
EVCS-DAS: Evolving Visual Cryptography Schemes for Dynamic
Access Structures
XIAOTIAN WU, College of Cyber Security, College of Information Science and Technology, and Guangdong
Key Laboratory of Data Security and Privacy Preserving, Jinan University, China
XINJIE FENG, Department of Computer Science and Guangdong Key Laboratory of Data Security and Privacy
Preserving, Jinan University, China
BING CHEN, School of Cyber Security, Guangdong Polytechnic Normal University, China
CHING-NUNG YANG, Computer Science and Information Engineering, National Dong Hwa University,
Taiwan
QING-YU PENG, Department of Computer Science and Sino-French Joint Laboratory for Astrometry, Dy-
namics and Space Science, Jinan University, China
WEIQI YAN, Department of Computer Science, Auckland University of Technology, New Zealand

A systematic investigation of evolving visual cryptography scheme (EVCS) is carried out in this paper. The evolving scheme,
denoted as (:,∞), differs from the (:, =) threshold in that it permits an arbitrary and perhaps unlimited number of partici-
pants. More importantly, the access structure can be updated dynamically by adding new users. First of all, a preliminary
implementation strategy for the (2,∞) EVCS is introduced. Then, by employing the (2, 2) VCS recursively with the (2,∞)
EVCS, a (:,∞) EVCS is created. In order to enhance the performance, an improved scheme is constructed based on the
multi-secret VCS (MVCS) and a series of EVCS schemes with thresholds of (1,∞), · · · , (: − 1,∞). Moreover, Boolean XOR
operation is adopted for secret recovery to further improve the visual quality. To facilitate the XOR decryption, a novel access
structure partition algorithm is presented. Additionally, the proposed partition method can successfully solve the security
issue in existing multi-secret XOR-based VCS (MXVCS). By integrating the more secure MXVCS into the improved scheme,
XOR decryption is provided. The two proposed methods are shown to be effective and advantageous through extensive
experiments and comparisons.
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1 INTRODUCTION
Secret sharing is a popular technique for safeguarding a secret among a set of participants (or users). The well-
known (:, =) secret sharing scheme [16] encodes a secret into = pieces of private information called shares or
shadows. By gathering any : shadows, the secret can be unlocked. Whereas, the set having less than : shadows
gives no clue about the secret. Secret sharing is now frequently utilized as a fundamental component in numerous
security applications [5, 9, 12, 14, 15, 31, 32, 34, 37]. Visual cryptography scheme (VCS) [10, 11, 18, 24, 26], also
called visual secret sharing, is a special category of secret sharing that can protect binary images based on human
visual system. Differing from secret sharing, VCS recovers the secret in a visual manner by printing the shadows
on transparencies and stacking them together. As a result, VCS enjoys the benefit of easy decoding.
With the fundamentals of VCS [13], various techniques with different functionalities were introduced. Some

basic properties of VCS (i.e., pixel expansion, contrast, sharing capacity, and access structure) are usually discussed.
In VCS, a secret pixel is encoded into< ≥ 2 sub-pixels for each shadow where< is referred to as pixel expansion.
The created shadow is< times of the secret. With pixel expansion, the overhead for storing and sending shadows
grows as a result. Probabilistic VCS (PVCS) [35] and random grid-based VCS (RG-VCS) [2] were presented as
solutions to the pixel expansion problem. On the other hand, integer linear programming (ILP) can be incorporated
to achieve minimum pixel expansion [6, 22]. The visual performance of VCS is usually evaluated by the contrast
of recovered image. A high contrast is anticipated to enable human eye to easily distinguish the reconstructed
information. Consequently, approaches for enhancing the contrast [10, 28] were developed. When more shadows
are stacked to recover the secret, the background of the overlay result will be noticeably darker. To provide brighter
background for decrypted image, XOR-based VCS [8, 19, 27] and reversing-based VCS [25] were employed.
Multi-secret VCS (MVCS) is designed to enhance the sharing capacity by encoding numerous secrets into

shadows. There exist two types of MVCS. In order to reveal distinct secrets, one category [20, 21] permits one
or more extra operations (e.g., flipping or rotation) before the stacking operation. The other class [3, 23, 27]
superimposes different numbers of shadows directly to reveal various secrets. Keep in mind that the former only
encrypts a particular number of secrets, whereas the latter provides a general approach to deal with multiple
secrets.
An access structure specifies the collection of subsets of participants which can decode the secret. One of

the most commonly-used access structures is the (:, =) threshold. To implement complicated sharing strategies,
general access structure was investigated. However, current VCS cannot efficiently deal with the scenario that
new users are frequently added. Usually, putting new participants into an already-existing access structure makes
the current scheme unworkable. A withdraw-and-rebuild procedure would be employed if adding a new user
is absolutely necessary. In this situation, the current shadows will be withdrew and then new shadows for the
updated access structure will be created and distributed for each participant, including the new user. However,
such a withdraw-and-rebuild process becomes inefficient when new users are frequently required.
In this research, we initiate a systematic investigation of evolving VCS (EVCS) which enables the efficient

modification of access structure. The access structure of EVCS is denoted as (:,∞). There is no predetermined
restriction on the number of users, and it might potentially be infinite. More importantly, the access structure can
be changed dynamically upon the arrival of new participants. In this case, the withdraw-and-rebuild process is no
longer applied. Instead, only new shadows are constructed and delivered to the new users. Main contribution of
this paper is given below.

• A general method for implementing the (:,∞) EVCS is introduced. First of all, a basic (2,∞) EVCS is
developed. By the recursive usage of the (2, 2) VCS with the (2,∞) EVCS, a (:,∞) method is accomplished.
Properties of the (2,∞) and (:,∞) schemes are theoretically analyzed.

• When : increases, the number of shadows that the proposed (:,∞) scheme delivers to a new participant
grows dramatically. The overhead for storing and transmitting the shadows burdens as a result. In order
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to lower the number of shadows, an improved (:,∞) EVCS is investigated. Based on the concept of
generation, the improved method is constituted by the multi-secret VCS (MVCS) and a series of EVCS
schemes with thresholds of (1,∞), · · · , (: − 1,∞). Theoretical verification is provided for the improved
method as well.

• To enable XOR decryption for the improved method, a novel access structure partition algorithm is
presented.The partition approach solves a security issue in existing multi-secret XOR-based VCS (MXVCS).
So that a more secure MXVCS can be integrated into the improved scheme to offer XOR decoding.

2 PRELIMINARY

2.1 VCS and PVCS
Two (= ×<) base matrices �0 and �1 constitute a (:, =) VCS [13]. In this paper, digits 0 and 1 represent the white
and black pixels, respectively. For any white (resp. black) secret pixel, a distribution matrix is randomly chosen
from the collection �0 (resp. �1), and the 8-th (1 ≤ 8 ≤ =) row is given to the 8-th shadow. Collections �0 and
�1 are obtained by randomly permuting the columns of �0 and �1, respectively, in all possible ways. Definition
1 shows the properties of �0 and �1 [36]. Suppose �B , B ∈ {0, 1}, is the base matrix for sharing a secret pixel B .
Given a set of involved participants - , (�B |- ) represents a |- | ×< matrix which chooses the rows corresponding
to the participants in - from the matrix �B . Additionally, the OR-ed result of all rows in (�B |- ) is denoted as
$'(�? |- ), and the Hamming weight of $'(�B |- ) is calculated as � ($'(�B |- )). In Definition 1, the number
of white pixels (i.e., brightness) in a recovered sub-pixel block correlated to a black (resp. white) secret pixel is
represented as ; (resp. ℎ). The first property in Definition 1 is called the correctness condition which ensures the
secret is visually revealed from : or more shadows. The second property is referred to as the security condition
which guarantees any collection having (: − 1) or fewer shadows cannot disclose any clue about the secret. The
visual performance of VCS is evaluated by contrast, as calculated by U = (ℎ − ;)/<.

Definition 1. A (:, =) VCS can be built by two (= ×<) base matrices �0 and �1, which satisfy the following
conditions.
(Correctness): For any qualified subset - (i.e., |- | ≥ :), � ($'(�1 |- )) ≥ (< − ;) and � ($'(�0 |- )) ≤ (< − ℎ),

where 0 ≤ ; < ℎ ≤ <.
(Security): For any forbidden subset - (i.e., |- | < :), � ($'(�1 |- )) = � ($'(�0 |- )).

Conventional VCS utilizes< ≥ 2 sub-pixels to replace a secret pixel. The shadow is< times of the secret. We
refer to this as pixel expansion. To solve the drawback of pixel expansion, PVCS [35] was developed. Instead of
expanding a secret pixel to< sub-pixels, the primary concept of PVCS is to adopt the probability of a white pixel
appearing in a secret pixel. When sharing a secret pixel, a column vector, randomly chosen from the base matrix
of a conventional VCS, is employed to produce = shared pixels. In this scenario, the shadow has the same size as
the secret. Note that, the contrast in a PVCS is the same as that of a conventional VCS.

2.2 MVCS
A (:, =, ℎ) MVCS [3, 23] encrypts ℎ secrets into = shadows in such a way that the stacked results by : , : + 1, · · · , =
shadows can gradually disclose the 1-st, 2-nd, · · · , ℎ-th secrets where ℎ = = − : + 1. Furthermore, a more general
scheme, called (:, =, ℎ, ') MVCS, was also presented in [23]. Differing from the (:, =, ℎ) approach, a revealing
list ' = {A: , A:+1, · · · , A=} with : ≤ D ≤ = and AD ∈ {0, 1, 2, · · · , ℎ} controls the decoding of secrets. In addition,
the number of secrets ℎ in (:, =, ℎ, ') MVCS can be any number between 2 and = − : + 1 (i.e., 2 ≤ ℎ ≤ = − : + 1).
Two types of ADs (: ≤ D ≤ =) are employed in the revealing list: zero and non-zero items. When a zero item is
used (i.e., AD = 0), the superimposed result by any D shadows cannot reveal any information about the secrets.
On the other hand, with the usage of a non-zero item (i.e., AD ≠ 0), the correlated secret can be disclosed by
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any collection having D shadows. Note that, for the ℎ non-zero items A 91 , · · · , A 9ℎ with 91 < · · · < 9ℎ , they should
satisfy A 91 < · · · < A 9ℎ . If ℎ = = − : + 1 and A: = 1, A:+1 = 2, · · · , A= = = − : + 1, the (:, =, ℎ, ') MVCS is reduced to
a (:, =, ℎ) MVCS.

3 THE PROPOSED METHOD
Initially, analysis on existing methods and motivation of this paper are presented in this section. A scheme for
(2,∞) threshold is then developed. By combining the (2,∞) method with the (2, 2) VCS, a (:,∞) technique is
established. Theoretical analysis on both schemes is presented at the end of this section.

3.1 Analysis and motivation
As the quantity of participants is pre-determined, current VCS is unable to handle dynamic access structure well.
In this paper, we discuss the scenario that the access structure of VCS is modified frequently. One alternative
solution for updating the access structure efficiently is to let the number of users be infinite. As new users arrive,
we just simply derive and deliver new shadows for these incoming participants. The withdraw-and-rebuild process
is no longer adopted. Nevertheless, developing a VCS with infinite participants is challenging due to the way
of constructing shadows in existing VCS. Conventional techniques usually employ base matrices to generate
shadows. The amount of users determines how many rows a base matrix has. It implies the number of users
must be determined in advance so that the shadows can be generated. Even though the base matrices are no
longer used in RG-based VCS, the number of users is still required for shadow generation. According to the above
analysis, a novel EVCS with infinite users is preferred. The objective of having infinite participants in VCS is to
update the access structure efficiently when new users are added.

3.2 The (2,∞) scheme
Given a binary pixel B = ( (G,~) from a, ×� secret image ( . The generation of shadow pixels for the proposed
(2,∞) EVCS is described as follows. A shadow pixel A1 for the 1-st participant %1 is randomly generated, as
depicted by A1 = '(·) where procedure '(·) randomly outputs a black or white pixel. Then, record A1 as the
auxiliary information for this location (i.e., �(G,~) = A1). Let the C-th (C ≥ 2) participant %C be an incoming user.
A corresponding shadow pixel for %C is achieved based on the secret pixel B and the auxiliary information �(G,~):
if B = 0, AC = �(G,~); otherwise, AC = '(·). When all secret pixels have been processed, the corresponding shared
pixels form the shadow image.

3.3 The (:,∞) scheme
Based on the proposed (2,∞) approach, a general (:,∞) scheme is presented. Differing from the (2,∞) technique
with each participant holding one shadow, a user in the (:,∞) approach might receive multiple shadows. The
(2,∞) and (2, 2) schemes are used as primitives to constitute the (:,∞) technique. We denote the shadow
constructions of the (2,∞) and (2, 2) schemes as +�((�(2,∞) (B, � ) and +�((�(2,2) (B, A ), respectively, where B is a
secret pixel, � is the additional information required for the (2,∞) scheme (e.g., the order of the current shadow
and the auxiliary information which records the first shadow pixel), and A is a shared pixel of the (2, 2) case.
Herein, the (2, 2) method is implemented by PVCS [35] without pixel expansion. The following describes the
shadow construction of the proposed (:,∞) EVCS. Given a secret pixel B , the shared pixels belonging to the C-th
participant %C are generated based on the two cases of C : (i) 1 ≤ C ≤ : − 2, and (ii) C > : − 2.
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(i) 1 ≤ C ≤ : − 2. The following random pixels are generated and assigned to %C .

4CC ,

4
91C
C , for all 0 < 91 < C,

4
91 92C
C , for all 0 < 91 < 92 < C,

...

4
91 · · · 9C−1C
C , for all 0 < 91 < · · · < 9C−1 < C .

(1)

In the above formula, the subscript of 9C−1 of the last random pixel 4 91 · · · 9C−1CC should satisfy C −1 ≥ 1. These random
pixels are the shadow pixels of B for %C .

(ii) C > :−2. Two types of shadow pixels are derived: (a) the random pixels and (b) the shared pixels constructed
through the (2, 2) and (2,∞) schemes. For the first type, the random pixels are achieved by

4CC ,

4
91C
C , for all 0 < 91 < C,

4
91 92C
C , for all 0 < 91 < 92 < C,

...

4
91 · · · 9:−3C
C , for all 0 < 91 < · · · < 9:−3 < C .

(2)

Note: the subscript of 9:−3 of the last random pixel 4 91 · · · 9:−3CC should meet the condition : − 3 ≥ 1. Additionally,
Formula (2) is different from Formula (1). The last random pixel in Formula (2) is 4 91 · · · 9:−3CC while the last random
element in Formula (1) is 4 91 · · · 9:−1CC . In the next step, construct the second type of shared pixels 5 91 · · · 9:−2

C for all
0 < 91 < · · · < 9:−2 < C by

5
91 · · · 9:−2
C = +�((�(2,∞) (4̃

91 · · · 9:−2 , � 91 · · · 9:−2C ) (3)

where � 91 · · · 9:−2C is the additional information required for the (2,∞) method and 4̃ 91 · · · 9:−2 is achieved by using
the (2, 2) scheme recursively: 4̃ 91 · · · 9:−2 = +�((�(2,2) (4̃

91 · · · 9:−3 , 4 91 · · · 9:−2
9:−2

), 4̃ 91 · · · 9:−3 = +�((�(2,2) (4̃
91 · · · 9:−4 , 4 91 · · · 9:−3

9:−3
), · · · ,

4̃ 91 = +�((�(2,2) (B, 4
91
91
).

Herein, 5 91 · · · 9:−2
C is the shared pixel generated via the (2,∞) scheme. The superscript 91 · · · 9:−2 of 5 91 · · · 9:−2

C

confirms the corresponding secret 4̃ 91 · · · 9:−2 . Remember that, the subscript C indicates that 5 91 · · · 9:−2
C belongs to %C .

It does mean it is the C-th shared pixel in the (2,∞) scheme. When generating the shadow pixel, the order of
5
91 · · · 9:−2
C in the (2,∞) method should be specified in the additional information �

91 · · · 9:−2
C . When the same secret

4̃ 91 · · · 9:−2 is utilized, different shared pixels are produced for different participants with the corresponding values
of C . For example, with the same secret 4̃ 91 · · · 9:−2 , we can obtain 5

91 · · · 9:−2
C and 5

91 · · · 9:−2
C+1 for %C and %C+1 from the

(2,∞) approach with �
91 · · · 9:−2
C and � 91 · · · 9:−2

C+1 , respectively.
In summary, the first type of pixels: 4CC , 4

91C
C for all 0 < 91 < C , 4 91 92CC for all 0 < 91 < 92 < C , · · · , 4 91 · · · 9:−3CC for all

0 < 91 < · · · < 9:−3 < C , and the second type of pixels: 5 91 · · · 9:−2
C for all 0 < 91 < · · · < 9:−2 < C are assigned to

%C . For any participant, the first type of pixels is collaborated with future users to decrypt the secret, while the
second category of pixels is interacted with previous participants for secret recovery. Once a new user arrives,
new shadows are generated by the above-mentioned steps.
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3.4 Theoretical analysis
Properties of the proposed (2,∞) and (:,∞) approaches are analyzed theoretically. The number of shadows
delivered to the C-th participant is provided in Theorem 1. Theorems 2 and 3 prove that both the techniques are
valid constructions for dynamic access structures.

Theorem 1. The number of shadows assigned to the C-th participant of the proposed (2,∞) and (:,∞) schemes is

#C =


1, if : = 2,

2C−1, if : ≥ 3, 1 ≤ C ≤ : − 2,∑:−2
8=0

(
C−1
8

)
, if : ≥ 3, C > : − 2.

(4)

Proof. According to the (2,∞) scheme, each participant receives only one shadow.The case of : = 2 holds. For
the (:,∞) method with : ≥ 3, two situations, (i) 1 ≤ C ≤ : − 2 and (ii) C > : − 2, are considered. For 1 ≤ C ≤ : − 2,
only the random shadows are given to the C-th user. We have C different categories of random items 4CC , 4

91C
C , · · · ,

and 4
91 · · · 9C−1C
C whose quantities are

(
C−1
0

)
,
(
C−1
1

)
, · · · , and

(
C−1
C−1

)
, respectively. Thus, the total number of random

shadows is calculated as
(
C−1
0

)
+
(
C−1
1

)
+ · · · +

(
C−1
C−1

)
= 2C−1.

For C > : − 2, two types of shadows, namely the random shadows and the shared images constructed from
the (2, 2) and (2,∞) approaches, would be distributed to the C-th participant. For the random shadows, there
are totally (: − 2) kinds of random items: 4CC , 4

91C
C , · · · , 4 91 · · · 9:−3CC . Specifically, the quantities of 4CC , 4

91C
C , · · · , and

4
91 · · · 9:−3C
C are

(
C−1
0

)
,
(
C−1
1

)
, · · · , and

(
C−1
:−3

)
, respectively. As a result, the number of the first type of shadows is

estimated as
(
C−1
0

)
+
(
C−1
1

)
+ · · · +

(
C−1
:−3

)
=
∑:−3

8=0

(
C−1
8

)
. For the second type of shadows, the shadow pixels 5 91 · · · 9:−2

C

for all 0 < 91 < · · · < 9:−2 < C are built for each secret pixel. The quantity of shared images from the (2, 2)
and (2,∞) methods is

(
C−1
:−2

)
. Finally, the number of shadows assigned to the C-th participant is computed by(

C−1
:−2

)
+∑:−3

8=0

(
C−1
8

)
=
∑:−2

8=0

(
C−1
8

)
. According to the above analysis, the case of : ≥ 3 holds. This theorem is proved.

�

Theorem 2. The proposed (2,∞) scheme is a valid VCS for the (2,∞) threshold.

Proof. We demonstrate that the security and correctness requirements are satisfied. For the security condition,
no single participant can learn any information about the secret. For the correctness requirement, any collection
having 2 participants can decrypt the secret.
For any single shadow, when the secret pixel is white, the corresponding shadow pixel is black or white

randomly. The average gray-level of the area correlated to the white secret pixels is 1×0.5+0×0.5 = 0.5. Similarly,
for a black secret pixel, the shared pixel is black or white randomly as well. The average gray-level of the area
correlated to the black secret pixels is 1 × 0.5 + 0 × 0.5 = 0.5. As a result, any single shadow gives no clue about
the secret. The security condition is met.
When having 2 shadows, we calculate the average gray-levels of the stacked areas correlated to the white

and black secret pixels. If the secret pixel is white, the two shadow pixels are the same. Both the two shadow
pixels are black or white. Hence, the average gray-level is 1 × 0.5 + 0 × 0.5 = 0.5. If the secret pixel is black, the
two shadow pixels are randomly generated. Only when the two shadow pixels are all white, the stacked result
is white. Thus, the average grayness is 1 − (0.5 × 0.5) = 0.75. Since 0.75 > 0.5, the stacked area correlated to
the black secret pixels is darker than the one correlated to the white secret pixels. The secret can be visually
decrypted. The correctness condition is satisfied.

�

Theorem 3. The proposed (:,∞) scheme with : ≥ 3 is a valid VCS for the (:,∞) threshold.

ACM Trans. Multimedia Comput. Commun. Appl.

 



EVCS-DAS: Evolving Visual Cryptography Schemes for Dynamic Access Structures • 7

��
� ��

��
��

����
�⋯���

�2,∞�

����
�⋯���

��
�⋯���

�2,2�

�2,2�

�2,2�

��

��

����

���� ��

��⋯���

����
�⋯���

����

Fig. 1. A (:,∞) structure with shadow pixels distributed to a qualified subset {%1, %2, · · · , %:−2, %8 , % 9 } where : − 1 ≤ 8 < 9 .

Proof. We introduce the (:,∞) structure to describe the shadow pixels derived from a secret pixel B , as
depicted in Fig. 1. The (:,∞) structure is a (: − 1)-layer tree structure. From layers 1 to (: − 2), the nodes are
obtained based on the (2, 2) scheme. Whereas, the nodes in layer (: − 1) are constructed by the proposed (2,∞)
technique. According to the proposed (:,∞) scheme, all shared pixels distributed to participants are the leaf
nodes of the (:,∞) structure. To be more concrete, the random pixels are obtained from the leaf nodes of the first
(: − 2) layers, while the shadow pixels of (2,∞) scheme are achieved from the (: − 1)-th layer. As illustrated in
Fig. 1, the leaf node of the 1-st layer is 411 for %1, the leaf node of the 2-nd layer is 4122 for %2, and so forth. In the
(: − 1)-th layer, the first leaf node 5 1· · ·:−2

:−1 obtained from the (2,∞) scheme is distributed to %:−1, and the second
one 5 1· · ·:−2

:
is delivered to %: , and so on. There exist various (:,∞) structures. The structure depicted in Fig. 1

distributes the leaf nodes of the 1-st, 2-nd, · · · , (: − 2)-th layers to %1, %2, · · · , %:−2, and delivers the 1-st, 2-nd,
· · · , leaf nodes of the (: − 1)-th layer to %:−1, %: , · · · . For simplicity, we use Ω{818283 · · · } with 81 < 82 < 83 < · · · to
represent the pixel set generated from the (:,∞) structure, where the subscript {818283 · · · } denotes the sequence
of participants involving in this structure. For example, the pixel set given in Fig. 1 is denoted as Ω{123· · · } .

Based on the (:,∞) structure, we prove the security condition that any less than: participants give no clue about
the secret. For any participant %C , we have 4CC ∈ Ω{C · · · } , 4

91C
C ∈ Ω{ 91C · · · } , · · · , 4

91 · · · 9:−3C
C ∈ Ω{ 91 · · · 9:−3C · · · } , 5

91 · · · 9:−3 9:−2
C ∈

Ω{ 91 · · · 9:−3 9:−2C · · · } . Since {C · · · }, { 91C · · · }, · · · , { 91 · · · 9:−3C · · · }, and { 91 · · · 9:−3 9:−2C · · · } are different from each
other, the shadow pixels distributed to %C belong to different (:,∞) structures. When recovering the secret,
according to the (:,∞) structure, at least (: − 2) leaf nodes of the first (: − 2) layers and 2 leaf nodes from the
(: − 1)-th layer should be collected. However, for any less than : participants, at most (: − 1) leaf nodes are
obtained. The secret cannot be decrypted. The security condition is met.
The correctness condition can be obtained via Fig. 2, where any : participants %81 , %82 , · · · , %8: with 81 < 82 <

· · · < 8: can recover the secret. In this case, %81 has 4
81
81
, %82 has 4

8182
82

, · · · , %8:−2 has 4
81 · · ·8:−2
8:−2

, %8:−1 has 5
81 · · ·8:−2
8:−1

, and
%8: has 5 81 · · ·8:−2

8:
. %8:−1 and %8: can reconstruct 4̃81 · · ·8:−2 via the (2,∞) scheme. Then, %8:−2 can combine 481 · · ·8:−2

8:−2
with the recovered 4̃81 · · ·8:−2 to decrypt 4̃81 · · ·8:−3 via the (2, 2) approach. By recursively using the (2, 2) scheme with
%8:−3 , · · · , %1, the secret pixel B can be recovered finally. Any : participants can decrypt the secret. The correctness
condition is satisfied. Consequently, the proposed (:,∞) technique with : ≥ 3 is proved to be a valid VCS.

�
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Fig. 2. Secret recovery of the proposed (:,∞) scheme by a qualified subset {%81 , %82 , · · · , %8: } where 81 < 82 < · · · < 8: .

4 THE IMPROVED SCHEME
Theorem 1 states that as : increases, there will be an increasing number of shadows delivering to new participants.
Herein, we introduce an improved technique to reduce the quantity of shadows. In essence, the improved scheme
is established by combining the concept of generation, MVCS with monotone property, and a series of EVCS
methods with thresholds of (1,∞), (2,∞), · · · , and (: − 1,∞) together.

4.1 MVCS with monotone property
In previous (:, =, ℎ) MVCS [3, 23], ℎ secrets are revealed by stacking exactly : , · · · , = shadows. ℎ must satisfy
ℎ = = − : + 1. When ℎ < = − : + 1, such a scheme is implemented by a more general (:, =, ℎ, ') MVCS [23] with a
revealing list ' = {A: , A:+1 · · · , A=}. As mentioned in the previous (:, =, ℎ, ') MVCS, we have two categories of
items in '. For a non-zero item (i.e., AD ≠ 0, D ∈ {:, · · · , =}), the AD-th secret is revealed by overlaying D shadows.
For a zero item (i.e., AD = 0), the stacked result by any D shadows cannot learn any information about the secrets.
Herein, we consider the (1, =, :) MVCS with : < =. Such a scheme is implemented by the (1, =, :, ') MVCS

with ' = {A1 = 1, · · · , A: = :, A:+1 = 0, · · · , A= = 0}. When stacking : shadows, the last secret (i.e., the :-th secret)
is reconstructed since A: = : . On the other hand, as A:+1 = 0, · · · , A= = 0, the superimposed results by : + 1, · · · , =
shadows give no clue about the secrets. The last secret cannot be obtained by the stacked results with : + 1, · · · ,
= shadows. The previous (1, =, :) MVCS with : < = is non-monotone.

We introduce a (1, =, :) MVCS with monotone property, indicating that the last secret can still be revealed by
stacking more than : shadows. The base matrices of this monotone MVCS are produced via the non-monotone
VCS (NVCS) [3, 27]. In a (:, =) NVCS, only the result by exactly : shadows can disclose the secret. The stacked
result by more than or less than : shadows gives no clue about the secret. Let �B1 · · ·B:(1,=,: ) be the base matrix for
encrypting : secret pixels B1, · · · , B: in a monotone (1, =, :) MVCS. It is constructed by

�
B1 · · ·B:
(1,=,: ) = �̃

B1
(1,=) | | · · · | |�̃

B:−1
(:−1,=) | |�

B:
(:,=) (5)
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where | | denotes the matrix concatenation, �̃B1(1,=) , · · · , �̃
B:−1
(:−1,=) are the base matrices of the (1, =), · · · , (: − 1, =)

NVCSs for secrets B1, · · · , B:−1, respectively, and �B:(:,=) is the base matrix of (:, =) VCS for B: . Since the (:, =) VCS
is monotone, the proposed MVCS is monotone as well.

4.2 Shadow construction
The improved (:,∞) technique adopts the concept of generation for shadow construction. Similar to [7], a
generation is defined to be a collection of several consecutive participants. Let �8 , 8 ≥ 1, be the 8-th generation
having =8 consecutive participants. All users in a (:,∞) scheme can be partitioned into the following infinite
generations: �1 = {%1, %2, · · · , %=1 }, �2 = {%=1+1, %=1+2, · · · , %=1+=2 }, �3 = {%=1+=2+1, %=1+=2+2, · · · , %=1+=2+=3 }, · · · .
There is no additional restriction on =8 except that =8 ≥ : . The value of =8 might be determined by taking
into account the application scenario, shadow size, visual performance, and other factors. As an illustration
for application scenario, when 4 new participants are required for the (3,∞) scheme, we can set =8 = 4 to
accommodate these 4 new users in one group at one time. In order to minimize the shadow size, it is anticipated
that =8 will be as large as possible. One can refer to Table 3. The shadow size of %12 is 17 for the (4,∞) when
=1 = =2 = =3 = 4. However, we can set =1 = 12 to include all these 12 participants in �1. At that time, the shadow
size of %12 is 1. Nevertheless, when taking into account the visual performance (i.e., contrast), we should have =8
to be as small as possible. For the majority of VCS techniques, larger value of =8 results in worse image quality.
This relationship can be observed in Table 5. For the (2,∞) (resp. (3,∞)) scheme, when =8 grows from 2 to 4
(resp. from 3 to 4), the contrast reduces. As a result of this, we can set =8 = : to obtain good visual performance.
In conclusion, determining the value of =8 might consider the above-mentioned factors.

In the improved scheme, the shared pixels are constructed from the following two cases of generations: (1) �1,
and (2) �8 with 8 ≥ 2.
(1) �1. For the 1-st generation �1 = {%1, %2, · · · , %=1 }, construct (: − 1) random pixels 311, 3

1
2, · · · , 31:−1 and

obtain (: − 1) intermediate shared pixels via the (2, 2) VCS: 3̃11 = +�((�(2,2) (B, 311), 3̃12 = +�((�(2,2) (B, 3
1
2), · · · ,

3̃1
:−1 = +�((�(2,2) (B, 3

1
:−1). These (: − 1) intermediate information is responsible for producing shared pixels

in future generations. Let 311, · · · , 31:−1, B be the :-pixel input of (1, =1, :) MVCS. We derive =1 shadow pixels
<1

1,<
1
2, · · · ,<1

=1
by

(<1
1,<

1
2, · · · ,<1

=1
) = "+�((�(1,=1,: ) (3

1
1, · · · , 31:−1, B). (6)

These =1 pixels<1
1, · · · ,<1

=1
are distributed to =1 participants %1, · · · , %=1 , respectively. According to the (1, =1, :)

MVCS, any 1 participant in�1 can reveal the 1-st secret 311 , any 2 participants can decrypt the 2-nd secret 312 , · · · ,
and any : or more users can recover the :-th secret B .

(2)�8 with 8 ≥ 2. For the 8-th generation�8 = {%=1+···+=8−1+1, · · · , %=1+···+=8−1+=8 } with 8 ≥ 2, two types of shared
pixels are produced by the following operations. First of all, randomly generate (: − 1) pixels 381, · · · , 38:−1. Then,
obtain (: − 1) intermediate shared pixels 3̃81, · · · , 3̃8:−1 via the (2, 2) scheme, as represented by

3̃81 = +�((�(2,2) (B, 3
8
1), · · · , 3̃8:−1 = +�((�(2,2) (B, 3

8
:−1). (7)

These (: − 1) shared pixels 3̃81, · · · , 3̃8:−1 take charge of deriving shadow pixels in subsequent generations.
Remember that we have (8 − 1) groups of intermediate pixels from the previous (8 − 1) generations:

(3̃11, · · · , 3̃1:−1), · · · , (3̃
8−1
1 , · · · , 3̃8−1

:−1). (8)

Generally, for the 9-th participant of �8 , the shared pixel 3̃G~ with 1 ≤ G ≤ 8 − 1, 1 ≤ ~ ≤ : − 1 from the previous
generation �G is considered as the secret of a (: − ~,∞) scheme. Consequently, the (: − ~,∞) method outputs a
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shadowFG
~ (=2+···+=8−1+9 ) for this participant, as denoted by

FG
~ (=2+···+=8−1+9 ) = +�((�(:−~,∞) (3̃

G
~ , �̂

G
~ (=2+···+=8−1+9 ) ) (9)

where 3̃G~ is the secret and �̂G
~ (=2+···+=8−1+9 ) indicates the additional information (e.g., the order of the current

shadow pixel and the random pixels of the previous participants) needed in the (: − ~,∞) approach. For any
3̃G~ , the same (: − ~,∞) scheme is utilized to produce shadows for the participants in different generations. For
example, a (: − 1,∞) method with 3̃11 is utilized to build the shadowsF1

11,F
1
1(=2+1) ,F

1
1(=2+=3+1) , · · · for the 1-st

participants in �2, �3, �4, · · · , respectively. Meanwhile, the (1, =8 , :) MVCS is adopted to construct =8 shared
pixels<8

1, · · · ,<8
=8

by

(<8
1, · · · ,<8

=8
) = "+�((�(1,=8 ,: ) (3

8
1, · · · , 38:−1, B) (10)

where 381, · · · , 38:−1, B are the : input pixels. These =8 pixels<8
1, · · · ,<8

=8
are then delivered to %=1+···+=8−1+1, · · · ,

%=1+···+=8−1+=8 of �8 , respectively.
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Fig. 3. Shadow pixels for participants in the improved (:,∞) scheme when sharing a secret pixel B .

In summary, when sharing one secret pixel B , the 9-th participant %=1+···+=8−1+9 of the 8-th generation�8 receives
the following shadow pixels. 

<8
9 ,

F1
(:−1) (=2+···+=8−1+9 ) , · · · ,F

1
1(=2+···+=8−1+9 ) ,

F2
(:−1) (=2+···+=8−1+9 ) , · · · ,F

2
1(=2+···+=8−1+9 ) ,

...

F 8−1
(:−1) (=2+···+=8−1+9 ) , · · · ,F

8−1
1(=2+···+=8−1+9 ) .

(11)

Fig. 3 illustrates the shadow pixels distributed to different participants in the improved scheme. Note that, the
probabilistic method is utilized to implement all mentioned MVCS and VCS methods.
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4.3 Theoretical analysis
The improved method is verified to be a valid (:,∞) method by Theorems 4 and 5, where the security and
correctness requirements are proved to be satisfied. The number of shadows assigned to a participant by the
improved technique is provided in Theorem 6.

Theorem 4. The improved (:,∞) scheme is secure: any less than : participants cannot learn any information
about the secret.

Proof. According to Formula (11), each participant holds multiple shadows coming from different schemes.
For the 9-th participant %=1+···+=8−1+9 of �8 ,<8

9 belongs to the (1, =8 , :) MVCS with secrets 381, · · · , 38:−1, B , while
F1

(:−1) (=2+···+=8−1+9 ) , · · · ,F
1
1(=2+···+=8−1+9 ) come from the (: − 1,∞), · · · , (1,∞) schemes with secrets 3̃11 , · · · , 3̃1:−1,

respectively. Generally, F 8−1
(:−1) (=2+···+=8−1+9 ) , · · · , F

8−1
1(=2+···+=8−1+9 ) belong to the (: − 1,∞), · · · , (1,∞) schemes

with secrets 3̃8−11 , · · · , 3̃8−1
:−1, respectively. Any participant does not have two or more shadows coming from one

scheme.
Let %81 , · · · , %8:−1 with 81 < · · · < 8:−1 be the (: − 1) participants in the improved (:,∞) scheme. A secret pixel

B can be recovered from the two situations: (1) using shadow pixels all from an MVCS, and (2) the combined
use of some shadow pixels from an MVCS and the other ones from an EVCS. We prove the (: − 1) participants
cannot recover the secret from these two situations.

For the first case, suppose all the (: − 1) participants belong to a generation�D . These (: − 1) participants hold
(: − 1) different shadows from the (1, =D, :) MVCS with secrets 3D1 , · · · , 3D:−1, B . Based on the (1, =D, :) scheme,
these participants can decrypt 3D1 , · · · , 3D:−1 but not the secret B since they do not have : shadows. For the second
case, suppose (: − 1) participants are involved. Let 2 participants come from generation �D and the remaining
(: −1−2) participants arrive from the future generations�D+1,�D+2, · · · , where 1 ≤ 2 < : −1. Additionally, when
2 = : − 1, it is the first case. For the 2 participants of �D , they can recover the random pixels 3D1 , · · · , 3D2 through
the (1, =D, :) MVCS with secrets 3D1 , · · · , 3D:−1, B . If any one of the pixels 3̃D1 , · · · , 3̃D2 can be revealed from the
remaining (: − 1 − 2) participants, secret B can be disclosed via the (2, 2) scheme by using the two shared pixels:
(3D1 , 3̃D1 ), or · · · , or (3D2 , 3̃D2 ). However, for the remaining (: − 1− 2) participants of�D+1,�D+2, · · · , they can utilize
their EVCS shadows to decrypt pixels 3̃D2+1, · · · , 3̃D:−1 via the (: − 1− 2,∞), · · · , (1,∞) schemes. 3̃D1 , · · · , 3̃D2 cannot
be achieved. Secret B is not able to be decoded as a result. In summary, we prove that any (: − 1) participants
are not capable of recovering the secret. The same conclusion also holds when the numbers of participants are
(: − 2), · · · , 1. The improved (:,∞) scheme is secure.

�

Theorem 5. The secret of the improved (:,∞) scheme can be decrypted from any : users.

Proof. Let %81 , · · · , %8: with 81 < · · · < 8: be the : users for revealing the secret B . Two cases are examined: (1)
the : participants from the same generation �D , and (2) the first 2 users from �D , while the remaining (: − 2)
users from future generations �D+1, �D+2, · · · , where 1 ≤ 2 < : .

For the first case, the : participants hold : different shadows from the (1, =D, :) MVCS with secrets 3D1 , · · · , 3D:−1,
B . According to MVCS, these : shadows can directly recover the secret B . For the second case, the 2 participants
of �D hold 2 different shadows belonging to the (1, =D, :) approach with secrets 3D1 , · · · , 3D:−1, B . They can decode
3D2 from these 2 shadows. On the other hand, for the remaining (: − 2) participants of �D+1, �D+2, · · · , they hold
(: −2) different shadows of the (: −2,∞) EVCS with secret 3̃D2 . Thus, these (: −2) users can reconstruct 3̃D2 . Since
3D2 and 3̃D2 are the two shadows of the (2, 2) scheme, the secret B can be decrypted. Based on the two mentioned
situations, any : users are capable of decoding the secret. This theorem is proved.

�
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Theorem 6. The number of shadows assigned to the C-th participant %C of the improved (:,∞) method is estimated
as

#C =

{
1, if 1 ≤ C ≤ =1,

1 +∑8−1
9=1

∑:−1
~=1 #

(~,∞)
C−∑9−1

G=1 =G
, if 8 ≥ 2, =8−1 ≤ C ≤ =8 ,

(12)

where # (~,∞)
C−∑9−1

G=1 =G
is the quantity of shadows constructed from the proposed (~,∞) scheme for the (C −∑9−1

G=1 =G )-th
user, as calculated by Theorem 1.

Proof. The shadows assigned to %C of generation �8 are separated into two categories: (1) the shadows from
MVCS, and (2) the others from the (1,∞), · · · , (: − 1,∞) schemes. We use # (1)

C and # (2)
C to record the number of

shadows from the first and second categories. For the first category, only 1 shadow of MVCS is provided to %C . We
have # (1)

C = 1. For the second category, when 1 ≤ C ≤ =1 (i.e., %C belongs to the 1-st generation �1), the (1,∞),
· · · , (: − 1,∞) methods are not used to produce shadows. The quantity of shadows from the second category is 0
when 1 ≤ C ≤ =1. That is # (2)

C = 0 for 1 ≤ C ≤ =1. When =8−1 ≤ C ≤ =8 (i.e., %C coming from the 8-th generation�8

where 8 ≥ 2), the (1,∞), · · · , (: − 1,∞) schemes are employed for (8 − 1) rounds to generate the corresponding
shadows. For the 9-th round (1 ≤ 9 ≤ 8 − 1), # (1,∞)

C−0 9
, · · · , # (:−1,∞)

C−0 9
shadows are constructed by the (1,∞), · · · ,

(: − 1,∞) schemes, respectively, where 0 9 =
∑9−1

G=1 =G , #
(1,∞)
C−0 9

is 1, and #
(~,∞)
C−0 9

with 2 ≤ ~ ≤ : − 1 is evaluated by

Theorem 1. Thus, we have # (2)
C =

∑8−1
9=1

∑:−1
~=1 #

(~,∞)
C−∑9−1

G=1 =G
for 8 ≥ 2, =8−1 ≤ C ≤ =8 . In summary, we can compute

the number of shadows assigned to %C by

#C = #
(1)
C + #

(2)
C =

{
1, if 1 ≤ C ≤ =1,

1 +∑8−1
9=1

∑:−1
~=1 #

(~,∞)
C−∑9−1

G=1 =G
, if 8 ≥ 2, =8−1 ≤ C ≤ =8 .

(13)

�

4.4 Extension for XOR decryption
We further enhance the recovered image quality by using Boolean XOR decryption. The proposed (:, =) approach
can decode the secret with XOR operation while the improved approach cannot since the MVCS [23] [3] is not
an XOR-based scheme. If a multi-secret XOR-based VCS (MXVCS) is applied in the improved scheme, the XOR
decryption can be provided. Thus, we develop a non-monotone XVCS (NXVCS) using a novel partition algorithm
in order to establish the MXVCS.

4.4.1 Analysis on existing NXVCS. We adopt Construction 2 of NXVCS in [27] for building an MXVCS. For
a (:, =) NXVCS, only the XOR-ed result by exactly : shadows can reveal the secret. While other results by
more than or less than : shadows cannot attain any information about the secret (i.e., the security condition).
Nevertheless, the approach in [27] might suffer from a security flaw in which some forbidden subsets with more
than : participants would reveal the secret. Note that, a qualified subset is the subset of participants that can
recover the secret, while a forbidden subset is the one that does not leak out any information. Additionally, a
qualified subset is called minimal if any proper subset of it is a forbidden subset. We first provide a brief overview
of Construction 2 and then highlight the security flaw with an example.

In Construction 2, all minimal qualified subsets of the (:, =) threshold are separated into several parts by Shen
et al.’s access structure partition approach [17]. Participants in each part are classified into three categories:
kernel, related, and non-related participants. A related participant 8 is connected with a kernel participant 9 (i.e.,
an equivalent relationship, as denoted by 8 ↔ 9 ). Both of them are then assigned the same rows of the (:, :)
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VCS base matrices. For a non-related user, a row having binary random numbers is given. By concatenating the
corresponding matrices of each part, the base matrices of (:, =) NXVCS are produced.

We discover that the usage of Shen et al.’s algorithm [17] in Construction 2 [27] might compromise the security
condition. Consider the (2, 5) NXVCS. The base matrices by Construction 2 using Shen et al.’s partition technique
are achieved as

�̃
-,0
(2,5) =


1010 ∗ ∗
101010
1010 ∗ ∗
101010
1010 ∗ ∗


, �̃

-,0
(2,5) =


1010 ∗ ∗
011010
011001
011001
1001 ∗ ∗


. (14)

where ∗ denotes a binary random number. When XOR-ing the first 4 rows of �̃-,0
(2,5) and �̃

-,1
(2,5) , the results are

(0000 ∗ ∗) and (1111 ∗ ∗), respectively. The recovered block correlated to the black secret area is darker than
the one corresponding to the white secret area. The secret is revealed by 4 participants which compromises the
security condition of (2, 5) NXVCS.
Shen et al.’s method [17] is not suitable for NXVCS since it cannot guarantee each user is equivalent to one

participant at most in each partition. Once a participant is connected with two or more users (e.g., 2 ↔ 3 ↔ 4),
the XOR-ed result by more than : shadows might be reduced to the one by : shadows. Consequently, the security
condition is damaged. Take the partitions of (2, 5) threshold given in Table 1 for example, we have 2 ↔ 3 ↔ 4
(i.e., 2, 3 and 4 are equivalent) for the first partition by Shen et al.’s method [17]. In this case, the XOR-ed result
by participants 1, 2, 3, and 4 is reduced to the result by participants 1 and 2 for the first partition.
Algorithm 1 ! = '4; (',&).

Input:Two sets ' = {81, · · · , 8: } and & = { 91, · · · , 9: }.
Output:Set of equivalent relationships !.
(1) Achieve the set of common participants between ' and & : � = ' ∩& = {21, · · · , 23 } where 0 ≤ 3 ≤ : − 1.
(2) ' and & can be rewritten as ' = {21, · · · , 23 , 8G1 , · · · , 8G:−3 } and & = {21, · · · , 23 , 9~1 , · · · , 9~:−3 }. The set of
equivalent relationships ! is established as ! = {;1 : 8G1 ↔ 9~1 , · · · , ;:−3 : 8G:−3 ↔ 9~:−3 }. Output !.

4.4.2 Novel partition algorithm for NXVCS. A novel access structure partition algorithm is introduced to
provide suitable divisions for NXVCS. Three procedures, Algorithms 1-3, are adopted to constitute the partition
method (Algorithm 4). Algorithm 1 shows the steps for establishing the equivalent relationships between two
minimal qualified subsets ' and & of the (:, =) threshold, as represented by ! = '4; (',&), where ! denotes the
set of equivalent relationships.
Algorithm 2 (!,�) = $=4%0AC8C8>=(Γ).

Input:A set of qualified subsets Γ.
Output:Set of equivalent relationships ! and set of common participants � .
(1) Let Ω = {1, · · · , =}, � = Γ = {&1, · · · , &C }, 9 = 1 and ! = ∅. Compute D = min(= − :, :).
(2) If C = 1, then suppose &1 = {81, · · · , 8: } and randomly select D different elements 91, · · · , 9D from Ω \&1.
Build D equivalent relationships by ;1 : 81 ↔ 91, · · · , ;D : 8D ↔ 9D . Output ! = {;1, · · · , ;D} and� = {8D+1, · · · , 8: }.
Algorithm ends.
(3) If C ≥ 2, then let ' = &1 be the reference set and repeat Steps (4)-(6).
(4) Compute 9 = 9 + 1. Select & 9 ∈ � and calculate Ψ = '4; (',& 9 ) (i.e., Algorithm 1). All participants in Ψ
forms a set Δ.
(5) If Δ ⊆ Ω and |! | + |Ψ| ≤ D, then ! = ! ∪ Ψ and Ω = Ω \ Δ.
(6) If |! | = D or 9 = C , output ! and � = Ω and algorithm ends. Otherwise, repeat Steps (4)-(6).
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By utilizing Algorithm 2, we can extract one partition from a given collection of minimal qualified subsets Γ, as
denoted by (!,�) = $=4%0AC8C8>=(Γ), where ! is the set of equivalent relationships and � is the set of common
participants. With ! and � , all related minimal qualified subsets can be achieved via Algorithm 3, as indicated
by Γ = �4=(4C (!,�). Finally, Algorithm 4 outlines the processes for separating all minimal qualified subsets
of (:, =) threshold into C parts Γ (1)

0 , · · · , Γ (C )
0 . The corresponding C pairs of sets of equivalent relationships and

sets of common participants (! (1) ,� (1) ), · · · , (! (C ) ,� (C ) ) are provided as well. With the partition results by our
algorithm, a more secure NXVCS is accomplished via Construction 2 of [27].
Algorithm 3 Γ = �4=(4C (!,�).

Input:Set of equivalent relationships ! and set of common participants � .
Output:A set of qualified subsets Γ.
(1) If � = ∅, then ! = {;1 : 81 ↔ 91, · · · , ;: : 8: ↔ 9: }. Select every element from every equivalent relationship
to form 2: different :-tuple subsets: {81, 82, · · · , 8: }, {81, 82, · · · , 9: }, · · · , { 91, 92, · · · , 9: }. These 2: subsets forms
Γ.
(2) If � ≠ ∅, suppose � = {21, · · · , 23 }. ! = {;1 : 81 ↔ 91, · · · , ;:−3 : 8:−3 ↔ 9:−3 }. Select every element from
every equivalent relationship to form 2:−3 different (: − 3)-tuple subsets: {81, · · · , 8:−3 }, {81, · · · , 9:−3 }, · · · ,
{ 91, · · · , 9:−3 }. Add the 3 elements 21, · · · , 23 of� to every (: −3)-tuple subset to obtain 2:−3 different :-tuple
subsets: {21, · · · , 23 , 81, · · · , 8:−3 }, {21, · · · , 23 , 81, · · · , 9:−3 }, · · · , {21, · · · , 23 , 91, · · · , 9:−3 }. These 2:−3 subsets
forms Γ.
(3) Output Γ.

Algorithm 4 Partition the set of all minimal qualified subsets of (:, =) threshold.
Input:Set of minimal qualified subsets Γ0 of a (:, =) threshold.
Output:C partitions Γ (1)

0 , · · · , Γ (C )
0 and C pairs of sets of equivalent relationships and sets of common participants

(! (1) ,� (1) ), · · · , (! (C ) ,� (C ) ).
(1) Let 8 = 1 and D = min(= − :, :).
(2) Compute (! (8 ) ,� (8 ) ) = $=4%0AC8C8>=(Γ0) (i.e., Algorithm 2).
(3) Calculate Γ (8 )

0 = �4=(4C (! (8 ) ,� (8 ) ) (i.e., Algorithm 3).
(4) Update Γ0 by Γ0 = Γ0 \ Γ (8 )

0 and 8 = 8 + 1.
(5) When Γ0 ≠ ∅, repeat Steps (2)-(5). Otherwise, output Γ (1)

0 , · · · , Γ (C )
0 and (! (1) ,� (1) ), · · · , (! (C ) ,� (C ) ).

According to Step (5) of Algorithm 2, the participants engaged in an equivalent relationship are selected from
the set Ω. Once a relationship is established, the involved users are deleted from Ω. It guarantees that each user is
equivalent to a maximum of one participant in a single partition. Consequently, the security issue is solved. For
example, our method yields 3 partitions for the (2, 5) threshold, as provided in Table 1. By using Construction 2
of [27] with our partition results, the base matrices of (2, 5) NXVCS are achieved as

�̃
-,0
(2,5) =


1010 ∗ ∗
101010
10 ∗ ∗10
101010
∗ ∗ 1010


, �̃

-,1
(2,5) =


1010 ∗ ∗
011010
01 ∗ ∗01
100101
∗ ∗ 0110


. (15)

By using the following steps, we can verify that the secret information cannot be revealed by the XOR-ed results
of any 3, 4, or 5 rows of the base matrices. Remember that, the secret information cannot be decrypted if the
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average gray-levels (i.e., Hamming weights) of the recovered white and black pixels are the same. In the above
(2, 5) NXVCS, the average Hamming weight of the XOR-ed result by any 3 rows of �̃-,0

(2,5) is the same as that of
�̃
-,1
(2,5) . Take the first 3 rows of �̃

-,0
(2,5) and �̃

-,1
(2,5) for example. Both the XOR-ed results are (10 ∗ ∗ ∗ ∗). Note that, the

XOR-ed result of a random element ∗ and a determined element is still a random element ∗. The corresponding
average Hamming weights are the same. More results of different combinations of 3 rows of �̃-,0

(2,5) and �̃
-,1
(2,5) can

be verified by the readers. By the same way, we can examine that the average Hamming weight of the XOR-ed
result by any 4 (or 5) rows of �̃-,0

(2,5) is the same as that of �̃-,1
(2,5) . Since the recovered white and black pixels have

the same average Hamming weights, the secret information cannot be revealed. We also require the MXVCS to
be monotone. The base matrix of a monotone (1, =, :) MXVCS is obtained by

�
-,B1 · · ·B:
(1,=,: ) = �̃

-,B1
(1,=) | | · · · | |�̃

-,B:−1
(:−1,=) | |�

-,B:
(:,=) (16)

where �̃-,B1
(1,=) , · · · , �̃

-,B:−1
(:−1,=) are the base matrices of the (1, =), · · · , (: − 1, =) NXVCS schemes, and �

-,B:
(:,=) is the

base matrix of (:, =) XVCS with monotone property [19, 30].

5 EXPERIMENTAL RESULT AND DISCUSSION
Experimental results of the two proposed methods are demonstrated. Meantime, discussions and comparisons on
access structure partition, shadow size, contrast, and functionality are provided, illustrating the benefits of the
proposed schemes.

5.1 Visual example
Two (3,∞) experiments by the proposed scheme with stacking decryption (i.e., OR recovery) and the improved
method with XOR decryption are depicted in Examples 1 and 2, respectively, where 3 participants are involved.
Detailed information is illustrated as below.

Example 1. Consider a (3,∞) EVCS by the proposed technique with stacking (OR) decryption. When sharing a
secret pixel B , for the 1-st participant, only a random pixel 411 is produced. For the C-th (C > 1) participant, we generate
random pixels and shared pixels from the (2,∞) and (2, 2) methods. Thus, for %2, a random pixel 422 is provided, and
meantime a shadow pixel 5 12 is obtained by the (2,∞) method: 5 12 = +�((�(2,∞) (4̃

1, � 12 ) where 4̃1 is the shared pixel
of a (2, 2) VCS derived by 4̃1 = +�((�(2,2) (B, 4

1
1). For %3, we produce a random pixel 433 and 2 shadow pixels 5 13 , 5

2
3

constructed by 4̃2 = +�((�(2,2) (B, 4
2
2), 5 13 = +�((�(2,∞) (4̃

1, � 13 ), 5 23 = +�((�(2,∞) (4̃
2, � 23 ). When all secret pixels have been

processed, the corresponding shared pixels form the shadows. Fig. 4 shows this (3,∞) experiment, where the secret
image is given in Fig. 4 (a) and the shadows distributed to %1, %2, %3 are described in Figs. 4 (b)-(d). The secret recovery
is listed below. For %1, %2, and %3, the secret can be reconstructed by using stacking (OR) decryption based on �11 of %1,
� 12 of %2, and � 13 of %3, as depicted in Fig. 4 (e).

(b) (c-1) (c-2) (d-1) (d-2) (d-3) (e)(a)

Fig. 4. A (3,∞) experiment by the proposed technique with stacking (OR) decryption. (a) Secret image, (b) �11 ,(c) �
2
2 and � 12 ,

(d) �33 , �
1
3 , and � 23 , (e) stacking (OR) decryption by �11 , �

1
2 , and � 13 .
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(e)(a) (b) (c) (d)

Fig. 5. A (3,∞) experiment by the improved technique with XOR decryption. (a) Secret image, (b) "1
1 , (c) "

1
2 , (d) "

1
3 , (e)

XOR decryption by"1
1 ,"

1
2 , and"1

3 .

Example 2. Consider a (3,∞) EVCS by the improved technique with XOR decryption. To constitute a (3,∞)
scheme, the (1,∞) and (2,∞) methods are utilized. Let the number of participants in generation �1 be =1 = 3. For
�1, the (1, 3, 3) MXVCS is adopted and the base matrix is built by

�
-,B1B2B3
(1,3,3) = �̃

-,B1
(1,3) | |�̃

-,B2
(2,3) | |�

-,B3
(3,3) (17)

where �̃-,B1
(1,3) and �̃

-,B2
(2,3) are the basematrices of (1, 3) and (2, 3) NXVCS schemes (note: the (2, 3) scheme is accomplished

by [27] with our partition algorithm), and �-,B3
(3,3) is the base matrix of (3, 3)-XVCS. All base matrices are demonstrated

in Appendix A.
Given a secret pixel B , for�1, we generate 2 random pixels 311 and 3

1
2 and construct 2 intermediate shared pixels 3̃11

and 3̃12 by 3̃
1
1 = -+�((�(2,2) (B, 3

1
1) and 3̃12 = -+�((�(2,2) (B, 3

1
2). With the (1, 3, 3) MXVCS, 3 shadow pixels<1

1,<
1
2,<

1
3

are derived by (<1
1,<

1
2,<

1
3) = "-+�((�(1,3,3) (3

1
1, 3

1
2, B) and then delivered to %1, %2, %3 of �1, respectively. When all

secret pixels have been processed, the corresponding shared pixels form the shadows. The secret image is depicted in
Fig. 5 (a), and the shadows belonging to %1, %2, %3 are shown in Figs. 5 (b)-(d). They can use their MXVCS shadows
"1

1 , "
1
2 , "

1
3 to reveal the secret, as decoded in Fig. 5 (e).

(a-1) (a-2) (a-3) (a-4) (b-1) (b-2) (b-3)

Fig. 6. Adding a new participant %4 to an existing (3,∞) scheme by the proposed technique with stacking (OR) decryption.
(a) �44 , �

1
4 , �

2
4 , �

3
4 for %4, (b) stacking (OR) decryption by {%1, %2, %4}, {%1, %3, %4}, and {%2, %3, %4}.

5.2 Dynamic access structure
When a new participant %4 is required in the (3,∞) experiment of Example 1, we can utilize the proposed
technique with OR decryption to generate 4 shadows �44 , �

1
4 , �

2
4 , �

3
4 for %4, as depicted in Fig. 6. Detailed

information of constructing the 4 shadows is provided. When a new participant %4 arrives, for each secret pixel B ,
we randomly generate a pixel 444 and 3 shared pixels 5 14 , 5

2
4 , and 5 34 via the (2, 2) and (2,∞) schemes, as given

by 4̃3 = +�((�(2,2) (B, 4
3
3), 5 14 = +�((�(2,∞) (4̃

1, � 14 ), 5 24 = +�((�(2,∞) (4̃
2, � 24 ), and 5 34 = +�((�(2,∞) (4̃

3, � 34 ). As all the secret
pixels have been processed, we receive the 4 shadows �44 , �

1
4 , �

2
4 , �

3
4 for %4. By using � 14 of %4 with � 12 of %2 and �11

of %1, the secret can be decrypted via OR operation, as shown in Fig. 6 (b-1). Similarly, %1, %3 and %4 (resp. %2, %3
and %4) can also decrypt the secret with OR operation by their shadows �11 , �

1
3 and � 14 (resp. �22 , �

2
3 and � 24 ), as

shown in Fig. 6 (b-2) and (b-3).
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(a-1) (a-3)(a-2) (b-1) (b-2) (b-3)

(c-1) (c-2) (c-3) (d-1) (d-2) (d-3)

Fig. 7. Adding 3 new participants %4, %5, and %6 to an existing (3,∞) scheme by the improved technique with XOR decryption.
(a)"2

1 ,,
1
21,,

1
11 for %4, (b)"

2
2 ,,

1
22,,

1
12 for %5, (c)"

2
3 ,,

1
23,,

1
13 for %6, (d) XOR decryption by {%4, %5, %6}, {%1, %3, %6}, and

{%2, %3, %5}.

We consider adding 3 participants %4, %5 and %6 of generation �2 into the (3,∞) scheme of Example 2. In this
case, the improved method is utilized to construct shadows for the 3 new users. Detailed information of generating
shadows for the new participants %4, %5 and %6 is illustrated. The base matrices for �2 are the same as those
given in Example 2. For each secret pixel B , we construct 2 random pixels 321 and 3

2
2 and generate 2 intermediate

shadow pixels 3̃21 and 3̃22 via 3̃
2
1 = -+�((�(2,2) (B, 3

2
1) and 3̃22 = -+�((�(2,2) (B, 3

2
2). By using the (1, 3, 3) MXVCS, 3

shared pixels<2
1,<

2
2,<

2
3 for %4, %5, %6, respectively, are obtained by (<2

1,<
2
2,<

2
3) = "-+�((�(1,3,3) (3

2
1, 3

2
2, B). By

taking the intermediate shared pixel 3̃11 of �1 as secret, we utilize the (2,∞) scheme to derive 3 shadow pixels
F1

11,F
1
12, andF

1
13 for %4, %5, and %6, respectively. Similarly, based on 3̃12 of �1, the (1,∞) approach is adopted to

achieveF1
21,F

1
22, andF

1
23 for %4, %5, and %6, respectively.

Finally, when all the secret pixels have been shared, %4 receives "2
1 ,,

1
21 and,

1
11, %5 has "

2
2 ,,

1
22 and,

1
12,

and %6 obtains"2
3 ,,

1
23 and,

1
13, as shown in Figs. 7 (a)-(c). %4, %5 and %6 can decode the secret by using"2

1 ,"
2
2

and"2
3 , as given in Fig. 7 (d-1). For other cases, such like the collection of %1, %3, %6 (using"1

1 ,"
1
3 ,,

1
23), or the

collection of %2, %3, %5 (using"1
2 ,"

1
3 ,,

1
22), the XOR-ed results also disclose the secret, as illustrated in Fig. 7 (d-2)

and (d-3).

5.3 Discussion and comparison
5.3.1 Access structure partition. A novel access structure partition algorithm is introduced to deal with the
security concern of NXVCS in [27]. The partition results by the proposed algorithm for some commonly-used
thresholds (e.g., 2 ≤ : < = ≤ 5) are provided in Table 1, as well as the ones derived from Shen et al.’s method
[17]. According to Table 1, the (2, 5) and (3, 5) thresholds by Shen et al.’s method are not suitable for NXVCS
[27] since one user is equivalent to two participants in one partition (e.g., 2 ↔ 3 ↔ 4 in the first partition of
(2, 5), 3 ↔ 4 ↔ 5 in the first partition of (3, 5), 1 ↔ 2 ↔ 3 in the third partition of (3, 5)). Whereas the proposed
partition technique offers appropriate divisions for each threshold. We can adopt the proposed partition method
to build a more secure MXVCS [27], enabling the XOR decryption for better visual quality.

5.3.2 Shadow size. Shadow size indicates the amount of shared bits that are delivered to a participant. Shadow
size is expected to be as small as possible so that the overhead for storing and transmitting the shared bits would
be reduced. For the proposed (2,∞) scheme, the shadow size for each participant is 1 bit if a 1-bit secret is
encoded. However, as more participants are added, the shadow size for both the proposed schemes grows as a
result. The shared bits assigned to a newly-added participant by the two proposed scheme can be evaluated via
Theorems 1 and 6.
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Table 1. Comparison of partitions of various thresholds.

(k, n) Ref. [27] using Shen et al.’s method [17] Our
Partition Equivalent NXVCS Partition Equivalent NXVCS

(2, 3) {{1, 2}, {1, 3}}, {{2, 3}} {2 ↔ 3} 3
{{1, 2}, {1, 3}}, {2 ↔ 3},

3{{1, 3}, {2, 3}} {1 ↔ 2}

(2, 4)

{{1, 2}, {1, 3},
3

{{1, 2}, {1, 3},
3

{2, 4}, {3, 4}}, {2 ↔ 3, 1 ↔ 4}, {2, 4}, {3, 4}}, {2 ↔ 3, 1 ↔ 4},
{{2, 3}, {1, 4}} {1 ↔ 2, 3 ↔ 4} {{1, 3}, {1, 4}, {1 ↔ 2, 3 ↔ 4},

{2, 3}, {2, 4}}

(2, 5)

{{1, 2}, {1, 3}, {1, 4}, {1 ↔ 5,

7

{{1, 2}, {1, 3}, {2, 4}, {2 ↔ 3, 1 ↔ 4},
3

{2, 5}, {3, 5}, {4, 5}}, 2 ↔ 3 ↔ 4}, {3, 4}}, {{1, 4}, {1, 5}, {4 ↔ 5, 1 ↔ 2},
{{1, 5}, {2, 3}, {3, 4}}, {1 ↔ 2 ↔ 4, {2, 4}, {2, 5}}, {{2, 3}, {2 ↔ 5, 3 ↔ 4}
{{2, 4}} 3 ↔ 5} {2, 4}, {3, 5}, {4, 5}}

(3, 4) {{1, 2, 3}, {1, 2, 4}}, {2 ↔ 4},
3

{{1, 2, 3}, {1, 2, 4}, {3 ↔ 4},
3{{1, 3, 4}, {1, 3, 4}} {1 ↔ 2} {{1, 3, 4}, {2, 3, 4}} {1 ↔ 2}

(3, 5)

{{1, 2, 3}, {1, 2, 4},

7

{{1, 2, 3}, {1, 2, 4},

3

{1, 2, 5}}, {{1, 3, 4}, {3 ↔ 4 ↔ 5}, {1, 3, 5}, {1, 4, 5}}, {3 ↔ 4, 2 ↔ 5},
{2, 3, 4}, {1, 3, 5}, {1 ↔ 2, 4 ↔ 5}, {{1, 2, 5}, {1, 4, 5}, {2 ↔ 4, 1 ↔ 3},
{2, 3, 5}}, {{2, 4, 5}, {1 ↔ 2 ↔ 3} {2, 3, 5}, {3, 4, 5}}, {1 ↔ 2, 3 ↔ 5}
{3, 4, 5}, {1, 4, 5}} {{1, 3, 4}, {2, 3, 4},

{1, 4, 5}, {2, 4, 5}}

(4, 5)
{{1, 2, 3, 4}, {1, 2, 3, 5}}, {4 ↔ 5},

3
{{1, 2, 3, 4}, {1, 2, 3, 5}}, {4 ↔ 5},

3{{1, 2, 4, 5}, {1, 3, 4, 5}}, {2 ↔ 3} {{1, 2, 4, 5}, {1, 3, 4, 5}}, {2 ↔ 3},
{{2, 3, 4, 5}} {{2, 3, 4, 5}, {1, 3, 4, 5}} {2 ↔ 1}

Table 2. Comparison of shadow size (measured by bits) when sharing a 1-bit secret for the (3,∞) threshold.

Participant Ref. [13] Ref. [33] Ref. [10] Ref. [29] Ref. [4] Our
M1 M2 Proposed Improved

%1 22 1 1 1 1 6 1 1
%2 22 1 1 1 2 6 2 1
%3 22 1 1 1 4 7 3 1
%4 22 1 1 1 7 7 4 1
%5 22 1 1 1 11 14 5 3
%6 22 1 1 1 16 14 6 3
%7 22 1 1 1 22 15 7 3
%8 22 1 1 1 29 15 8 3
%9 22 1 1 1 37 23 9 5
%10 22 1 1 1 46 23 10 5
%11 22 1 1 1 56 24 11 5
%12 22 1 1 1 67 24 12 5

Table 3. Shadow size of the improved scheme for (4,∞) threshold when a 1-bit secret is encoded.

Gen. Participant MVCS (:,∞)-VCS with 1 ≤ : ≤ 3 for the (4,∞) improved scheme Total(1, 4, 4) (1,∞) (2,∞) (3,∞)1 (1,∞) (2,∞) (3,∞)1

�1

%1 1 - - - - - - 1
%2 1 - - - - - - 1
%3 1 - - - - - - 1
%4 1 - - - - - - 1

�2

%5 1 1 1 1, 1 - - - 4, 4
%6 1 1 1 2, 1 - - - 5, 4
%7 1 1 1 3, 1 - - - 6, 4
%8 1 1 1 4, 1 - - - 7, 4

�3

%9 1 1 1 5, 3 1 1 1, 1 11, 9
%10 1 1 1 6, 3 1 1 2, 1 13, 9
%11 1 1 1 7, 3 1 1 3, 1 15, 9
%12 1 1 1 8, 3 1 1 4, 1 17, 9

1: Left: using the proposed (3,∞) scheme. Right: using the improved (3,∞) scheme.
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Table 4. Shadow size of the improved scheme for (5,∞) threshold when a 1-bit secret is encoded.

Gen. Participant MVCS (:,∞)-VCS with 1 ≤ : ≤ 4 for the (5,∞) improved scheme Total(1, 5, 5) (1,∞) (2,∞) (3,∞)1 (4,∞)1 (1,∞) (2,∞) (3,∞)1 (4,∞)1

�1

%1 1 - - - - - - - - 1
%2 1 - - - - - - - - 1
%3 1 - – - - - - - 1
%4 1 - – - - - - - 1
%5 1 - – - - - - - 1

�2

%6 1 1 1 1, 1 1, 1 - - - - 5, 5
%7 1 1 1 2, 1 2, 1 - - - - 7, 5
%8 1 1 1 3, 1 4, 1 - - - - 10, 5
%9 1 1 1 4, 1 7, 1 - - - - 14, 5
%10 1 1 1 5, 1 11, 1 - - - - 19, 5

�3

%11 1 1 1 6, 3 16, 4 1 1 1, 1 1, 1 29, 14
%12 1 1 1 7, 3 22, 4 1 1 2, 1 2, 1 38, 14
%13 1 1 1 8, 3 29, 4 1 1 3, 1 4, 1 49, 14
%14 1 1 1 9, 3 37, 4 1 1 4, 1 7, 1 62, 14
%15 1 1 1 10, 3 46, 4 1 1 5, 1 11, 1 77, 14

1: Left: using the proposed (3,∞) or (4,∞) scheme. Right: using the improved (3,∞) or (4,∞) scheme.

Comparison of shadow size among related methods is illustrated in Table 2, when a 1-bit secret is shared for
the (3,∞) threshold. D’Arco et al.’s two (3,∞) approaches (M1 and M2) [4] and Wu et al.’s size invariant (:,∞)
method [29] are included for comparison, as well as three traditional (:, =) VCS schemes [10, 13, 33]. As the
methods in [10, 29, 33] are size invariant, the shadow size is therefore 1. For Naor and Shamir’s VCS [13], as 12
users are utilized, we evaluate the shadow size based on the (3, 12) scheme. So that we achieve the shadow size
as 22.
D’Arco et al.’s second method (M2) is a CRT-based technique that improves their first approach (M1). The

concept of generation is also utilized in their second approach. For a fair comparison, we use the same numbers of
participants in generations (e.g., =1 = =2 = =3 = 4) for both our scheme and their second method [4]. In D’Arco et
al.’s first approach, when one bit is encoded, the amount of shared bits assigned to the C-th participant is calculated
as

(
C−1
2

)
+ C (bits). For their second method, the shared information for the 9-th participant of the 6-th generation

�6 is divided into 5 pieces: (1) the 6-th shadow from the proposed (3,∞) scheme, (2) for each previous generation
�8 (1 ≤ 8 ≤ 6 − 1), a forward shadow from a (3, # (8 ) ) CRT-based scheme, totally (6 − 1) shadows, (3) for the
current generation �6, the ( 9 + 1)-th shadow from a (3, # (6) ) CRT-based scheme, (4) a backward shadow from a
(3, # (6) ) CRT-based scheme, which is later masked with a random number '(8 from each previous generation
�8 , totally (6 − 1) masked shadows, and (5) a random number '(6. Herein, the number of each generation is
set to be 4 (i.e., =1 = =2 = · · · = 4). Since # (8 ) = =8 + 2 according to [4], we have # (8 ) = 6 for 1 ≤ 8 ≤ 6. When
encoding a 1-bit secret, the (3, 6) CRT-based scheme [1] is constructed based on the following parameters: ?0 = 2,
?1 = 3, ?2 = 5, ?3 = 7, ?4 = 11, ?5 = 13, ?6 = 17. With such a configuration, we can calculate the shadow size for
each participant by D’Arco et al.’s second approach. For example, the 5 pieces of shared information delivered
to %5 (i.e., 1-st participant of �2) are: (1) the 2-nd shadow of the proposed (3,∞) scheme (2 bits), (2) a forward
shadow from a (3, 6) CRT-based scheme of �1 (dlog2 (17)e = 5 bits), (3) the 2-nd shadow from a (3, 6) CRT-based
scheme (dlog2 (5)e = 3 bits), (4) a backward shadow from a (3, 6) CRT-based scheme of �2, masked with '(1 of
�1 (dlog2 (3)e = 2 bits), and (5) '(2 of �2 (dlog2 (3)e = 2 bits). As a result, the shadow size of %5 is obtained as
2 + 5 + 3 + 2 + 2 = 14 bits. By using the same way, more results on shadow size by D’Arco et al.’s second method
are provided in Table 2.
Based on Table 2, our two methods obtain smaller shadow size for the (3,∞) threshold when compared

with D’Arco et al.’s techniques [4]. When using our improved technique, improved shadow size is provided.
Furthermore, the shadow sizes for the (4,∞) and (5,∞) thresholds by our improved approach are demonstrated
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in Tables 3 and 4, respectively. Remember that, for the (4,∞) case, we can employ the proposed (3,∞) scheme
or the improved (3,∞) scheme to build the desired threshold. Hence, we provide two different shadow sizes.
The (5,∞) threshold is similar to the (4,∞) case. As observed from Tables 3 and 4, the improved method offers
smaller shadow size.

Table 5. Comparison of contrast among related schemes.

Case Stacking XOR-ing CRT
[13] [33] [10] [29] Proposed Improved1 [29] Proposed Improved1 M1 [4] M2 [4]

(2, 2) 0.5 0.5 0.5
0.251 0.25

(0.25, 0.125)2 ,
0.5 0.5

(0.5, 0.25)2 ,
N/A N/A(2, 50) 0.02 0.2551 0.2502 (0.125, 0.0625)4 (0.125, 0.0625)4

(2,∞) N/A N/A N/A
(3, 3) 0.25 0.25 0.25

0.0646 0.1250

(0.0769, 0.0385,

0.1264 0.5

(0.3636, 0.3636

1 1(3, 50) 0.0102 0.0590 0.0558 0.0096)3 , (0.1818)6 , 0.0455)3 ,

(3,∞) N/A N/A N/A (0.0455, 0.0227, (0.1667, 0.1667
0.0057)4 (0.0833)6 , 0.0208)4

(4, 4) 0.125 0.125 0.125
0.0191 0.0625

(0.0250, 0.0125,
0.0477 0.5

(0.3333, 0.1667,
N/A N/A(4, 50) 2.3 ×10−4 0.0132 0.0118 0.0031, 0.0016)4 0.1667(0.0417)6 ,

(4,∞) N/A N/A N/A 0.0208)4

(5, 5) 0.0625 0.0625 0.0625

0.0093 0.0313

(0.0083, 0.0041,

0.0155 0.5

(0.2540, 0.2540

N/A N/A(5, 50) 3.8 ×10−5 0.0029 0.0025 0.0010, (0.1270)6 , 0.0952

(5,∞) N/A N/A N/A 5.2 ×10−4 , (0.0317)6 , 0.0476
2.6 ×10−4)5 (0.0159)6 , 0.008)5

1: From left to right: contrast by : shadows from one generation, contrast by (: − 1) shadows from one generation and 1 shadow from another, · · · , and contrast by : shadows from :
different generations.
2: The number of participants in each generation is 2. 3: The number of participants in each generation is 3.
4: The number of participants in each generation is 4. 5: The number of participants in each generation is 5.
6: Two different contrasts in MXVCS result in two different contrasts in the improved scheme.

5.3.3 Visual performance. Contrast comparison among related methods [4, 10, 13, 29, 33] is provided in Table
5. All contrasts are calculated theoretically. For VCS, the results are roughly divided into two segments: contrast
by stacking decryption and contrast by XOR decryption. Note that, D’Arco et al.’s schemes are not VCS such
that they cannot recover the secret by stacking. Their two approaches [4] are employed for comparison as well.
As it turns out, their two techniques would make use of XOR decryption (the first method, M1) and arithmetic
computation for CRT decryption (the second method, M2). The secret would be perfectly decrypted. As a result
of this, the contrast is 1. D’Arco et al.’s schemes, however, are confined to (3,∞). The traditional VCS [13], Yan
et al.’s method [33] and Liu et al.’s approach [10] are only applicable for (:, =) threshold. The (:,∞) threshold
cannot be implemented.

The basematrices used for constituting the improved scheme are provided in Appendix A.Theoretical estimation
of contrast for the two proposed techniques is depicted in Appendix B. For the improved scheme, different numbers
of participants in generations introduce different contrasts. For instance, we have (0.25, 0.125) and (0.125, 0.0625)
for the (2,∞) threshold when the numbers of participants in each generation are 2 and 4, respectively. In addition,
we also have diverse contrasts calculated from different combinations of shadows. For example, we obtain 3
different contrasts (0.0769, 0.0385, 0.0096) for the (3,∞) case, which are calculated from the results by stacking 3
shadows from 1 generation, 2 shadows from 1 generation and 1 shadow from another, and 3 shadows from 3
different generations, respectively.

Referring to the results by stacking decryption in Table 5, the proposed technique offers higher contrast when
compared with [29]. On the other hand, while comparing to the (:, =) schemes [13] [33] [10], the proposed
approach exhibits better visual performance when = increases. XOR decryption is provided by both the proposed
and improved schemes for enhancing the visual quality. According to the results by XOR decryption, the proposed
method can achieve a contrast of 0.5 for all cases, which greatly outperforms existing VCS methods. For the
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improved scheme, the best contrast for each threshold is offered by the result of XOR-ing : shadows from a single
generation. The best contrast of the improved scheme is also much better than the other VCS schemes.

Table 6. Feature comparison among related schemes.

Scheme Feature
(:,∞) Efficient generation Lossless recovery Easy decoding Shadow size

Ref. [13] 7 3 7 3(stacking) Expanded
Ref. [33] 7 3 7 3(stacking) Non-expanded
Ref. [10] 7 3 7 3(stacking) Non-expanded
Ref. [29] 3 7 7 3(stacking, XOR-ing) Non-expanded
Ref. [4] 7, (3,∞) 3 3 7(XOR-ing, CRT decoding) Expanded
Our 3 3 7(better than [10, 29, 33]) 3(stacking, XOR-ing) Expanded(less than [4])

5.3.4 Feature comparison. Feature comparison is illustrated in Table 6. When comparing to existing methods,
our methods obtain the following merits.
Dynamic access structure. Our methods can implement the (:,∞) threshold. The number of participants

is not determined in advance and might potentially be infinite. The access structure is allowed to be updated
dynamically by adding new users. While the traditional techniques [10, 13, 33] are only applicable for (:, =) case.
They cannot efficiently deal with the scenario that new users are frequently added. Once a new user is required,
the withdraw-and-rebuild process would be utilized. For example, when the (= + 1)-th new user is needed in the
(2, =) scheme, the current = shadows holding by = participants should be discarded, and (= + 1) new shadows are
generated via the (2, = + 1) technique and delivered to (= + 1) users. But for the proposed (2,∞) method, only
one shadow should be constructed and then transmitted to this new participant. Furthermore, the method in [4]
is a (3,∞) scheme, which is limited for applications.
Improved contrast and reduced shadow size. Our schemes can offer enhanced performance on contrast

when compared with [10, 29, 33]. When XOR decryption is utilized, the improvement on contrast is more
significant. For the aspect of shadow size, the participants would receive less shared information by the two
proposed techniques when comparing to [4].
Easy decoding by both stacking and XOR-ing. Easy recovery of secret is provided by the proposed

methods. Both stacking operation and Boolean XOR operation can be adopted to decode the secret. Usually, when
computational devices are not available, the secret recovery can be accomplished by printing the shadows on
transparencies and stacking them together. If a lightweight computational device is available, the secret can be
reconstructed via Boolean XOR operation.

Efficient shadow generation. For the approach in [29], they model the (:,∞)-VCS as a contrast-maximizing
problem and develop a simulated annealing-based algorithm to solve this problem.The simulated annealing-based
method is computationally expensive. However, we can implement the (:,∞) scheme easily by using the two
proposed methods.

However, the proposed methods might be not competitive with the size invariant VCS methods [10, 29, 33], as
the proposed techniques assign multiple shadows to a participant. The overhead for storing and delivering the
shadows burdens as a result.

6 CONCLUSION
Two techniques of (:,∞)-EVCS were presented in this paper. The first method implements the (:,∞) threshold
by using the (2, 2) and (2,∞) methods, while the second approach utilizes MVCS and a series of EVCSs with
thresholds of (1,∞), · · · , (: − 1,∞) to reduce the shadow size. Further, a more secure MXVCS is developed to
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enhance the visual quality. Experiments and comparisons were demonstrated to show the effectiveness and
advantages of the proposed techniques.

APPENDICES

A BASE MATRICES FOR THE IMPROVED SCHEME
Base matrices of related VCSs are given as follows.

�0
(2,2) =

[
10
10

]
, �1

(2,2) =

[
10
01

]
, �0

(3,3) =


0110
0101
0011

 , �1
(3,3) =


1100
1010
1001

 ,
�0
(2,4) =


1000
1000
1000
1000

 , �
1
(2,4) =


1000
0100
0010
0001

 , �0
(3,4) =


011100
101100
110100
111000

 , �
1
(3,4) =


100011
010011
001011
000111

 ,
�0
(4,4) =


01110001
01001101
00101011
00010111

 , �1
(4,4) =


10001110
01001101
00101011
00010111

 ,

�0
(5,5) =


0111100000011110
0100011100011101
0010010011011011
0001001010110111
0000100101101111


, �1

(5,5) =


1000011111100001
1011100011100010
1101101100100100
1110110101001000
1111011010010000


.

Base matrices of related XVCSs are demonstrated below.

�
-,0
(2,2) = �0

(2,2) , �
-,1
(2,2) = �1

(2,2) , �
-,0
(3,3) = �0

(3,3) , �
-,1
(3,3) = �1

(3,3) ,

�
-,0
(4,4) = �0

(4,4) , �
-,1
(4,4) = �1

(4,4) , �
-,0
(5,5) = �0

(5,5) , �
-,1
(5,5) = �1

(5,5) ,

�
-,0
(2,4) =


101010000000
100000101000
001000100010
000010001010

 , �
-,1
(2,4) =


101010000000
010000101000
000100010010
000001000101

 ,
�
-,0
(3,4) =


0110011001100000
0101010100000110
0011000001010101
0000001100110011

 , �
-,1
(3,4) =


1001100110010000
0101010100001001
0011000001010101
0000001100110011

 .
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Base matrices of related NVCSs are provided as follows.

�̃0
(1,2) =

[
10
01

]
, �̃1

(1,2) =

[
11
11

]
, �̃0

(1,3) =


011
101
110

 , �̃1
(1,3) =


111
111
111

 ,
�̃0
(2,3) =


101011
101110
111010

 , �̃1
(2,3) =


101011
011110
110101

 , �̃0
(1,4) =


0111
1011
1101
1110

 , �̃
1
(1,4) =


1111
1111
1111
1111

 ,
�̃0
(2,4) =


101010111111
101111101011
111011101110
111110111010

 , �̃1
(2,4) =


101010111111
011111101011
110111011110
111101110101

 ,
�̃0
(3,4) =


0110011001101111
0101010111110110
0011111101010101
1111001100110011

 , �̃1
(3,4) =


1001100110011111
0101010111111001
0011111101010101
1111001100110011

 ,

�̃0
(1,5) =


01111
10111
11011
11101
11110


, �̃1

(1,5) =


11111
11111
11111
11111
11111


,

�̃0
(2,5) =


01010101111111111111
01111111010101111111
11011111011111010111
11110111110111011101
11111101111101110101


, �̃1

(2,5) =


01010101111111111111
10111111010101111111
11101111101111010111
11111011111011101101
11111110111110111010


,

�̃0
(3,5) =


0110011001100110011001101111111111111111
0101010101011111111111110110011001101111
0011111111110101010111110101010111110110
1111001111110011111101010011111101010101
1111111100111111001100111111001100110011


,

�̃1
(3,5) =


1100110011001100110011001111111111111111
1010101010101111111111111100110011001111
1001111111111010101011111010101011111100
1111100111111001111110101001111110101010
1111111110011111100110011111100110011001


,

�̃0
(4,5) =


0111000101110001011100010111000111111111
0100110101001101010011011111111101110001
0010101100101011111111110111000101001101
0001011111111111001010110010101100101011
1111111100010111000101110001011100010111


,
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�̃1
(4,5) =


1000111010001110100011101000111011111111
0100110101001101010011011111111110001110
0010101100101011111111110100110101001101
0001011111111111001010110010101100101011
1111111100010111000101110001011100010111


.

Base matrices of related NXVCSs are illustrated below.

�̃
-,0
(1,2) =

[
∗0
0∗

]
, �̃

-,1
(1,2) =

[
1∗
∗1

]
, �̃

-,0
(1,4) =


0 ∗ ∗∗
∗0 ∗ ∗
∗ ∗ 0∗
∗ ∗ ∗0

 , �̃
1
(1,4) =


1 ∗ ∗∗
∗1 ∗ ∗
∗ ∗ 1∗
∗ ∗ ∗1

 ,

�̃
-,0
(2,3) =


1010
1010
1010

 , �̃-,1
(2,3) =


1010
0110
0101

 , �̃
-,0
(1,5) =


0 ∗ ∗ ∗ ∗
∗0 ∗ ∗∗
∗ ∗ 0 ∗ ∗
∗ ∗ ∗0∗
∗ ∗ ∗ ∗ 0


, �̃1

(1,5) =


1 ∗ ∗ ∗ ∗
∗1 ∗ ∗∗
∗ ∗ 1 ∗ ∗
∗ ∗ ∗1∗
∗ ∗ ∗ ∗ 1


,

�̃
-,0
(2,4) =


0101
0101
0101
0101

 , �̃
1
(2,4) =


1010
0110
0101
1001

 , �̃
-,0
(2,5) =


0101 ∗ ∗
010101
01 ∗ ∗01
010101
∗ ∗ 0101


, �̃

-,1
(2,5) =


0101 ∗ ∗
100101
10 ∗ ∗10
011010
∗ ∗ 1001


,

�̃
-,0
(1,3) =


0 ∗ ∗
∗0∗
∗ ∗ 0

 , �̃-,1
(1,3) =


1 ∗ ∗
∗1∗
∗ ∗ 1

 , �̃
-,0
(3,4) =


01100110
01010110
00110101
00110011

 , �̃
1
(3,4) =


11001100
10101100
10011010
10011001

 ,

�̃
-,0
(3,5) =


011001100110
010101010110
001101100101
001101010011
010100110101


, �̃

-,1
(3,5) =


110011001100
101010101100
100111001010
100110101001
101010011010


,

�̃
-,0
(4,5) =


011100010111000101110001
010011010100110101110001
001010110100110101001101
000101110010101100101011
000101110001011100010111


, �̃

-,1
(4,5) =


100011101000111010001110
010011010100110110001110
001010110100110101001101
000101110010101100101011
000101110001011100010111


.

B THEORETICAL ESTIMATION OF CONTRAST FOR THE TWO SCHEMES
Let B and B′ be the secret pixel and recovered secret pixel. We denote !B′B=0 (resp. !

B′
B=1) as the average brightness

(i.e., probability to be white) of the recovered result B′ when the secret pixel is B = 0 (i.e., B = 1). Hence, the
contrast can be evaluated by U = !B

′
B=0 − !B

′
B=1.

For the proposed (2,∞) scheme, when B = 1, the 2 shared pixels are randomly generated.The average brightness
of the recovered result by stacking 2 random shared pixels is computed as !B′B=1 = (1/2) × (1/2) = 1/4. When B = 0,
the 2 shadow pixels are the same. We achieve !B′B=0 = 1/2. Thus, the contrast of the proposed (2,∞) scheme is
calculated by U = 1/2 − 1/4 = 1/4. Similarly, when employing the XOR decryption, we have !B′B=1 = 1/2 (because
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the 2 shadow pixels are random) and !B′B=0 = 1 (since the 2 shared pixels are the same). Consequently, the contrast
of the proposed (2,∞) scheme using XOR operation is achieved as U = 1 − 1/2 = 1/2.
For the proposed (:,∞) method, the base matrices of (2, 2) VCS [13] are used, as given in Appendix A. The

secret recovery of the proposed (:,∞) scheme can refer to Fig. 2, where 2 shared pixels from the (2,∞) scheme and
(:−2) shadow pixels belonging to the (2, 2) methods are involved. When B = 1 (resp. B = 0), the average brightness
of the recovered result by stacking these : shared pixels is calculated by !B′B=1 = (1/2): (resp. !B′B=0 = (1/2):−1). As
a result, the contrast is obtained by U = (1/2):−1 − (1/2): = (1/2):−1. For the proposed technique using XOR
decryption, the same base matrices are used for the (2, 2) method. If B = 1 (resp. B = 0), the average brightness of
the recovered result by XOR-ing the : shadow pixels is achieved as !B′B=1 = (1/2) × 0 + (1/2) × (1/2) = 1/4 (resp.
!B

′
B=0 = (1/2) × 1 + (1/2) × (1/2) = 3/4). The contrast using XOR decoding is calculated by U = 3/4 − 1/4 = 1/2.
For the improved method using stacking decryption, the base matrices of NVCS and VCS are achieved from

Chen’s approach [3] and Naor and Shamir’s method [13], respectively. When using XOR decryption, the base
matrices of NXVCS are derived based on Construction 2 of [27] using our proposed partition algorithm. While
the base matrices of monotone XVCS are constructed from [19]. All base matrices are illustrated in Appendix A.
As different base matrices would introduce different contrasts, the theoretical value is evaluated case by case.
Generally, for any : participants, suppose the first 2 (1 ≤ 2 ≤ :) participants come from the same generation �D

and the remaining (: − 2) participants belong to future generations �D+1, �D+2, · · · . Theoretical estimation is
provided as follows. When 2 = : , all the : participants are from the same generation, the contrast of secret B is
directly evaluated based on MVCS. When 2 < : , secret B is recovered based on the two shared pixels 3D2 and 3̃D2
from the (2, 2) method, where 3D2 is decrypted by the first 2 participants via MVCS and 3̃D2 is reconstructed by the
remaining (: − 2) participants via the (: − 2,∞) scheme. Once the average brightness values of 3D2 and 3̃D2 are
obtained, we can derive the contrast of B . The contrast using XOR decryption can be estimated by the same way.
Remember that, we might have different contrasts due to different values of 2 are utilized.
We demonstrate the contrast estimation via the improved (2,∞) scheme using stacking operation. Suppose

the number of participants in each generation is 2. The (1, 2) NVCS and (2, 2) VCS are adopted to build a (1, 2, 2)
MVCS. (1) When 2 participants come from the same generation, secret B is directly decrypted from the (1, 2, 2)
MVCS. The average brightness of the recovered result is !B′B=1 = 0 (resp. !B′B=0 = 1/4) when B = 1 (resp. B = 0).
Hence, the contrast of B is computed as U = 1/4. (2) When 1 participant comes from �D and 1 user belongs to
future generation, we can obtain 3D1 from the (1, 2, 2) MVCS and 3̃D1 from the (1,∞) scheme. For 3D1 , according
to the (1, 2, 2) MVCS, the average brightness of the reconstructed result 3D′1 by one shared pixel is !3

D′
1

3D1 =1
= 1/4

(resp. !3
D′
1

3D1 =0
= 1/2) when 3D1 = 1 (resp. 3D1 = 0). For 3̃D1 , each shared pixel from the (1,∞) scheme is the same

as 3̃D1 . We have !
3̃D′1
3̃D1 =1

= 0 (resp. !3̃
D′
1

3̃D1 =0
= 1) when 3̃D1 = 1 (resp. 3̃D1 = 0). Moreover, 3D1 and 3̃D1 are derived

from the (2, 2) scheme based on B . When B = 0 (resp. B = 1), we achieve 3̃D1 = 3D1 = 0 or 3̃D1 = 3D1 = 1 (resp.
3̃D1 = 1, 3D1 = 0 or 3̃D1 = 0, 3D1 = 1). Therefore, when B = 0, the average brightness of the result by stacking

the recovered 3D′1 and 3̃D′1 is !B′B=0 = (1/2) × !
3̃D′1
3̃D1 =0

× !
3D′1
3D1 =0

+ (1/2) × !
3̃D′1
3̃D1 =1

× !
3D′1
3D1 =1

= 1/4. When B = 1, we

achieve !B′B=1 = (1/2) × !
3̃D′1
3̃D1 =1

× !
3D′1
3D1 =0

+ (1/2) × !
3̃D′1
3̃D1 =0

× !
3D′1
3D1 =1

= 1/8. Consequently, the contrast is computed as
U = 1/4 − 1/8 = 1/8.
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