2015).
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1.3 Detection of cosmic radio recombination lines

1.3 Detection of cosmic radio recombination

lines

In 1945, Dutch radio astronomer van de Hulst first considered the possibility of
detecting RRLs from highly-excited states of atoms in the ISM, but concluded
they will be too weak to observe due to significant weakening of emission-line
intensity from Stark-broadening (van de Hulst, 1945). However, a mistake in
these calculations showed Stark-broadening to be significantly larger than the

correctly estimated thermal-broadening.

Soviet astronomer Kardashev reached the opposite conclusion for excited hy-
drogen RRLs in HII regions (Kardashev, 1959). He showed Stark-broadening
will contribute insignificantly to line broadening for an electron temperature of

T, = 10*K and density N, = 10>cm ™~ at frequencies v > 7GHz (A < 4cm).

Soviet astronomers Sorochenko and Borodzich made the first definitive RRL
detection in 1964. Using a 22m telescope located near Moscow, they detected
the transition between principal quantum numbers n = 91 and n = 90 (spectral
line H90o according to RRL notation) at 8.9 GHz from M17 (Omega nebula)
(Sorochenko and Borodzich, 1965). At about the same time, working indepen-
dently, another Soviet astronomy group marginally detected the H104 ¢ transi-

tion at 5.8 GHz from M17 and M42 (Dravskikh and Dravskikh, 1964).
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1.3 Detection of cosmic radio recombination lines

This and other detected RRL emissions gave surprising results regarding their
line intensities (Hoglund and Mezger, 1965; Lilley et al., 1966). The derived
electron temperatures averaged ~ 5000 K, while the accepted temperature of HII
regions in our galaxy based on forbidden optical lines was twice this (O’Dell,

1966).

The resolution of this discrepancy came from physics developed in the 1930s to
explain anomalous optical line intensities from nebulae and stellar atmospheres
by accounting for departures of a plasma from thermodynamic equilibrium,
b, = N,/NLTE, where N, is the population of level n and N-TF is the popula-
tion of this level predicted from thermodynamic equilibrium (Baker and Men-
zel, 1938). Leo Goldberg showed the observed RRL intensities are explained by
accounting for these departures (Goldberg, 1966). In particular, he showed that

: . . s ... dl
RRL intensities are sensitive to the logarithmic derivative q % see Chapter 2.
n

Another surprising result that emerged from the early observation of RRLs
was the absence of Stark broadening in detected line profiles (Sorochenko and
Borodzich, 1965; Hoglund and Mezger, 1965; Lilley et al., 1966), which con-
tradicted the theory of spectral line broadening (Griem, 1960). Specifically, all
RRLs observed in M17 with principal quantum numbers up to n = 166, had
constant ratios of line-width to frequency, indicating pure Doppler broadening

(Sorochenko and Borodzich, 1965; McGee and Gardner, 1967).
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1.3 Detection of cosmic radio recombination lines

The explanation of this discrepancy was found through revision of the impact
broadening theory (Griem, 1967; Minaeva et al., 1967) and by accounting for the
non-homogeneous density structure in the observed ISM (Hoang-Binh, 1972;
Brocklehurst and Seaton, 1972; Simpson, 1973a,b; Gulyaev and Sorochenko,
1974; Lockman and Brown, 1975). The latter effect was overlooked when ap-
plying the theory of spectral line broadening based on the laboratory condi-
tion of homogeneous densities. The absence of Stark broadening for a non-
homogeneous density distribution results from the fact that optical depth in
a plasma increases with decreasing frequency, gradually leading to complete
opaqueness of high-density areas. This increase in gas opacity means that ob-
served lines at lower frequencies increasingly manifest themselves in the more
transparent, lower density outer areas of an HII region, where they are mini-
mally Stark broadened. For high n RRLs, which occur at lower frequencies,
the core of an HII region becomes opaque, and therefore, contribution of these
highly Stark broadened lines becomes negligible and Stark broadening can be

observationally undetectable (Gulyaev and Sorochenko, 1974).

The changing opacity as a function of frequency & location in HII regions and
the variations in beam-width of radio-telescopes as a function of frequency pre-
vented the detection of the predicted increase in Stark broadening as a function
of n. In order to verify the Stark broadening theory, it was suggested to observe

RRLs of increasing transition order An, while maintaining a constant observing
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1.3 Detection of cosmic radio recombination lines

frequency, and thus a constant beam-width (Minaeva et al., 1967). In this case,
as An increases, n also increases and lines exhibit increasing amounts of Stark
broadening compared with the contribution of pure Doppler broadening in these

line profiles.

Suitable choices of n are obtained from the Rydberg formula (Rydberg, 1890),

where emission frequency V is related to n and An as

| | 2cRA
V=CcR|—— |~ 55, an<n, (1.1)
n  (n+An) n

where c is the speed of light and R is the Rydberg constant.

For example, when v = 6 GHz and An = {1,2,3}, Equation 1.1 predicts the

series: H103¢r, H12983, H1477.

The observational challenge with this suggestion is that RRL intensities rapidly
weaken with increasing An as I «< An*. From the intensity data presented in
Section 3.5 on the Orion nebula at 6GHz, I find 2 < k < 3 and it grows with
increasing An at fixed frequency. For example, at 6 GHz, the peak intensity of
the Hnd line is about ten-times less than the intensity of the Hna line. This
situation made it impossible, until the early 1970s, to detect a sufficiently-long
series of higher-order lines, with adequate sensitivity, using a single telescope

to test line broadening theory.

Leveraging these theoretical and observational RRL insights, R. Davies pub-
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1.3 Detection of cosmic radio recombination lines

lished remarkable high-order RRL observations at 5 GHz, that included detec-
tions of H RRLs from M42 for An = 1...3 and for An = 1...5 from M17 using the
140ft Greenbank telescope in West Virginia (Davies, 1971). Figure 1.1 (green
triangles) shows the variation in the observed line-widths as a function of n for

M42.4

A novel observing technique using two radio telescopes of differing diameters
enabled detections of H RRLs from M42 for An < 6 (Smirnov et al., 1984). The
two telescopes observed at differing frequencies such that a series of higher-
order lines were observed with the same beam-width and hence from the same
volume of plasma. Figure 1.1 (red circles) shows the variation in the observed
RRL widths as a function of n at 5GHz. Taken together, Davies’ and Smirnov

et al.’s data clearly indicate broadening of RRLs with increasing n.

“These data are extracted from Davies’ published spectral line profiles using Dexter (a software
tool for extracting data from scanned figures, (GAVO Data Center, 2008) and Gaussian
profile fitting.
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Figure 1.1: RRL widths versus principal quantum number for M42 reported by
Davies (1971) (green triangles), Smirnov et al. (1984) (red circles) and Bell
et al. (2000) (black squares).

1.4 Solving a radio recombination line mystery

Figure 1.1 (black squares) also shows published RRL widths from an even greater-
and higher-range of HnAn transitions at 6 GHz, using the same 140 ft Greenbank
used by Davies (Bell et al., 2000, 2011). It suggests that, not only is there a
limit to Stark broadening, which is not predicted by the theory, but that the es-
tablished theory of Doppler broadening is in doubt. These results, referred to as
“processed” widths by the authors, were obtained from a single telescope using
a novel technique based on multiple frequency-switching with small frequency
offsets which gives flat spectral baselines without having to fit and remove poly-

nomials or sinusoids (Bell, 1997).
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1.4 Solving a radio recombination line mystery

The first published response to these unexpected results appeared in 2002 as a
footnote in the first edition of the “bible”, Radio Recombination Lines (Gordon
and Sorochenko, 2002). There, it is stated, “These results are so different from
what had been expected, and the observing technique is so new, that prudence
requires independent confirmation before accepting a fault in the present theory

of RRL Stark broadening.”

In response to Bell et al.’s claims, Oks (2004) suggested that the model of Stark
broadening may need to change from an impact regime to a quasi-static one,
where Bell et al.’s results indicate the onset of decreasing RRL widths with in-
creasing n — see Figure 1.1. Although this is consistent with the quasi-static
model, it has been argued by Griem (2005) that Oks’ suggestion is based on an
inappropriate choice of the Weisskopf radius, which quantifies the strength of
interactions between perturbers and the emitting atom’s electromagnetic wave-
train (Gordon and Sorochenko, 2009). As a result, this choice falsely indicates a
breakdown of the impact model. Also in response to Bell et al.’s claims, numeri-
cal calculations of electron-impact broadening of RRL of hydrogen for different
An has been done by Watson (2006). Results indicate that widths increase mono-
tonically up to n > 300, as expected from electron-impact broadening theory.
The puzzle regarding the observed narrowing of the lines therefore remained

unsolved in the literature.

Bell (1997)’s data reduction technique is an extension of the frequency-switching
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1.4 Solving a radio recombination line mystery

technique developed by Dicke (1946) to reduce inherent receiver gain fluctua-
tions. It is used to detect weak spectral lines in the presence of baseline varia-
tions by switching the local oscillator in the receiver hardware to produce two
passbands, one slightly shifted in frequency from the other. Assuming the pres-
ence of a single spectral line feature, subtracting one passband from the other
produces an overlapped spectrum containing two lines — of equal and opposite
strength — separated by a small frequency-offset. Baseline variations with “pe-
riods” greater than the frequency-offset are significantly minimized in the sub-
traction, thereby flattening the baseline. In conventional frequency-switching,
the two lines are then co-aligned and subtracted to obtain a /2 improvement in

S/N (signal-to-noise ratio).

Bell’s novelty is recognizing that additional overlaps of the original overlapped
spectrum further flattens the base-line. Though more line pairs are created by
these iterative overlaps, they are systematically removed based on the number of
overlaps applied. My investigations (in Section 4.1) find that, in the presence of
baseline variations, Bell’s technique is able to accurately recover spectral lines
with residuals approaching that of the original thermal noise limit. However, my
investigations also show that application of their technique fails to accurately
recover spectral line parameters when the frequency-offset becomes less than
the width of the spectral line itself (Alexander and Gulyaev, 2012); see also

Liszt (1997). In this case, recovered line-widths depend on the frequency-offset
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1.5 Dissertation roadmap

only, i.e., a constant, instead of actual line-widths. I argue in Section 4.1 that
this finding explains Bell et al.’s published line-narrowing as an artifact of their
processing technique and indicates that electron-impact Stark broadening theory

remains valid.

In Section 4.2 I summarize five series of RRL observations, including my orig-
inal observations conducted with the highest (at this time) precision (Alexander
and Gulyaev, 2016). I demonstrate that Stark broadening theory is consistent
with all of these statistically significant results. I also show that (at this time) it
is not possible to distinguish between the theoretical results of Griem (1967) &

Gee et al. (1976) and Watson (2006) & Peach (2015).

1.5 Dissertation roadmap

Chapter 2 reviews the physics of plasmas and RRLs. This sets the stage for
exploring an apparent RRL mystery published by Bell et al. (2000) that is thor-
oughly explored in my first publication, reproduced in Section 4.1. Chapter 3
details the processing and analysis of my ATCA (Australia Telescope Compact
Array) radio frequency interferometry observations, which forms the basis of
all original results presented in this dissertation and which are not presented
in my second publication reproduced in Section 4.2. Chapter 4 begins with

a summary of the findings of my publications and ends with the publications
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1.6 Approbation

themselves. Section 4.1 is the 2012 publication on the “reverse-engineering”
of Bell (1997)’s data processing technique and the associated findings (Bell
et al., 2000, 2011) that initiated testing models of RRL intensities and widths
at the highest detectable principal quantum number changes using observations
of cosmic plasmas. Section 4.2 is the 2016 publication which focuses on the
widths of high-order RRL detections from my 2013 Orion nebula observations.
Chapter 5 summarizes the findings of this dissertation and suggests future work

in the detection and analysis of high-order RRLs.

1.6 Approbation

The findings of this dissertation are published as two papers in the Astrophysical
Journal (Alexander and Gulyaev, 2012; Alexander and Gulyaev, 2016). These
findings were presented in seminars at AUT’s Institute for Radio Astronomy
and Space Research and at international conferences: Astronomical Society of
Australia’s annual scientific meeting (with a poster reproduced in Figure 4.1),
Sydney 2012; International Conference on Spectral Line Shapes, St. Peters-
burg 2012; Serbian Conference on Spectral Line Shapes in Astrophysics, Sre-
brno jezero 2015. These findings are generally accepted by international ex-
perts in Stark broadening and RRLs, including Goss, Griem, Peach, Smirnov,

Sorochenko and Watson.
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2 Radio recombination lines in

cosmic plasmas

“If you want to find the secrets of the universe, think in terms of energy, fre-

quency and vibration.” Nicola Tesla (1856-1943)

2.1 Intensity of radio recombination lines

The intensities, i.e., line-strengths, of RRLs emanating from a plasma at fre-
quencies predicted by Rydberg’s formula (Equation 1.1) depend essentially on
the relative populations of the atomic energy levels and probability of transition
between these levels. First, we need to determine the distribution of electrons as
a function of energy, both for free electrons (positive energy states) and electrons

bound in atoms (negative discrete energy states).
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2.1 Intensity of radio recombination lines

2.1.1 Population of highly-excited atomic levels

The observed velocity distribution of electrons in plasma is accurately modeled
by a Maxwell-Boltzmann velocity distribution when electron-electron collisions
dominate (Maxwell, 1860; Boltzmann, 1868; Chapman and Cowling, 1970).
Such collisions are much more efficient at energy-redistribution than radiative
processes and inelastic collisions. Therefore, the distribution function for free
electrons is assumed to be a Maxwell-Boltzmann distribution. For bound states,
it is assumed that the level populations are determined by radiative and colli-
sional processes. At low-n levels, the probabilities of radiative processes are
much greater than the probabilities of collisional processes. However, this as-
sumption is not correct in the limit of highly excited states (n > 1), where the
populations are determined by collisional processes, resulting in a distribution

similar to that of the distribution for free electrons (Seaton, 1964).

For a plasma at a given temperature and pressure, the number of atoms in a

given principal quantum level » is given by

N, = Ny, 2.1

where b,, accounts for the plasma’s departure from LTE (local thermodynamic
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2.1 Intensity of radio recombination lines

equilibrium). NLTE is given by the Saha-Boltzmann equation,
NN;  n’h’ Z’E
NLTE _ el T exp n 2.2)
T2 (2mmk)*? kT

which relates the equilibrium number density of atoms N-TE in bound-level 7 to
the population density of electrons and ions of the unbound states of hydrogenic
atoms, N, and N;; h is Plank’s constant, m is the mass of the electron, & is Boltz-
mann’s constant, Z is the number of protons in the atom’s nucleus (Z = 1 for

hydrogen) and E, is the energy difference between level n and the continuum.

Departure coefficients b,, are found by solving the system of equations (for all n
levels) describing the statistical equilibrium of a plasma, known as the equation
for statistical equilibrium (Aller, 1963). All the ways out of a quantum level n

are equated to all ways into that level,

Ny Z Pn,n’ = Z Nn’Pn’,n ) (2.3)
n#£n' n#£n'

where P represent the rates of physical processes in the directions indicated
by the subscripts. The left-hand-side of Equation 2.3 includes all processes that
depopulate level n, while the right-hand-side includes all processes that populate
it. In LTE, each rate into a level must balance exactly with the same kind of rate

out of that level. This is known as the principle of “detailed balance” (Landau
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2.1 Intensity of radio recombination lines

and Lifshitz, 1980).

The physical processes of importance in a thermal plasma are radiative and col-

lisional. An excited level n is populated by,
1. collisional transitions from other bound levels,
2. spontaneous radiative cascade transitions from higher levels,

3. recombination from the continuum through radiative and three-body re-

combination processes,
and depopulated by,
1. spontaneous radiative transitions to lower levels,
2. electron collisions that cause transitions to other atomic levels,
3. collisional ionization.

Accounting for these processes leads to the following equation of statistical

equilibrium for level n,

Nn (An +Cn,nj:1 +Cn,i> :Nn+1Cn—|—l,n+Nn—1Cn—l,n+ Z NnAn’,n +NiNe (alrm +Ci,n)

n'>n

(2.4)

where collisional transitions only to adjacent levels are accounted for (Dupree,

1969).
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2.1 Intensity of radio recombination lines

Using words, Equation 2.4 states: in statistical equilibrium, the number of tran-
sitions per unit volume per unit time out of level n from radiative, collisional,
and ionization processes equals the number of transitions into level n per unit
volume per unit time from recombination and from radiative & collisional pro-

cesses from other levels.

A,(s™1) is the rate of spontaneous emission to lower levels < n, and Cy, w(s™h)
is the rate of inelastic collisions between levels n and »n’ or the ionization rate

when n’ = i. The rate coefficient for radiative recombination is a’  (cm®s~1).

Following Dupree (1969), Equation 2.4 is written as

n+1
Y, Rywby =S, (2.5)
n'=n—1

for each level n, where

01
Rn,n—l - Cn—l7n eXp (Xn—l _Xn) ) (26)
n
Rn,n =A,+ Cn,n:i:l + Cn,i ) (27)
Wp+1
Rn,n+1 = (Cn+l,n +An+l,n) eXp (Xn+l _Xn) ) (28)

n

1 @,
S, =2 (Zﬂkae)3/2 h_3aa£nexp (—Xn) +Cn,i + Z bn’An’,n ;n eXp (Xn’ _Xn) )

n n'>n+1 n

(2.9)
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2.1 Intensity of radio recombination lines

and

_ hcRZ?

o= (2.10)

where w, = 2n? is the statistical weight of level n.

The cascades from levels n’ > n 41 are contained in the S, term, while interac-

tions with adjacent levels n’ = n =41 are contained in the Ry n+1 terms.

Expanding Equation 2.4 for an atom with n,,x levels results in a system of A =

(Pmax — Pmin) + 1 equations that form a tri-diagonal square matrix in R,

/ Rutin, noin Ritin, nin +1 0
RiintLmmin Rigint Lngin 1 i+ 1, npin 42

Riint2 nin 1 Rt 2, min 12 Ry 12, ngig 43

ana\x*la”ma\x*2 anaxflynmax*l R"max*l«, Nmax
\ 0 anux~ Nmax —1 ani\x> Nmax
/
( bnmin \ S"min \
b”min +1 S"min +1
by +2 Shignin +2
'min ‘min
=™ b 2.11)
b”max -1 S”max —1

/
Nmax \ Snmux )
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2.1 Intensity of radio recombination lines

where
S;”min - Snmin - aninv Nmin—1 bnmin—l ’ (2 12)
S;max - Snmax - R"max, Nmax+1 bnmax+1 ’ (2 13)
and b, . 1, by, +1 are the lower and upper boundary-values of the departure

coefficient spectrum b,,.

Equation 2.11 is solved using a simplified form of Gaussian elimination that
reduces the number of required operations from A to A (Riley et al., 2006). A
complication in the solution arises from the presence of b, in the cascade term,
Sp. This is addressed by an iterative procedure in which all b, are initially set
to unity and after each iteration the new b, are used to re-compute S,. This is

repeated until successive sets of b, agree to within a percent.

The resulting b,, spectrum is insensitive to the choice of the lower boundary-

condition b, . 1 and npyi,, given nyi, 1s chosen where radiative rates domi-

Nmin
nate and collisions with degenerate angular momentum states / are insignificant
(Gordon and Sorochenko, 2009). For the plasma conditions typical of HII re-

gions (Ne ~10*cm™3, T, ~ 10* K) this is the case for n,;, ~ 40. In this case,

an asymptotic form of b, is used (Seaton, 1959):

3lnn—4.84

——. 2.14
3lnn—1.84 ( )

b, (radiative) =
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2.1 Intensity of radio recombination lines

However, the choice of the upper boundary-condition b, 1 and the value of
nmax strongly effects the shape of the calculated b, spectrum. This fundamen-

tally affects the behavior of our plasma model, i.e., RRL intensities and widths.

Above npyyx, it 1s assumed the levels will be in equilibrium due to collisional
coupling with the continuum. From Dupree (1969), npyax is estimated from
when the collisional ionization rate is much greater than the rate of spontaneous
emission, i.e., when C,; > A,. Using Shaver (1975), C,; ~ 10~°n?N, and
A, ~ 101057, leading to the condition nm,x > 102N, 4 ’. For N, = 10*cm 3,
this gives nmax > 10. Another approach to estimating ny,x, which assumes
atomic dimensions are no greater than the mean distance between particles, is
to calculate the mean distance between electrons from N, and equate this to the

/6

. . _ —1/3 . —1
atomic radius at level n. Thus, 7 =~ N, / and r, = aon2 gives Npax ~ 10*N,

which predicts npax ~ 10* when N, = 10*cm 3.

Together, these two approaches imply that the size of atoms and their corre-
sponding number of available/observable energy levels are huge in the ISM rel-

ative to laboratory plasmas, such as those produced in a fusion reactor where

N, > 10" cm~3 (Garabedian, 2003).

However, there is a significant problem that arises as n grows large, namely that
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2.1 Intensity of radio recombination lines

the partition function for hydrogenic atoms

Nmax

Z=Y 2n%exp {%1 (2.15)

n=1

diverges because the Boltzmann factor approaches the constant value exp <k—?> ,

while n? grows.

This physically implies that the number of atoms N, having an electron in a
given level n, as n tends to infinity, also tends to infinity. This appears to be
unphysical. Instead, it should tend to zero. That is, the probability of finding
atoms with electrons in such an excited state should decrease the farther it is

from its nucleus.

The second approach to estimating n,,x assumes that beyond npy,x, atoms cease
to have more energy-levels available to populate, meaning that the probability of
bound-electrons existing beyond npax 1s zero. This suggests that b, . 1 =01s
more physically plausible than b, , 41 = 1 in describing the relative populations
of atomic energy levels at large n, because now the transition from bound states

to the continuum is “lowered” from infinity to 7.

The convergence problem of atomic partition functions and its termination is
connected with the phenomena of “lowering of the ionization potential”, which
accounts for non-ideal, collective effects in a plasma due to perturbations from

nearby charges, neutral atoms, and plasma Debye interactions (Cowley, 1970;
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2.1 Intensity of radio recombination lines

Giindel, 1970, 1971). These non-ideal effects were explored in Gulyaev (1990)
to extend the theory of Stark broadening to observations of cosmic plasmas at

large principal quantum numbers.

2.1.2 Radiative transfer

A radiative transfer model is used to predict the continuum and spectral line
emission from a plasma, given its geometry, density and temperature structures.

The radiative transfer equation

dly = —1, K (V) dx 4 j (v) dx (2.16)

describes the change in intensity of radiation d/, as it traverses a distance dx
through the plasma. The first term on the right-hand-side accounts for absorp-
tion of radiation by the plasma. The second term accounts for its emission.
Integrating/Iterating Equation 2.16 from the “back” to the “front” of the plasma
calculates the emerging radiation (Chandrasekhar, 1960). Figure 2.1 illustrates

the transfer equation.

Kk (v) is the linear absorption coefficient in units of inverse-length. It accounts
for reductions of intensity along the line of sight of a detector. j(Vv) is the
linear emission coefficient. It accounts for all the gains in intensity along the

—1

line of sight of a detector. x(v)  is the mean free-path of a photon before
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2.1 Intensity of radio recombination lines

0 > X

T(X)

Figure 2.1: Radiation transfer

it is absorbed in the plasma. The product of k(v) and distance is defined as
“optical depth” or 7y, such that 7, = f;lz K (v) dx =1 for a traversed-distance of
one mean free path. If 7, > 1 when integrated from back-to-front through the
plasma at given frequency Vv, it is known as “optically-thick”. If 7, < 1 when
integrated in the same way, it is known as “optically-thin”.

k(v) and j(v) are physically related. Their ratio, j(Vv)/k(v), is an intrinsic
property of an emitting plasma. A solution of the radiative transfer Equation 2.16
requires specifying this ratio as a function of location and frequency. In thermo-

dynamic equilibrium, where the radiation field is specified by a single parame-

ter T' (defined as temperature), this ratio is related through the Planck function

J(v)/x(v) = By(T) (2.17)
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2.1 Intensity of radio recombination lines

from Kirchhoff’s law of thermal radiation (Kirchhoff, 1860), where By (T) is a

function only of frequency and temperature.

The Planck function (Planck, 1901) is

_2nv 1

By(T) =3 o (2.18)

When hv/kT < 1, which often occurs at radio frequencies in astronomy, the

Rayleigh-Jeans approximation (Rayleigh, 1900; Jeans, 1905) of By (T) is

2v2kT
BV(T) ~ 2

(2.19)

C

given "V/¥I' ~ 1 + hv /kT in Equation 2.18.

A plasma is populated by ions, free electrons, and neutral atoms in various states
of excitation. These components interact through collisional and radiative exci-
tation and de-excitation processes. Radiation absorbed and emitted from these
processes is usefully divided into continuous (classical) and quantum domains.

k(v) and j(v) are then written as

K(v) =xc(v)+x(v) and j(v) = jc(v)+jL(v), (2.20)

where k¢ (V) is the continuum absorption coefficient, ki, (V) is the line absorp-

tion coefficient, jc (v) is the continuum emission coefficient, and ji (V) is the
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2.1 Intensity of radio recombination lines

line emission coefficient.

2.1.3 Continuum emission

At radio frequencies, Bremsstrahlung or “free-free” radiation between electrons
and ions is the dominate mechanism producing and absorbing continuum ra-
diation in HII (ionized hydrogen) plasmas typical of nebulae (Gordon, 1988;
Condon and Ransom, 2016). Calculating k¢ (V) requires accounting for the
electrical interactions between two charged particles and their velocity distribu-
tions. k¢ (V) is determined by integrating the emission produced during each
encounter over the velocity distribution of the particles, which is assumed to
be Maxwell-Boltzmann distribution. Equation 2.94 of Gordon and Sorochenko
(2009), gives an expression for k¢ (V) that is used in the plasma model of the

Orion nebula used in this dissertation,

N2 T3 /2
ke (V) =9.770x 107°—=5= | 17.72+In | = : (2.21)
vt/ v
giving kc (V) in units of cm~! when the electron density N, is in units of cm 3,
electron temperature 7, is in Kelvins and v in Hz.
An approximation to Equation 2.21 given by Altenhoff et al. (1960) is
0.2120N?
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2.1 Intensity of radio recombination lines

and jc (v) is obtained using Kirchhoff’s law, Equation 2.17.

The continuum radiation as a function of frequency from an HII region is pre-
dicted by the radiative transfer equation. Assuming a homogeneous (N, =
constant) and isothermal (7, = constant) slab of H plasma of thickness L, the
resulting radiation intensity 7, is found by numerically iterating Equation 2.16.
Assuming the initial intensity on the far-side of the region is zero 150) =0, then
after a small distance dx into the region along the line of sight toward the ob-

server, the intensity is

10— 1O 4 470 _ g7 (2.23)
a1y = —1{ ke (v) dx+ j(v) dv = j (v) dx (2.24)
I\(,l) = j(v)dx (2.25)

which means the intensity at this point has increased due to emission, j (V) dx.

After the next differential step toward the observer, the intensity becomes

1 =19+t = j(v) ax =1k (v) de+j (v) dx (2.26)

=2j(V)dr—j (v)k(v) (dx)?,

whereby it increases by another unit of emission j (v)dx, while decreasing by

1Mk (v)de = j(v)x (V) (dx)>.
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2.1 Intensity of radio recombination lines

Continuing in this way for L/dx steps, the intensity emerging from the near-side
of the HII region is what is seen by the observer, assuming no other intervening

sources of significant emission and absorption.

Figure 2.2 shows a plot of intensity versus frequency numerically predicted by
the radiative transfer Equation 2.16 using parameters typical for HII regions at
radio frequencies: N, = 10°cm ™3, T, = 10°K, L = 10" cm. It can be seen that
the continuum intensity rises rapidly at low frequencies as I, o« v? and falls
slowly at high frequencies as I, o« v~%!. This behavior emerges, as follows,
when solving the radiative transfer equation for an isolated slab of homogeneous

plasma at a single temperature.

-14

10 1

I,, Wm™? Hz!

2 3 4 5
10 10 10 10
v, MHz
Figure 2.2: Continuum emission model. Numerical simulation result of the ra-
diative transfer equation predicting brightness /,, versus frequency v for a

typical HII region. Model parameters are N, = 10*cm™, T, = 10*K and
L=10"%cm.
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2.1 Intensity of radio recombination lines

Begin by re-arranging Equation 2.16 as

dry J(v)
=-Iy, + —=. 2.27
k(v)de * K (V) 2:27)
. . - N Jjv) _ :
Given optical depth' is d7, = —x(v) dx and ) By (T) is the a source

function which assumes a radiation field in local thermodynamic equilibrium,

then

dr,

an = I, — By (T). (2.28)

This equation is solved by integrating from the far-side to the near-side of the

plasma using integration-by-parts [ ab p%dr =pqb - [ abqi—’r’dr, where p = e~ W

dg __ dIy :
and T = an This leads to

0 0 -t 0
dr d(e”™
Ry Cal T R,
Ty v v

Ty dty
(2.29)
Further simplification gives
0
I (%) = 0) — e~ ™Iy (Ty) = — / e VB (T) dr, (2.30)
Ty

!The negative sign indicates that from the observer’s point-of-view 7, decreases as x increases
— see Figure 2.1

53



2.1 Intensity of radio recombination lines

or
Tv
L(ty=0)=e¢ "I,(1) +/ e "B, (T)dry, (2.31)
0
or explicitly in terms of depth within the plasma (see Figure 2.1),
Tv(x)
L(x)=e "W, (x=0)+ / e~ vWB, (T) dr,. (2.32)
0

If there is far-side background radiation I, (x = 0), the first term on the right-
hand-side of Equation 2.32 accounts for its attenuation as it traverses the plasma.
The second term accounts for the emission and attenuation of radiation from the
plasma itself. Given this plasma is isothermal, the integral in Equation 2.32 is a

difference equation resulting in
Iy=e "I,(x=0)+B,(T)(1-¢ ™). (2.33)

Ignoring background radiation, we have, finally, the simplest radiative transfer

model of an HII region,

I, =By (T)(1-e ™). (2.34)
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2.1 Intensity of radio recombination lines

For an optically thick plasma, 7, > 1 and Equation 2.34 simplifies to

I, =By (T), (2.35)

predicting that the observed brightness is Planck’s brightness distribution, Equation 2.18.
Using Rayleigh-Jeans’ approximation of this distribution (Equation 2.19) pre-

dicts I, o< v2, consistent with the low-frequency portion of Figure 2.2.

For an optically thin plasma, 7, < 1 and Equation 2.34 simplifies to

I, = t,By (T). (2.36)

Combining Equation 2.19 and the approximation to the continuum absorption
coefficient Equation 2.22 predicts I, =< v—"'! which is consistent with the high-

frequency portion of Figure 2.2.

2.1.4 Spectral line emission & absorption

Equations 2.116, 2.130, 2.131 and 2.132 of Gordon and Sorochenko (2009)

give an expression for the non-LTE line absorption coefficient ki (V) at radio
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2.1 Intensity of radio recombination lines

frequencies used by our Orion nebula model,

ki (V) =K (vV)by, B (2.37)

_1 B <%> o hV/KT
KL (V)= K (V)bay | —— (2.38)

— 2.
hv  dn (2.39)

(| _ KL dinb,, An}

where

* ~ —12 fﬂhnz _@ N62 %
K (V) ~3.469 x 107 12¢ (v) An ” (1 2nl>T:/2exp . , (2.40)

is the LTE line absorption coefficient and ¢ (V) is the line profile, An = ny, — n;
is the principal quantum number transition-order, f,, », is the oscillator strength
of the transition, n; is the lower electronic quantum state and Ej,, is the energy

of this state, where (Bohr, 1913)

(2.41)

From Equation 2.133 of Gordon and Sorochenko (2009), the non-LTE line emis-

sion coefficient is

Ju =K (V) bnyBy (Te)
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2.1 Intensity of radio recombination lines

A useful approximation for f;, ,, is given by Menzel (1968) as

An
Snyny = nIMay (1 + 1.5—) , (2.42)

where M)y, is given in Table 2.1 for An < 10.

A
Table 2.1: Oscillator strengths f,;, », = niMa, <1 + 1.5—”)

ny
An | logyo (Man)
1 | -0.7194788
2 | -1.5795145
3 | -2.0912138
4 | -2.4569656
S | -2.7418778
6 | -2.9753214
7 | -3.1730976
8 | -3.3446790
9 | -3.4962080
10 | -3.6318861

A more accurate expression for f,, ,, is given by Menzel and Pekeris (1935) as

Jaromy = &nymy Fay nys (2.43)

where gy, n, is a correction factor for f,

26 1 1 1\?
A — . 2.44
oo =5 5z, <1_1) (nmz> o
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2.1 Intensity of radio recombination lines

An approximation for g, ,, that corrects f;, 1., t0 within 0.5% of the exact so-

lution is given by Burgess and Summers (1976) as

8nyny, = 1 =T (T1G1 + TGy + T:G3) , (2.45)
where
0.256 0.257
Gi = (0.203 + ) m, (2.46)
n n
2 2
Gy = 0.17n, +0.18, (2.47)
0.1554 0.37
Gy = (0.2214+ — +— )nz, (2.48)
U n
T, = (2111 — I’lz) (I’ll —ny+ 1) , (2.49)
T2:4(n1—1)(n2—n1—1), (250)
Ty = (20, —np — 0.001) (n; — 0.999), (2.51)
1 1 —1\7
T, = — ( e ) . (2.52)
(n2—1.999)% pyn® \m2 —m

Feron (2013) has verified the 0.5% claim for An < 103 using arbitrary precision
arithmetic (Fousse et al., 2007) to exactly calculate the hypergeometric function

that arises when finding f,,, ,, (Hoang-Binh, 1990).
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2.2 Broadening mechanisms of radio recombination lines

2.2 Broadening mechanisms of radio

recombination lines

Three known spectral line broadening mechanisms determine the shapes and
widths of spectral lines, whether in emission or absorption. In the following sec-
tions I review natural, Doppler, and Stark broadening mechanisms. It is shown
that the contribution of natural broadening to the measured widths of RRLs is

negligibly small compared with the other two mechanisms.

2.2.1 Natural broadening

Before the development of quantum mechanics theory, atoms were modeled as

oscillating electric dipoles. The energy of an oscillator decreases as E(t) =

T2e?

Epexp(—It/2), where the damping constant is I' = Vo and Vy is the os-

myc3

cillation frequency. Lorentz (1906) showed that this damping determines the

frequency spectrum of the oscillator to be

(2.53)

where the FWHM (full width at half maximum) of this profile is Av, =T"/2x.

Quantum mechanics predicts that spectral lines have a natural width imposed by
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2.2 Broadening mechanisms of radio recombination lines

Heisenberg’s uncertainty principle (Heisenberg, 1927). This principle predicts

that the uncertainty in time and energy measurements are related by
AEAt > h. (2.54)

If the lifetime of an excited electronic state is Af, the energy of this state can
be determined with an uncertainty of AE =< AL The uncertainty in the energy
depends on the lifetimes of the upper and lower states, n, and n;. The natural

width of a spectral line is defined as

AE, AE, 1 1
- 2o 4 =T, 4T 2.55
B R hy gy M =

The total spontaneous rates out of levels n; and n; are

n2—l

Fn2 = Z Anz,l’q) (256)
ni=1
nyi—1

l—‘l’ll = Z Anl,n()) (257)
n():l

where A,y ,, (s~1) is the rate of spontaneous emission from upper level n’ to lower

level n.
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2.2 Broadening mechanisms of radio recombination lines

The FWHM is

F 1 ny— 1 ny— 1
AVL - E — 27'[,' (Fnz +Fn1 - Z Anz,nl + Z Al’ll no ) (258)

nll no]

which is the quantum mechanical form of the Lorentz width found by Weis-
skopf and Wigner (1930). Given I',, are approximately the same for lower and
upper levels of RRLs at large n, with (n, —n;) < (n2,n), Equation 2.58 can be

approximated as

n21

Av, ~ — Z Ay - (2.59)

n1 1
From Sobel’man et al. (1995), the sum in this equation can be approximated as

n ] 1olnn
An= ¥ Anyy =243 10—, 0> 20. (2.60)

n1:l

Using this equation and Equation 1.1 with An =1 as an approximation for RRL

frequency vy, then Equation 2.59 estimates the natural width of RRLs:

Avp 2.4x10°1nn

Inn
~ 61
o~ e 1.2x 10~ ,n>20. (2.61)

As an example, this predicts that the fractional natural width for the H100¢ line

is Av /vy ~ 5.3 x 10710, Using Equation 2.63, the natural width of this line is
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2.2 Broadening mechanisms of radio recombination lines

Avp = 1.6 x 10~*km /s, which, as is shown below, is negligibly small compared

with Doppler and Stark broadening.

2.2.2 Doppler broadening

2.2.2.1 Thermal broadening

Excluding turbulence, cosmic thermal gases are modeled as Maxwell-Boltzmann
velocity distributions. Given the high rate of collisions between electrons and
ions, any perturbation in the velocity distribution will get thermalized in minutes
for typical HII regions, T, = 10*K and N, = 10*cm ™3 (Gordon and Sorochenko,

2009).

For a Maxwell-Boltzmann velocity distribution, the probability of a gas atom
having a velocity component between v, and v, 4 dv, along a line of sight

through the nebula is

M Mv?
N(vy)dvy, =N kT SXP (—ﬁ) dvy, (2.62)

where N is the total number of atoms contributing spectral line photons and M

is the atom mass (Gordon and Sorochenko, 2009). Using the Doppler formula
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2.2 Broadening mechanisms of radio recombination lines

to relate the observed frequency shift to the line-of-sight velocity shift

dvy,=c d—v, (2.63)
Vo

Equation 2.62 is converted to line intensity /,. This assumes that the total in-
tensity in the line is proportional to the number of emitters N in the antenna
beam and that the gas is optically thin, which means the intensity d/y is propor-
tional to dN (vy). The result is I, = Ip@g (v), where the line profile ¢g of the

Doppler-broadened line is

[4In2 1 —v\?
oG (V) = ;: A—vGexp <4ln2(VZVG\’> )7 (2.64)

where Avg is the FWHM of the thermally broadened Gaussian line.

Avg 1s found by equating the exponential arguments of Equation 2.62 and Equation 2.64.
Using Equation 2.63 to relate velocity to frequency, the width is

2kT
Ave = Va2 ] v, (2.65)
Mc?

For a typical HII region of 7 = 10* K and using the mass of hydrogen, Equation 2.65
gives a fractional Doppler width of Avg /vy~ 7 x 107>, This is 100,000 times
greater than the corresponding fractional natural width of the H100¢ line cal-

culated above and corresponds to a Doppler width of Avg ~ 21km/s using
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2.2 Broadening mechanisms of radio recombination lines

Equation 2.63.

2.2.2.2 Turbulence

Turbulence also contributes to the Doppler component of RRLs (Strelnitski
et al., 2002). HII regions contain cells of gas moving relative to one another.
If these cells are unresolved by a radio telescope, it is called microturbulence.
Given that the velocity distribution of these cells are found to be Gaussian, the
observed width can be modeled as the convolution of thermal and turbulence

Gaussians. This results in another Gaussian profile whose width is

(AVG’)2 = (AVG—thermal>2 + (A"G—turbulence)2 ) (2.66)

such that the Doppler line width can be expressed as

12kT
AVG = AVG/ =V 41n2 7 + Vr[%, (267)

where V7 is turbulence velocity (Gordon and Sorochenko, 2009). For example,
if Vr = 15km/s and T = 10*K, the resulting FWHM of H100« due to the
Doppler mechanism is AVg = 25.8km/s, instead of = 21km/s calculated in the

previous subsection.
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2.2.3 Stark broadening

Also known as pressure broadening, Stark broadening arises from the Stark ef-
fect discovered by Stark (1913). When an atom is in the presence of an external
electric field, it’s atomic energy levels are observed to split and displace. The
Stark effect appears differently depending on the strength of the electric field.
When a bound electron is in a non-circular orbit (a Rydberg state), an elec-
tric dipole moment results which interacts with the electric field. This is called
a linear Stark effect when the observed displacement of emission lines is lin-
early proportional to the electric field strength. It is called a quadratic Stark
effect when the displacement is proportional to the square of the electric field
strength. Weak fields produce a linear Stark effect, while strong fields produce

a quadratic Stark effect.

If the atomic energy levels n of an atom are based on the quantization of the

orbital angular momentum of its electrons, Bohr (1913) showed that

B 2nime* 72

Ey= ", (2.68)

where m is the mass of the electron, e is its charge and Ze is the charge of the

nucleus.

Using Equation 2.68, Bohr (1922) predicted that an applied external electric
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2.2 Broadening mechanisms of radio recombination lines

field & causes the energy level of an atom to change by

3n%E
= Snzemnnf’ (2.69)
where ng =0,+1,42, ..., £n. This leads to 2n — 1 sublevels with the maximum

energy change proportional to n? for each energy level E,. Stark shifted lines
are modeled as transitions from the split upper-energy levels E,, &= AE to the

split lower-energy levels E,, == AE (Gulyaev, 1976).

In the ISM, Stark broadening is more complex. Plasmas associated with the
ISM are characterized by ultra low density compared with terrestrial plasmas
and stellar cores. The electric field experienced by emitting atoms in the ISM
is modeled as a series of brief, weak and time varying transient fields induced
by successive collisions with electrons,? instead of a constant field as described
above. The former scenario is called electron-impact Stark broadening and the
latter is called qguasi-static Stark broadening. Here, I focus on impact broaden-

ing.?

2The importance of electron collisions in many environments is well known, arising from the
fact that electrons are always the most abundant charged particle and have a much higher
thermal velocity than atoms, leading directly to a higher collision rate (Barklem et al., 2011).

3In-depth discussion of the quasi-static Stark broadening approximation is found, among oth-
ers, in Peach (1975); Mihalas (1978).
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2.2 Broadening mechanisms of radio recombination lines

2.2.3.1 Impact broadening

Impact broadening can be interpreted as a consequence of finite lifetimes in
quantum states owing to collisions. In subsection 2.2.1 I considered natural
broadening and showed that the lifetime for an unperturbed atom in state » is de-
termined by the probability of spontaneous decay A,,, Equation 2.60. When col-
lisions are important, it is the probability of collisions that determines the life-

time of an atom in a given state, i.e., the coefficients C,, ,» and C;, ; in Equation 2.7.

Considering collisions with radiating atoms, not only strong collisions that in-
terrupt radiation should be taken into account, but also multiple weak collisions,

which cause deformation of the wave train in the sense of its phase disruption.
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2= of ]
a3 T 0 % 7277 l//// //// /// /
2.0
1.5F Phase Disruptions in Sinusoidal Wave Train Induced by Collisions
1.0

Amplitude

Time

Figure 2.3: Impact broadening model. Bottom: the dotted line is an unperturbed
sinusoidal wave train as function of time. The solid line is the wave train
perturbed by brief collisions. 7op: cumulative phase shifts in radians as a
function of time. Figure from Gordon and Sorochenko (2009). The circles
are added showing when collisions occur.

Figure 2.3 shows the effect of brief small phase shifts upon a sinusoidal wave-
train. The effect of these collisions redistributes power about the central fre-
quency of the electromagnetic wave, thereby increasing the associated spectral
line width. The Fourier transform relationship between the phase-shift time-

history and frequency dispersion is the spectral line profile.

As an example, consider the spectral line shape resulting from an oscillator of
constant amplitude that is briefly interrupted due to successive collisions. If
the oscillation is f(¢) = exp (i2wvyt) over the duration T between successive

collisions that briefly halt the oscillator, then the frequency spectrum of the os-
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cillation is the Fourier transform of f(¢):

T
/ f 7127rvtdt / zvaOteincvtdt:/ ei27rt(v07v)dt
0

127rT (vo—Vv) _ 1

- 2r(vo—v) ’ 2.70)

where F (V) is the complex spectrum for the duration 7.

If collisions are Gaussian distributed during time 7" with a mean time 7T between
collisions, then the probability of a collision is P(T) = exp(—7/7) /7. The
resulting spectral profile ¢ (V) is the average power spectrum ‘F 2P‘ over the

distribution of T':

(-1/7)
¢ " dr= 24V 2.71)

T T4 (v—v)*+(Awvp)?

q)(v)x/oooF*(v,T)F(v,T)

after normalization, [~_¢ (v)dv = 1.

r
Like Equation 2.53, Equation 2.71 is a Lorentz profile with FWHM Avy, = o
where I is related to probabilities of collisional transitions C, ,» and C,; (see

subsection 2.1.1 and Equation 2.7). Therefore, this model of an emitting atom

disrupted by collisions predicts a Lorentzian spectral line profile.

The phase disruption A¢ induced by a perturber is modeled in terms of a min-
imum distance or “impact parameter” between the perturber and atom (Weis-

skopf, 1932). Figure 2.4 shows a charged particle passing an emitting atom at
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constant velocity v and minimum distance p.

Figure 2.4: Impact geometry. Perturber of velocity v passing within a distance
p of an emitting atom.

At any instant of time, it is assumed that the shift in the angular frequency of

emission A® is modeled by a power law
Ao = — (2.72)

where R(z) is the distance between the atom and perturber, s is the strength
of the relationship between distance and frequency shift, and C the constant
of proportionality. From Figure 2.4, R = 1/p?+ (v¢)*, where vt is the linear
distance traveled by the perturber since its closest approach along a straight-line

trajectory.

A
A shift in the angular frequency of emission is A®w = A_? Therefore, the total
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phase shift of the wave train caused by a perturbation event is

A¢:/ Awdt:/ L SV (2.73)
e oo (p2 1242/ vps~1

where o = 7,2,7/2,4/3,31/8, ... fors = 2,3,4,5,6,....

The value of the impact parameter p for A¢ = 1 radian follows from Equation 2.73

as

aC\ D
pPo = ( > (2.74)

1%

and is called the Weisskopf radius. s = 2,3,4,6 corresponds to the linear Stark
effect, resonance broadening, the quadratic Stark effect, and van der Waals
broadening, respectively. The Weisskopf radius is used to quantitatively dis-

tinguish between strong and weak perturbations of the emitting atoms.

A unified theory of Stark broadening that subsumes quasi-static and impact
approximations does not yet exist due to diverse conditions observed within
cosmic plasmas. Of the two approximations, electron-impact Stark broadening
is found to predict the observed behavior of high-order RRLs (Alexander and

Gulyaev, 2016), reproduced in Section 4.2.4

If the total phase shift A¢ is caused by an accumulation of discrete phase shifts

“4In-depth discussion of the Stark broadening quasi-static approximation is found, among oth-
ers, in Peach (1975); Mihalas (1978).
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while an atom radiates, then the impact model describes perturbations due to
collisions. The impact approximation model makes the following assumptions

(Sobel’man et al., 1995):

1. An impact involves one perturber and one atom at a time, a binary inter-

action.

2. While an atom is radiating, it experiences a series of discrete and weak
collisions. The duration of each collision is much less than the interval

between them.

3. Each collision causes an instantaneous phase shift in the electromagnetic
wave train. Between collisions, the wave-train oscillation continues un-

perturbed.

4. The temporal distribution of the collisions is described by a probability

function.

The theory of impact broadening for spectral lines in plasmas originated in
the 1950’s to address optical transitions (Anderson, 1949; Griem et al., 1959;
Griem, 1960). These works indicate that collisions with electrons cause line
broadening at low electron densities characteristic of cosmic plasmas. Calcula-
tions from these works were used to predict Stark broadening effects in RRLs
shortly before their detection in 1964. It was found that electron-impact Stark

broadening would be significant for n > 100 RRLs (Sorochenko and Borodzich,
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1965). In Section 4.2 I show that electron-impact broadening theory accurately

predicts observed RRL widths.

This theory (Griem, 1967) predicts the Lorentzian width of a RRL to be

wi o< n*1n (pﬂ> o 1B (2.75)

Pmin

where B depends on the choice of maximum, ppax, and minimum, Pp,i,, cut-off

radii (impact parameters). The minimum cut-off radius is typically chosen as

5 n’h
Pmin = \/gmv ) (2.76)

where 7 is Planck’s constant, and m and v, are electron mass and velocity

(Griem, 1967).

There are different approaches with respect to the choice of py,x leading to

different dependences of the electron-impact width on n. If

Ye o rd, (2.77)
wmn:l:l

Pmax =

where @, 41 =27V, ,+1 18 the angular frequency of transition n — n4-1 (Griem,
1967), substitution of Equation 2.76 and Equation 2.77 into Equation 2.75 re-

sults in Pmax/Pmin < 7 and B > 4. For a typical HII region electron temperature
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of T, = 10* K, Equation 2.75 predicts

wy o< nt4 (2.78)

for n — n =+ 1 transitions (n > 1) (Griem, 1967).

If the Debye radius Rp is used instead as the maximum cut-off radius, then

kT,
Pmax = Rp = W (2.79)

where £ is the Boltzmann constant and e is the elementary charge (Hey, 2012;

Peach, 2015); in this case, Pmax/Pmin < 7~ and 8 < 4.

For a typical HII region electron density of N, = 10*cm™3, Equation 2.75 pre-
dicts wi, o< n397 (Peach, 2015). Watson (2006) provides a theoretical expression
for electron-impact widths valid for n < 70. His proposed formula for n > 70
(Equations (16) and (17) in Watson (2006) results in wy, o< n397 consistent with

theoretical results of Peach (2015).

Peach (2015) also tests a stronger condition, the NN (nearest neighbor) radius

Rnn as the maximum cut-off radius,

3 1/3
Pmax = RNy = (471'N ) . (280)
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Gee et al. (1976) provides a useful approximation for collisional cross-sections

for inelastic electron impacts. Using a power law presentation, one can write

(a(n)v) o< n. (2.81)

The collisional line width for the transition n + An — n is then

W = N [(G (1 + An)v) + (G (n)V)] o< Non” <1+g%+ iy D (%) +>

(2.82)

using a Taylor series expansion (Sobel’man et al., 1995). The first two terms of
this expansion in Equation 2.82 were used by Smirnov et al. (1984) in their
approximate formula for the Lorentz width (Equation (2.60) in Gordon and

Sorochenko (2009)),

y A
w = 8.2N, (I”E) (1 n 1’—”) oc P (2.83)

For Hna lines, one can ignore the difference between exponents 3 and 7y used in
different presentations of the line width (cf. Equation 2.75 and Equation 2.82);
for example, if n = 100 the exponent B = 4.41 when y = 4.40. However, when
considering the widths of the sequence of high-order RRLs, the difference be-

tween 3 and 7y should be taken into account. For example, for my sequence
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of RRLs at 6 GHz, 8 = 4.50 when y = 4.40. For the interval = 3.8...4.5

considered here, the relationship

B—7y=0.10 (2.84)

holds for the high-order RRL series. This is used below when comparing my
results with theoretical findings of Griem (1967); Gee et al. (1976); Watson
(2006); Peach (2015) and with observational data of Smirnov et al. (1984); Bell

et al. (2011).

To extract Lorentz widths wi, (FWHM) from the observed high order RRL pro-
files, I use the approximate formula of Kielkopf (1973) presented by Smirnov

(1985) as

wr = 7.786wy [1 - \/1 —0.240 (1 - (WD/WV)2>] , (2.85)

where wy is the Voigt width (FWHM) of the spectral line determined by the
fitting procedure and wp is the Doppler width (FWHM). Given Lockman and
Brown (1975)’s Orion nebula model has a temperature gradient, Doppler widths
are different for different regions, so the Doppler width wp used in Equation 2.85
is an “effective” Doppler width. For my observations at 5.5 — 6.5 GHz, the in-

termediate (second) region of the modified and original (Lockman and Brown,
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1975) models dominates in terms of RRL and continuum flux, so the effective

Doppler width is close to that of the intermediate region.

77



3 Methodology: observations &
processing of ATCA/CABB

data

“A man should learn to detect and watch that gleam of light which
flashes across his mind from within, more than the lustre of the fir-
mament of bards and sages. Yet he dismisses without notice his
thoughts, because it is his. In every work of genius we recognize our

own rejected thoughts...” Ralph Waldo Emerson (1803-1882)

3.1 Observations

We observed the central brightest continuum region of M42 (RA = 05:35:17.3,

Dec = —05:23:28, J2000) at 6 GHz using the ATCA between 2013 late June
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and early July. Over three consecutive days of observing, we obtained about
17 hours of integration. Accounting for calibration overheads, 1 obtained about
15 hours of integration on M42. The upper plot in Figure 3.1 shows the 5.5 —
6 GHz bandpass without bandpass calibration from day two of a total of three
days of observations. The three circles in this upper plot, from left to right,
indicate bright H (n, o) and weaker He (n, ) & C (n, ) RRL detections of the
(105,1), (104,1) and (103, 1) transitions. These narrow lines, and all other de-
tected higher-order RRLs, have widths (FWHM) between ~ 17 channels and
~ 30 channels. This bandpass contains a noticeable ripple with a “period” of
~ 1000 channels. This period is > 30 times greater than the width of the widest
RRL we detected (30 channels). The subplot in the bottom right part of the
figure is the power spectrum of the bandpass spectrum. The 1000-channel rip-
ple period manifests itself in the power spectrum as a triple peak marked with
a large circle. There is also a short-period (~ 14 channels) ripple shown in the
bottom-left subplot in the figure. In the powers spectrum, it corresponds to a
peak we mark with a small circle. The shadowed region in the power spectrum
corresponds to the range of detected RRL widths (18...40 channels). There are
no “competing” statistically significant periodic signals in the shadowed region,
which can cause confusion when extracting the detected RRL from the uncali-

brated spectrum.

It is suspected that the 1000-channel ripple in the spectrum is due to the standing
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waves introduced on all antennas between the focus cabin and the dish surface.
It’s not surprising to see this on a source which has strong continuum emission.
There is no explanation yet for the 14-channel ripple. If it was also due to a
standing wave, the required distance between reflections would be around 370 m

(Warwick Wilson, 2014, private communication).

We used a 1 GHz bandpass option of the ATCA’s Compact Array Broadband
Backend (CABB) (Wilson et al., 2011). CABB’s wideband mode uses two
simultaneous IF (intermediate frequencies), providing two bandpasses, each
544 MHz wide. One IF was centered on 5744 MHz and the other on 6260 MHz,
creating a 28 MHz overlap. This enormous bandpass allowed simultaneous ob-
servations of multiple RRL with the same An including six a-lines, seven f3-
lines, and so on, up to eleven An = 5 lines. The choice of frequency range was
dictated by the intention to minimize the number of overlapping RRL in the

band.
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