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Abstract—This article investigates the problem of composite
H., control for cooperation—competition networks with hidden
Markov jump parameters reaction—diffusions dynamics. Consid-
ering the difficulty of directly obtaining the mode information
of systems, a continuous-time hidden Markov jump model is
employed to represent the joint jump process. Specifically, the
hidden process stands for the dynamics of real systems, which
cannot be precisely known but can be observed through a
detector. Due to the existence of multiple disturbances, the
performance of the aforementioned systems can be deteriorated.
To reduce the influence of these disturbances, a composite distur-
bance observer-based controller is constructed, which combines
a disturbance observer with a feedback control mechanism. This
design significantly improves the robustness and antidisturbance
capability of systems. Then, sufficient criteria are derived to
guarantee that the bipartite synchronization error system (BSES)
is stochastically stable and meets a desired performance index.
Finally, the effectiveness of the proposed control method is
verified through the performance analysis.

Index Terms—Bipartite synchronization, composite distur-
bance rejection control (CDRC), cooperation—competition net-
works, hidden Markov jump model, reaction—diffusion.

NOMENCLATURE
Abbreviation Expansion
R” n-dimensional real vectors.
Rm>n Set of m x n real matrices.
-1l Two-norm.
RT Positive integers.
sgn(-) Sign function.
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BT Transpose of matrix B.

® Kronecker product.

&) Expectation operator.

Amin () Minimum eigenvalue.

diag{- - -} Block diagonal matrix.

* Symmetry of matrix blocks.

I, Identity matrix.

1y Column vector with all entries being 1.
B> 0(=0) Positive (semipositive) definite and

symmetric matrix.
A= ZZ: 1(62 /6x%) Laplace diffusion operator on €.

I. INTRODUCTION

N THE last decade, synchronized control of coupled neu-

ral networks (CNNSs) has received considerable attention,
owing to its broad applicability in intelligent transportation,
multiagent systems, secure communications, and more [1],
[2], [3]. Typically, the interconnection among dynamic nodes
in CNNs follows a specific topology, reflecting the informa-
tion interaction among individual neurons. Note that prior
research primarily concentrates on cooperative interactions
among network nodes. However, the diversity of practical
cases demands that competitive interactions should also be
taken into account. Consequently, cooperative—competitive
neural networks (CCNNs) have been increasingly investigated
in recent years, see [4], [5], [6] and the references therein.
In practice, sudden changes, for example, sensors with mal-
functions, blocked actuators, variations in solar radiation, in
the dynamic behavior of systems are inevitable [7], [8], [9].
These changes exhibit the Markov property to a certain extent,
hence, allowing the system dynamics to be effectively modeled
using a Markov chain [10]. In most existing results, the
controller or filter is typically assumed to be fully accessible
and synchronized with the system mode. For instance, the
H., bipartite synchronization control problem for a class of
CCNNs with the Markov-switched topology is investigated in
[11]. However, in dynamic networks, communication delays
and asynchronous information sampling are often encountered,
making it difficult to ensure mode consistency between the
system and the controller or filter.

To address this issue, the hidden Markov model (HMM)
has been presented as an efficient solution tool [12], [13],
[14]. This model accounts for the case where real system
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dynamics, i.e., the Markov state, can not be directly observed.
Consequently, the controller or filter is modeled based on an
observed probability matrix obtained by an auxiliary detector.
For example, the H. control of continuous-time nonlinear
hidden Markov jump systems subject to an interval type-2
fuzzy model is investigated in [15]. However, these studies
commonly assume that network system modes are governed by
ordinary differential equations (ODEs), which may not always
be sufficient for capturing complex physical phenomena. In
practical scenarios, the movement of electrons within an asym-
metric electromagnetic field may introduce diffusion effects,
which cannot be accurately described by ODEs. Consequently,
it is more appropriate to model such systems using partial
differential equations (PDEs). Considering this case, CCNNs
with reaction—diffusion terms (RDTs) have recently gained
increasing research attention [16], [17]. For instance, the study
in [18] explores robust exponential stabilization for uncertain
delay reaction—diffusion systems using sliding mode boundary
control. Notably, some existing works still do not fully account
for the effects of multidisturbance phenomena.

In reality, external disturbances are inevitable and can
significantly degrade system performance, even leading to
instability. To mitigate such effects, many control approaches
have been proposed, such as H, control theory [19], the
event-triggered control method [20], and the disturbance
observer-based control (DOBC) scheme [21]. Among these,
the DOBC scheme has received extensive attention because
of its practicality, high efficiency, and strong robustness, see
[22], [23], [24]. This approach employs an observer to estimate
the unknown disturbances. Based on the observer output, a
feedforward compensator is integrated with traditional con-
trol strategies, resulting in a composite disturbance rejection
control (CDRC) scheme that suppresses multiple types of
disturbances and achieves the desired performance. For general
classes of networks subject to those multiple disturbances,
the CDRC strategy has proven to be effective in various
applications [25], [26], [27], [28]. However, the disturbance
rejection problem becomes more complex in CCNNs, where
consensus and synchronization under such environments are
of paramount importance.

In the aforementioned networks, the interactions among
nodes can be described using a Laplacian matrix, which
forms the foundation for analyzing consensus and synchro-
nization behaviors. Note that bipartite consensus problems
in multiagent systems with directed graph topologies are
explored in [29]. For networks with structurally balanced
cooperation—competition interactions, the nodes are typically
divided into two mutually antagonistic subgroups. Among
nodes in each subgroup, cooperative interactions prevail, while
antagonistic relationships are established between different
subgroups. The nodes within each subgroup asymptotically
converge to a reference state with the same magnitude but
opposite sign. This phenomenon, referred to as bipartite syn-
chronization in CCNNs, has attracted considerable attention
from researchers recently [30], [31], [32]. Although the CDRC
strategy has demonstrated significant advantages in mitigating
multiple disturbances, its application to CCNNs subject to
both RDTs and multiple disturbances remains unexplored. This
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highlights the urgent need for further investigation on the
CDRC framework designed for improving dynamic behaviors
of CCNNZ .

Motivated by the above discussion, this article studies the
problem of bipartite synchronization for hidden Markov jump
CCNNs with RDTs, under the CDRC framework. The main
contributions of this article are summarized as follows.

1) The bipartite synchronization problem is investigated
for hidden Markov jump reaction—diffusion networks
that exhibit both cooperative and antagonistic inter-
actions. Unlike traditional Markov jump models, the
hidden Markov process is adopted to more accurately
capture the unobservable mode transitions of real sys-
tems, thereby enhancing the practical applicability of the
model.

2) To effectively address the effects of multiple distur-
bances, the CDRC strategy integrating a state-feedback
control scheme with a disturbance observer is developed.
The designed controller ensures the stochastic stability
of synchronization error systems in the bipartite frame-
work. In contrast to existing results [33], which focus
solely on static output-feedback control, the proposed
approach provides a more general and robust framework.

3) The proposed CDRC method can achieve improved dis-
turbance attenuation and system performance in CCNNs
compared with the traditional H,, control approach, as
demonstrated in Section IV.

The remainder of this article is organized as follows. The
problem formulation is presented in Section II. Section III pro-
vides the derivation of the designed composite controller for
a bipartite synchronization error system (BSES). Section IV
verifies the effectiveness of our developed method by the
performance analysis. In the last, the conclusion is drawn in
Section V.

Notations used in this article are listed in the nomenclature.
For convenience, define 9, = (¢, x).

II. PROBLEM FORMULATION AND PRELIMINARIES
A. Graph Theory

Consider a signed directed graph describing the interac-
tion topology of N mutually coupled nodes in the CNN
with RDTs. The graph R, = (I,N, H,,) with the switching
topology includes three parts: a node set J = {1,2,...,N},
an edge set NCJ x J, and a weighted adjacency matrix
Ho, 2 [hijp,] € RN where 9, € M = {1,2,...,M} is the
switching signal. If (j,i) € N is satisfied for node i and
node j, it means h;j, # 0, otherwise h;j, = 0. Assume
that there is no self-edge, i.e., hi, = 0. Here, the value of
hijo, can be negative or positive. When h;j, < 0, it means
the competition, otherwise it stands for the cooperation. The
graph R, consists of two subnetworks: the competition sub-
network R_ = (J,N7,H_) and the cooperation subnetwork

R (I,NT,HD).
A degree matrix is defined as D&,I%diag{dlw,,...,czjv@,}
with dv,-g,,é 27:1 |hijo,| for i € 3. The Laplacian matrix

Vo, & ijo, Inxn of graph R, is defined as follows:

Vo, = Dy, = H,,. (D
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The following definition introduces an important concept in
CCNNe s: structural balance, which allows the node set J to be
decomposed into two subgroups.

Definition 1 [29]: The signed graph R, (9, € M) is
structurally balanced subject to H,, if it has two disjoint node
sets {J1, J,}, satisfying 3,UJ, = J and I, NJ, = @, such that
hijp, 2 0, Vi, j € 3,(y € {1,2}) for each p, € M; otherwise,
all hjjp, <0,VYie J,,je Ii(y je{1,2}) for each p, € M. It
is called structurally unbalanced, instead.

Lemma 1 [11]: Given that a signed graph R, is struc-
turally balanced, as defined in Definition 1, a diagonal matrix
o = diag{ug, ua,...,un} with y; € {1,-1} for all i € J is
introduced. Let H,,, 2 i, fi, where Hy, = [[hij,|] € RV*N. 1t
follows that all entries of H,, are nonnegative.

Remark 1: Note that the signed graph R, considered in
this article is more general than traditional unsigned graphs.
In such signed graphs, the corresponding Laplacian matrix
generally does not possess the zero-row-sum property. To facil-
itate the analysis, a transformation matrix j is introduced (see
Lemma 1), which allows for the construction of a modified
Laplacian matrix f},p, 2 Wy it = [Vijo,Inxn that satisfies the
ZEero-row-sum property.

B. Node Dynamics Subject to the Switching Topology

Consider the CNN corresponding to hidden Markov jump
parameters, RDTs, and antagonistic interactions. The dynam-
ics of node i in this network are described by

09;
7 = DiA;y . — ApDirx + By, [(Fi12)
+ C@,(”i,t,x + di,t,x) + Ei@,Wt,x
N
e Hhijo(sgn(hijo )0 0x = Fia)
j=1
.)_}i,t,x = Ffp/lliﬂi,f,.x’ i = 19 29 ceey N (2)

where 9;,, 2 [ﬁil,,,x,...,ﬁm,u]T € R" denotes the state
vector of node i at time ¢, and in space x € Q C R*.
For each node i, u;;, € R™ and y;,, € R™ represent the
control input and the corresponding output signal, respectively;
F@i) = Ui fa@ing)]” € R" is the activation
function; d;;, € R™ represents the external disturbance mod-
eled by an exogenous system; w;, € £5([0, o), R™) denotes
the disturbance; Dy £ diag{dy, ..., dx)} € R"™" is a positive
transmission diffusion parameter; A, = diaglaigp,,...,anp,} €
R™" with a,p, > 0 =1,2,...,n); B, € R"™", C,, € R"™"™,
E;, € R™™ and F, € R™*" are known constant matrices
with appropriate sizes; ¢ € (0,00) stands for the coupling
strength.

Consider @, (t € RT), a Markov process that takes value in
the set M = {1,2,...,M}. The mode transition probabilities
satisfy

«V+o(V)g+e€
+ 7V +o(V)g=€
where V > 0 and limy_ [0(V)/V] = 0. 75 > 0 denotes the

transition rate (TR) and 7mee = — ) g#e Teg» Where Ve, g € M.
Besides, II = [ng,] is the TR matrix. For simplicity, define

O = €.

Plf(stJrv=qI50z=6)=§v 3)

The initial condition and the Dirichlet boundary condition
for network dynamics in (2) are specified as
Biox = Pin, X€Q
Pisx =0, (1,x) € [0,400) x 0Q 4)
in which i € J and ¢;, is a continuous and bounded function.

In this article, the unknown external disturbance d;; is
modeled by the following exogenous system

on;
#ﬁx = Adeni,f,x + Bdiewt,x
ditx = Caelligx (5)

where 1;;, € R™ denotes the state for i € J; w;, €
L5 ([0, 00),R"™) is an additional disturbance caused by exoge-
nous signals, which may lead to uncertainties and perturbations
in the exogenous system; Ay € R"™"*™ B, € R™*" and
Cge € R™*™ are known matrices with matching dimensions.

Remark 2: Tt should be noted that multiple disturbances
are considered in network dynamics (2), i.e., matched and
mismatched disturbances. The matched disturbance d;;, can
be generated by the exogenous system (5), which is assumed
to be harmonic with a known frequency while its phase and
magnitude remain unknown. Besides, to reflect the practical
situation, an additional disturbance w,, is also introduced
into system (5). Therefore, multidisturbance phenomenon is
addressed in this article.

Considering the unforced isolated node of network dynam-
ics described in (2), the dynamic is given by

T,
aT; = DiATos = ATy + Bef(Ti)

j)t,x = Fe7;,x 6)

where 7;, € R" and y,, € R™ are the state vector and output
vector of the isolated node, respectively.

The initial and the Dirichlet boundary conditions of the
isolated node dynamic (6) are defined as

76,,{ = (Z)x,
7;,)( = 09

with ¢, being continuous and bounded on Q.

Define &, = p9;,. for i € 3. Using the property of the
diagonal matrix j, one has V. = gV for each € € M, where
V. expresses the zero-row-sum matrix. Then, the CNN with
switching topologies and RDTs can be reformulated as

xXeEQ
(t,x) € [0, +00) X 0Q @)

B i
6_? = DkAﬂi,t,x - Asﬁi,t,x + Bsf(ﬂi,t,x) + lliEieWt,x
N
+ wiCe (Ui + diyx) — ¢ Z VijeD i
=1
)_)i,t,x:Feﬁi,t,x’iz 1’2,--~,N~ (8)

Define e;;, = Ui, — T;x, where i € 3. By synthesizing (6)
and (8), the BSES is given by
aei,z,)c

ot

= DkAei,l,x_Aeei,t,x +Bsf(ei,z,x) FuiEiews
N
+ uiCettisx + iCediy — Z Vijeljx
1
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Yigx = Feigx, i = 1,2,...,N )
where f(e;.) = f(ﬁi,z,x) - f(ﬁ,x)

C. Hidden Markov Jump Model

Consider a probability space (Q, F,Pr). Let #, = (p;, 9;)
denotes the right continuous-time HMM, where g, represents
the hidden state, {, denotes the observation state taking values
in the set W = {1,2,...,W}, and t € R". Assume that 7, is a
homogeneous Markov process taking values in the set M xW.
Then, one obtains that

Pr(fi v = (g, )l = (€,0))
_ PeogoV +0(VXg,6) # (€,0)

(10)
1+ peoygsV + 0o(VXig,0) = (,0)
where the TR p( 4.6 satisfies
agﬁﬁfq’ q F €
€
5 q=€0+0
= 11
p(E,rr)(q,(?) ﬂee + /15'6’ q=c¢, d=o0 ( )
0, otherwise
while s represents the detection probability satisfying

> a@gs = 1;Beq > 0 stands for the TR for all g # € 455> 0
represents the jumps of @, when the mode of g, does not
vary for all 6 # 075 and Bee = =3 . Begs Agr = = Dsz0r Aos-
Assume that @, is directly measured by a detector and regarded
as the estimate of @;. Define II7,Ilg, and I1j as the detection
probability matrix, the TR matrix of system, and the TR matrix
of detector, respectively. For simplicity, let 9, = o

Remark 3: In accordance with (11), the TR p(c »(4,5) satisfies
the following condition:

w
“Pleo)qs) = Z ZP(e,vxq,a) + ZP(e,axe,é)

g#e o=1 0F0o
w
— o €
= 22D by T D Ao
g¥e 6=1 0F0
_ €
= _:865 — g5

Remark 4: Compared with the HMM-based framework
adopted in [34], which enforces a strict correspondence
between the controller and the system modes, the proposed
approach allows for more flexible and adaptive control strate-
gies. In practice, accurately obtaining the real-time mode of
the original system is often challenging due to uncertainties or
measurement limitations. To address this, instead of assuming
full mode observability considered in [34], we employ a
detector-based mechanism to estimate the mode transitions.
This allows the controller mode to switch independently of
the actual system mode, thereby enabling more practical and
flexible controller design.

D. Disturbance Observer Construction

A disturbance observer is designed to estimate the unknown
external disturbance d;,, described by (5). It is incorporated
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Fig. 1. Architecture of the detector-based CDRC mechanism.

as a feedforward component in the composite controller to
attenuate the effects of the external disturbance.

The following disturbance observer is introduced to obtain
the estimate of d;;, in the exogenous system (5):

di,t,x = Cdeﬁi,t,x
f]i,l,x = ﬁi,r,x - Li,(rei,t,x
0%, y
- (Ade + ﬂiL[,O'CGCdG)(ﬁi,t,)C - L[,(rei,t,x)
ot
+ Lo [DkAei,z,x —Aceirx + Bef(eisy)
N
-c Z Vijeejsx + MiCeltiyx ] (12)
j=1

where 1%” € R™ denotes an auxiliary vector variable with
ied,; Ji,,,x € R™ and #;,, € R™ are disturbance estimates of
dix and n;; ., respectively; L; , € R™>" denotes the observer
gain to be designed for o € W.

E. Composite Controller Design

This article aims to propose a control scheme such that the
external disturbance d;,, can be rejected and the composite
system (16) is stochastically stable and satisfies the desired
performance. A composite control scheme, integrating with the
feedforward and feedback controllers, is introduced to attenu-
ate different disturbances. The framework of the detector-based
CDRC scheme is plotted in Fig. 1.

An appropriate composite control law for node i is designed
as

Uiry = Kigeirx —disx (13)
in which K;, € R»*" i € 3,0 € W, is the controller gain
matrix to be determined later; d;,, is applied to compensate
the external disturbance of the ith node.

Remark 5: For the matched disturbance d;,,,i € J, in
network dynamics (2), the DOBC method is established to
actively reject the disturbance by incorporating the disturbance
estimate cf,;,yx into the controller (13). In addition, the H., con-
trol approach is employed to attenuate mismatched disturbance
wyx. Thus, the proposed CDRC scheme is more adapt-
able and effective for network dynamics subject to multiple
disturbances.
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FE. Composite System Modeling

Define e;;,x = Nisx — figx.i € J. By integrating (5) and
(12), the BSES and estimation error system can be derived as
follows:

%% — Dyt + Acers+ Befter)
+ C’Eeﬁ,,,x + Eow, . (14)
des A A A . A oA
a7 = Qe+ LoCoeqsc + Baew + LoEowi,
Yix = Feerx (15)
with
Bdf = [Bglf BaTzze BZ;NE:IT
R PPN e
Mo 2 (0] Tos - M ]
Buw 2 [T e ]
B 2 [0 D5 ]
F @) 2 [T @) = 7 Onan) ]
Ecxp[EL EL - EL.]. n*pel,
f (er x) =f (1_7t,x) -Iy®f (7;):) > Chtx 2 Mex = Tix
€1 x = Br,x -1y ® 77,x, Yix = Vex — 1y ®5’t,x
A2 Iv®(-A) —c(Ve® 1) + (Iy ® Co) ik
Di2Iy®Dy, Cc2a®CCy, B.2Iy®B.
Fe2Iy®Fe, Age2Iv®As), Buc Iy®Byc

L, 2 diag{Lis,...,Lys}
Ko = diag{Ki ..., Ko} .

Combining (14) with (15), the composite system can be
formulated as follows:

0ix
glt = DNl + DLy + Beflery) + Clyx
yt,x = yfé,t,x (16)

with

gz,x = [e X eg,z,x ]T > FI,X = [WIT,x th,x ]T

A LA) 0 A BE A >
@k:[ok O:|,f%e:|:0j|sﬁe:[Fe 0]

. [Ac C. L E o
%— |: 0 (A\df'i_l:aée)]’(ge - [ioée ﬁde] '

Remark 6: Given that w;, € £,[0, ) and one can deduce
that I, , € £,[0, o0), which implies that disturbances are norm
bounded.

Next, for the convenience of the analysis, we will introduce
the following assumption and definitions.

Assumption 1: Suppose that the pairs (A, Ce) and
(Age, CcCye) are controllable and observable, respectively,
where the matrix C, has the full column rank.

Definition 2: [16] For arbitrary initial conditions, the com-
posite system (16), subject to Dirichlet boundary conditions,
is stochastically stable with I'; , = 0, if the following condition

is satisfied: tf
lim £ { / ||e,,x||2dt} < oo, A7)
tf~>oo 0

Definition 3: [11] Given the gauge transformation matrix
o = diag{uy, mo, ..., un}, where y; € {1,—1} and i € J, the
bipartite synchronization is ensured for network dynamics (2)
and (6), if the following condition is satisfied:

1im & {lj0..c = Tr.l} = 0. (18)

IIT. MAIN RESULTS

The bipartite synchronization control issue in view of the
CDRC method is investigated. According to Theorem 1,
some criteria describing the stability and H, performance
of the composite system (16) are obtained. Specific for-
mulations of designed controller gains are presented in
Theorem 2.

A. Stabilization and Performance Analysis

Theorem 1: If there exist positive definite diagonal matrices
Pieo € R™" and Py, € R™*™ such that the following
conditions hold for all e € M and o € W

T
IN ® (Ple,(TDk + Dk Ple,a’) > O (19)
_ =11 =12
Ee,(r = :0— iizg < 0 (20)
—e,o
=11 =12 =13
e, o “eo “eo O
* =22 =23 =24
= A “eo “eo “e,o
Beog = ’ ’ ’ <0 21
Tl o« o« L, 0 .
* * * —yzlnw

with

Elj,lf 2Iy® (Tjs,a' + PieoBeBL Piey + @ + Piyyp)
~2(In ® (PiegAe) + ¢ (Ve ® Prey)
— (In ® P1eoCe) iK,)
Eby 2EL + IV FIFe,  EX5 2 (In® Pacy) Bue
B2 (Iv®Pieo)Ce,  Ezy 2 (Iy® Prey) LoEe
=L3 2 (IN ® le) E, o= diag {Q%,Q%, .. ,Qi}
EZ2 22 (Iy® PaegAae) + 2 (In ® Prey) LoCe + Poys

i 2

A, bis

De,o‘ = - E 41% (Ple,aDk + DZPIE,G)
k=1

2

(g,0)e M XW

2

(g,0)e M XW

Pigs = Pleargs) (In ® Pigy)

Pyys = Plergs (In ® Pags)

then the bipartite synchronization of network dynamics (2) and
(6) under the composite controller (13) is achieved subject to
the predescribed H., performance index 7.

Proof: Consider the following Lyapunov candidate function:

V(et,)ﬁ ei],t,x, h(t)9 t)

= f ez‘]:x(IN ® Ple,o‘) et,xdx
Q

+ / eg,z,x (IN ® PZE,O') €5 1xdx. (22)
Q
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The weak infinitesimal operator £ associated with the
Markov process is given by

’S[V(et,)(’ ei],t,m ht, t)]
L]
= VILI(I)I‘F € {E{ V(et-&-V,x’ eﬁ,t+V,xv ht+V7 t+ V)|e,.x,em'x,h,}
- V(et,Xs eﬁ,t,x’ ht& t)}

For convenience, let £V, = £[V(e;y, €541, fir, 1)]. According
to (23), one has

(23)

ot

de;
+ / 2¢k,  (Iv® Paey) ;ttxdx
Q

£V(l) = / ZEIT’X (IN ® P]e,(,-) dx
Q

+ / el Pryse;dxt / el Prsexdx.  (24)
Q Q

For the composite system (16), with or without disturbances
I'; ., stability criteria and the H, performance analysis are
presented as follows.

Step 1: Suppose that I',, = 0. Then, we have

P
/ 2¢, (Iy ® Piey) %dx
Q t

= [ 25’;7:;( (IN ® Ple,o’) (DkAer,,x + Aeet,x
Q
+ Esf(et,x) + éseﬁ,t,x)dxs

f 2el, . (In ® Preyr)
Q

= / 2el,, (In ® Preo) (AqetLoColey,ndx.
Q

ez .
Y

(25)
By invoking Lemma 1 in [25], it yields

/ 2el (IN®Picy DA, dx < / el (IN®De e, dx (26)
Q Q
where Dey2— Y7 (m)/(4B)(P1cyDy + DI Pieg).

Applying the Assumption 2 in [25], it follows that:

2etz,-x(IN ® PIG,O'BE)f(et,)C)

< el \[Iy® (PicgBBLPicy + ®@)lerx (27)

with @ £ diag {Q%,Q%, .. ,Q%}, where o, is known constant for
t=1,2,...,n.
Integrating (24)—(27), one obtains

2V(t) < / ggxie,vgt,xdx (28)
Q

=1,1 =12
A ‘:‘e,(r ':‘s,o‘ A €rx
€0 — * ’52,2 ) é’t,x - ~ .
—e,0 eTI,LX

According to (20), one can see tklat LV < 0 holds.
Moreover, denoting A 2 {Amin(—Ec,), € € M, 0 € W}, one
has

with

[1l

E{LVp) <-AE { / {adxi< =284 P . (29)
Q
According to Dynkin’s formula, we have
Iy
E{V(;f) - V(())} = / 5{£V([)}dl‘. (30)
0
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From (29) and (30), one can derive that

Iy
/ 8{£V(,)}dt = E{V(lf) - V(())}
0

Y, { / ||4,x||2dr} .
0
Then, one has

Iy Y
lim £ % / ||§t,x||2dt} <ol
ty—e0 0 A

In view of Definition 1, the composite system (16) is
stochastically stable.

Step 2: For zero initial conditions and disturbances I'; , # 0,
consider the following H,, performance index expressed as:

Iy
J = 8%/ / [yzxy,,x - 72F,T!XF,,X] dxdt} .
0o Ja

Based on (30) and (32) under zero initial conditions, one
has

€2y

(32)

Iy
sl [ vt
0o Jo
tf
+ & {/ SV(,)df} -& {V(r,) - V(O)}
0
Iy
<& {[ [ e =¥ T T dth%
0o Jo

ty
+ & {/ SV(t)dt} .
0

Combining (28) with (33), we can derive

(33)

Iy
T=& { / / le/. (Iv® FIF.) e, — yTLT,
0 Q

- er (IN ® Ple,(r) Eewt,x+€§;,x (IN®P2E,(7') Bdea)t,x
“l‘gg,;,x (IN ® P2E,o‘) L()'Eewt,x + e;T,er,O'el,x]dth}

Iy . .
<& { / / gfxaf,gg,,xdxdt} (34)
o Jo
where
_— T
Srx = [etj,-x erzl-,t,x FZ:x] .
From (21), it can be deduced that 7 < 0.
Hence, when t; — oo, it can be concluded that
£ % / / [ yex=yTET ] dxdty < 0. (35)
o Ja

According to Definition 2 in [25], the bipartite synchroniza-
tion of network dynamics (2) and (6) is achieved subject to
the desired H,, performance index y. The proof is completed.

B. Controller Design

Theorem 2: If there exist positive definite diagonal matrices
Xieo € R and P, € R™*™ such that the following
conditions hold for all e e M and o € W

Iy ® (€1DiN1y + £1N1,D}) >0 (36)
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Ai,i 2 1® Cscdes Az,g— = E2¢ (IN ® N2a’) Bdé
3 4 f 23 a § i 55 a
Ai,’ff = Ef’ AEZO' = LE,U'EG’AE,’U' = _IN ® In

>
|

152 g (Ivo N FT), AL £ g, (IN ® \@Nw)
e = £le [Gé}x GZ,IX' ®EG5] ’AE:S' =-Iy®I,
= diag {—HlN,...,—HqN,...,—HGN}
o 2 Iv® [ VPeannNie
+ VPeottoNie -+ \PeatmNie |
0L = In ® [ VPeo@nNie
0% £ Iy 8 [ VPeoG N

: Vp(e,O')(G,(T)Nl(T e Vp(e,a')(G,N)Nlo']
Iy = e1edy ®diag {Nyy, ..., Nig, ..., Ny}

HqN = squN®diag{N11,. . .,ng,. . leN}
Hen = e16ly ® diag {Nyy, ..., Nyg, ..., Ny}

° > >
=z :]1 0
1>l I

then the composite system (16) is globally asymptotically
stable subject to the presented H,, performance index 7y, in
which the desired controller gain and the observer gain, for
€ € M, o € W, are described by

,C(r = ICE,O’(IN ®X11—1,(r)
i«r = (IN ® ngl,(r)ze,(r-

(38)
Proof: First, let P, = Xl‘el,o_. By pre- and postmultiplying

(19) and (21) by Xle,(r and diag{lN®Xle,(ﬁ IN®In, IN®In’ IN®In}7
respectively. Then, one gets

Iy ® (DiXieo + XieoDf) > 0 39)
WM o
. 522 =23 =2.4
A —e,0 —e,0 —e,0
To 2|, Y 5§ | <0 “o
* * * —721;1w
with
? 71'2 5
Ti,é’ = IN ®\f- E (Dkxle,a' + XIE,(TD/{) + o
k=1 "k

+ Z Peorgs (Iv ® XieoX fql,gx leo)
(g,0)eMXW

-2 (IN ® (AEX1€,0') + IN ®X1€,UFZFEXIE,U
+c (T)E ® le,o’) - ([N ® CE)IHKU' (IN ® Xle,o’))
T2 2A®CCue, Yio2E,®2BB! + XicoDXico.

After that, applying the Schur complement to (40). With
respect to inequality (37), we have

Ke,(r = ICU'(IN ®X1€,0’)

Ly 2 (I ® Paey )L 41)

Define Xiesr = €1kieNiy and Prcy = &2k2Noo, for each
ee M and o € W, where k. and k. are invertible identity
matrices. Thus, it yields that Xjc, = £Nj, and Py, =
gZENZO"

Then, one derives the following conditions:

K:e,(r = gls’Ca'(IN ® Nlo’)
st,(r

= 825(1N ® N2(T)240'- (42)

Finally, by integrating (39)—(42), inequalities (36) and (37)
can be obtained. This completes the proof.

IV. PERFORMANCE ANALYSIS

In this section, the effectiveness of the proposed composite
antidisturbance H,, control method is illustrated. Consider the
CCNNs with switched topologies and RDTs, consisting of four
nodes (i.e., N = 4), where each node contains two neurons
(namely, n = 2). As shown in Fig. 2, the corresponding
switched topologies R, R, and Rj, are defined, in which the
overall set of nodes is partitioned into two subsets: 3, = {1,4}
and J, = {2,3}. The Laplacian matrices V;,}, and Vs are
defined by

03 0 0 -037]
po_ |04 07 0 03
'l o -06 06 0
0 0 05 05 |
(02 0 0 =027
b, |03 03 0 0
27102 -04 06 O
0 0 03 03 |
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Fig. 3. Spatial responses without control input. (a) Responses of BSES (14). (b) Responses of estimation error system (15). (c) Disturbance d;,. and its
estimation d;; ., for i = 1,2, 3,4. (d) Hidden mode sequence g, of the composite system (16) and the observer mode sequence @, of the controller (13).

0.4 0 0 -04
Vs = 02 02 0 0
7103 -05 08 0
0 0 04 04
The gauge transformation matrix is given by

o =diag{-1,1,1,-1}. Moreover, suppose that IIJ is the
detection probability matrix, Iz and I denote TR matrices
corresponding to ¢, and @,, respectively, which are assumed
to be given by

(04 021 039
=02 05 03

| 04 014 046

[-0.401 0301 0.1
My=| 05 -09 04

| 03 021 -051

[-031 0.1 02
ms=| 04 -0501 0.101

| 0201 07 -0.901

with @« = =4 = 1,2,3. Based on (10) and (11), the final
TR matrix can be computed. Let i = 1,2,3,4, » =1, and
(t, x)€[0,20] x [—1,1]. Define the following system param-
eters: the coupling strength ¢ = 1, the external disturbances
wix = 0.5cos(mx)/(1 + £2) and w,, = 0.5 cos(mx) exp(—0.021),
the activation function f(9J;;,) = tanh(;,,) with the bound
being o1 = 0> = 1, and the H,, performance index y = 1.2. In
addition, system parameters of each node with two modes are
listed below

D, = diag{0.16,0.16}, C; = diag{-0.9,0.56}
C, = diag{-0.85,0.5}, C3 =diag{-0.72,0.5}
A =diag{1,0.8}, A,=diag{l.1,1.0}, Az=diag{0.7,0.5}

g _[024 0167 . _[04 024
"Tlote 032 ] TPT|os 06
03 -02
33‘[—0.3 0.5 ]
Eq=[008 0.16]", Ep=[0.11 008]
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Fig. 4. Spatial responses with control input. (a) Responses of BSES (14). (b) Responses of estimation error system (15). (c¢) Disturbance d;;. and its estimation
diy., for i =1,2,3,4. (d) Error states |le;;, ||, for i =1,2,3,4,j=1,2.

Fr= 01203 Meanwhile, exogenous system parameters of each node with
7L o 016
: two modes are set as
Fo= 024 0.16 P = 04 03
'YLoo03] PTLo 02 A [0 6], [0 24
T A7-16 0|0 T [-24 0
Ez=[008 0.12] 0 s
Agz = [ 17 0 ]

Define Y, = cos(nrx). The initial conditions are assumed to
be Bd:l

[006 008], Cn=[16 12]

[13 1.6]

T T
G =057 057.], ¢=[06T, 0.687;] =[12 17], Bm=[011 008 ]T
¢3.=[0.587,  06T.]", ¢u,=[-057, 0477,] By =[0.04 0.08].
and initial conditions of the isolated node dynamic (6) are The spatial responses of the BSES (14) and the estimation
listed as error system (15) without the control input are shown in
Fig. 3(a) and (b). It is evident from the two figures that systems
b= [0-25Tx 0.37, ]T’ $o = [0-2Tx 0.57, ]T exhibit instability. As one can see from Fig. 3(c), it is obvious

. T . T that the unknown disturbance d;,, (i = 1,2,3,4) can not be
P30 = [0.3‘1} 0.3‘1}] o Pax= [_O'ITX 0'3TX] : estimated. Fig. 3(d) plots the switching sequence of system
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TABLE 1

COMPARISON OF ypin UNDER DIFFERENT VALUES
OF THE SYSTEM MATRIX D

D 0.12 0 0.13 0 0.14 0 0.15 0

! 0 0.12 0 0.13 0 0.14 0 0.15
Th. 2 0.4992 0.3988 0.3734 0.3627
Hoo 0.5111 0.4148 0.3858 0.3663

and controller. In view of the proposed CDRC scheme, state-
feedback controller gains are computed as follows:

Kiy=[-3.7249  2.1565], Kl = [-3.6188  2.1504]
Kis=[-3.2817 20217], = [3.3741  -2.2724]
K»p=[32319 -22192], =[29312  -2.0668]
Ky =[28459 -1.8188], = [27181 -1.7758]
K33 =[24400 -1.6428], K4,1 = [-3.5066 2.1700]
Kip=[-3.3504 2.1196], Ki3=[-3.0840 2.2540]

diag {-0.6150,2.6899
-0.6129,2.7057
0.6162,2.7184

L= }
Ly = diag{- }
L3 = diag{- }
L, = diag{0.6137,-2.6913}
Ly, = diag {0.6123, -2.7060}
Lys = diag {0.6158, ~2.7175)
L;,; = diag{0.6114, -2.6853}
L3, = diag {0.6104, —2.7020}
L33 = diag {0.6140, —2.7145}
{~0.6152,2.6905)
{—0.6133,2.7064}
{-0.6173,2.7205} .

L4, = diag
L4’2 = dlag
L4!3 = dlag

Next, according to the obtained controller gains, one can
see that the spatial responses of the BSES (14) and the
estimation error system (15) under the composite controller
(13) converge to zero gradually as depicted in Fig. 4(a) and (b).
In addition, the disturbance observer is able to estimate
disturbance d;;,, which is shown in Fig. 4(c). Thus, the
feasibility and superiority of the designed composite controller
are validated through the presented results. Compared to the
traditional H., control strategy, the proposed CDRC scheme
enables faster stabilization of the BSES (14), which is shown
in Fig. 4(d). Moreover, this approach ensures that the target
network satisfies the desired performance index . Therefore,
the proposed approach demonstrates superior effectiveness.

Furthermore, to show the superiority of the proposed control
strategy, a comparison of 7y, under the CDRC method and
the traditional H., control strategy is shown in Table 1. As
one can see from Table I, the values of 7y, decrease as
the diagonal elements of the diffusion matrix D; increase. It
implies that increasing the value of the diffusion matrix D,
has a positive effect on the disturbance rejection capability
of networks. When the diffusion matrix D; is fixed, the
value of yni, obtained under the composite control method is
significantly smaller than that achieved by the traditional H,

IEEE TRANSACTIONS ON CYBERNETICS

control method. This indicates that the proposed method in this
article provides improved system performance and exhibits
superior disturbance—attenuation capability.

V. CONCLUSION

In this article, the problem of H, bipartite synchronization
has been addressed for a class of cooperation—competition
CNNs with reaction—diffusion effects and hidden Markov
switching. A CDRC strategy has been proposed to enhance
the disturbance attenuation capability and synchronization
performance of networks. To address the interaction topology,
a structurally balanced graph has been employed, and a
gauge transformation matrix has been utilized to convert the
Laplacian matrix into a form that satisfies the zero-row-sum
property. By constructing an appropriate Lyapunov functional,
some criteria have been derived to guarantee bipartite synchro-
nization under a prescribed H., performance index.

In the future, we will explore the composite antidisturbance
control method to deal with the thermal propagation con-
trol issue of semiconductor power chips subject to multiple
disturbances.
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