BAIRE SPACES, TYCHONOFF POWERS AND
THE VIETORIS TOPOLOGY™
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ABSTRACT. In this paper, we show that if the Tychonoff power X* of
a quasi-regular space X is Baire then its Vietoris hyperspace 2% is also
Baire. We provide two examples to show that the converse of this result
does not hold in general, and the Baireness of finite powers of a space
is insufficient to guarantee the Baireness of its hyperspace.
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1. INTRODUCTION

All topological spaces considered in this paper are assumed to be Haus-
dorff, although it is not always necessary to do so. Let X be a topological
space. In this paper, 2% denotes the hyperspace of X consisting of all
nonempty closed subsets of X endowed with the Vietoris topology [7]. A
canonical base for this topology is given by all subsets of 2% of the form

<%)::{F€2X:F§U%, FﬁV#@foranyVE%},

where % runs over the finite families of nonempty open subsets of X. In
the sequel, 2% will always carry this topology. In addition, all powers of X
are endowed with the Tychonoff product topology.

Recall that a space X is Baire if the intersection of every sequence of
dense open subsets in X is dense. The well-known Baire category theorem
claims that every complete metric or locally compact Hausdorff space is
Baire. Due to the importance of the Baire category theorem in analysis and
topology, it is interesting to know when the hyperspace 2% of a Baire space
X is still Baire. In 1975, McCoy [6] first considered this problem, and proved
that if X is a quasi-regular Baire space with a countable pseudo-base, then
2X is Baire. Here, a pseudo-base (also called a m-base) for X is a family
of nonempty open sets & such that for every nonempty open set U of X
there is P € & with P C U. In the same paper, McCoy also indicated
the interest in determing whether 2% must be Baire for every metric Baire
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space X. Recently, this question of McCoy has been solved by Cao, Garcia-
Ferreira and Gutev in [1]. It is proved in [1] that if 2% is Baire, then X" is
Baire for all n < w. By combining this result with a classical example in [3],
it is concluded that there exists a metric Baire space X whose hyperspace
2X is not Baire. Motivated by all these known facts, we shall consider the
following question in this paper.

Question 1.1. Given a space X, is there any relation between the Baireness
of the countable power X¥ and that of 2% ¢

In Section 2, we first prove that if X is quasi-regular and X“ is Baire,
then 2% is also Baire. As a corollary of this theorem, the main result of
McCoy in [6] is deduced. Also, an affirmative solution of an oral question
due to W. B. Moors is deduced from this theorem. In Section 3, we shall give
two examples. The first one is a metric Baire space space X such that 2%
is Baire but X“ is not Baire, and the second one is a metric Baire space all
of whose finite powers are Baire but whose Vietoris hyperspace is not Baire.
Our major tool in achieving these results is the following characterization of
Baire spaces in terms of the Choquet game.

Theorem 1.2 ([4], [8], [10]). A space X is Baire if, and only if the first
player does not have a winning strategy in the Choquet game played in X .

Recall that the Choquet game (or the Banach-Mazur game) Ch(X) played
in a space X is the following two-player infinite game. Players, called 3 (the
first player) and « (the second player), alternatively choose nonempty open
subsets of X with g starting first such that

Uy2Vo2oU12V1 D+

In this way, a run ((Up,V,) : n < w) will be produced. Then « is said to
win this run if N, Un(= Nyew Vo) # @. Otherwise, we say that § has
won. By a strategy o for player 3, we mean a function defined for all legal
finite sequences of moves of a. If o is a strategy for § in Ch(X), o(9)
denotes the first move of 3. A finite sequence (Vj, ..., V4,) of nonempty open
sets of X is called a partial play of o subject to o in Ch(X) if Vj C o(2)
and Viy1 C o(Vo,...,V;) C V; for all i < n. Similarly, an infinite sequence
(Vi : n < w) of nonempty open sets of X is called a (full) play of o subject
to o if Vo C 0(@) and V41 C o(Vo, ..., Vi) €V, for all n < w. Strategies for
player a, partial plays and (full) plays for 3 subject to a strategy of o can be
defined similarly. In addition, a winning strategy for a player is a strategy
such that this player wins each play of its opponent subject to this strategy
no matter how the opponent moves in the game. If o has a winning strategy
in Ch(X), then X is called weakly a-favorable. Evidently, it follows from
Theorem 1.2 that every weakly a-favorable space is Baire. However, Baire
spaces which are not weakly a-favorable do exist, for example, any barely
Baire space in [3] or any Bernstein set.

Readers should refer to [11] for more information on topological games.



2. THE BAIRENESS OF X“ IMPLIES THAT OF 2%

The main purpose of this section is to prove the following theorem which
is stated in the title of the section.

Theorem 2.1. Let X be a quasi-regular topological space. If X“ is Bajire,
then 2% is Baire.

Recall that a space X is said to be quasi-regular if for every nonempty
open set U of X there exists a nonempty open set V in X such that V C U,
where V is the closure of V in X. Theorem 2.1 has the following immediate
consequences.

Corollary 2.2 ([6]). If X is a quasi-regular Baire space having a countable
pseudo-base, then 2% is Baire.

Proof. By Theorem 3 in [9], X“ is Baire. Then the conclusion follows from
Theorem 2.1. 0

Corollary 2.3. If X is a quasi-reqular weakly a-favorable, then 2% is Baire.

Proof. It is known that the countable product of any family of weakly a-
favorable spaces is weakly a-favorable. Thus, if X is weakly a-favorable,
then X% is weakly a-favorable. Since every weakly a-favorable spaces is
Baire, the conclusion follows from Theorem 2.1. O

The next corollary gives an affirmative answer to a recent oral question
due to W. B. Moors.

Corollary 2.4. If X is a metric hereditarily Baire space, then 2% is Baire.

Proof. 1t is shown in [2] that the product of any family of metric hereditarily
Baire spaces is Baire. Thus, X“ is Baire if X is a metric hereditarily Baire
space. Now, the conclusion follows from Theorem 2.1. ]

To prove Theorem 2.1, we need some preparation. Let 79(X) be the family
of all nonempty open sets of a space X, and let [79(X)]<“ be the family of
all finite sets in 79(X). For each % = {Uy, ...,Upn—1} € [10(X)]<¥, let

(%] = [Uo,...,Up—1] := (H;@;Ol Ui)  XwNn

be the basic open set in X“ defined by % in this particular order. Let
¥V ={W, ..., Vin—1} be another member of [15(X)]<“. Then, [Uy, ..., Uy,—1,¥]
is defined by letting

[U(), --~7Un—1,7/] = (H?:_QI Uz) v (H;rl—ol V;) w Xw(num)

If [7] C [%], then we shall always assume n < m and V; C U; for all i < n.
Furthermore, if X is dense-in-itself, then it is easy to see that

R(XY) :={[%] : % is pairwise disjoint and % € [1o(X)]<“}
is a pseudo-base for X“. On the other hand, it can be verified that

3(2%) := {(%) : % is pairwise disjoint and % € [1(X)]<*}
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is always a pseudo-base for 2% for any space X. If (#) and (%) are members
of (2%X), it can be verified that (#) C (%) if, and only if for i < n—1 there
is j <m—1suchthat V; CU; and U¥ CU%, see [7]. Thus, if (¥) C (%),
then we can conclude m > n, and we shall always assume V; C U; for all
i <n —1 (after re-arranging terms).

Proof of Theorem 2.1. Suppose that o is a strategy for player 8 in Ch(2%).
We shall show that ¢ is not a winning strategy for 8. To this end, we
shall first apply o to define inductively a strategy 6 for 5 in Ch(X%), and
then apply the Baireness of X“. Without loss of generality, we shall restrict
moves of B and « in Ch(2X) on J(2%), since F(2%X) is a pseudo-base for
X First of all, we shall consider the case when X is dense-in-itself. In this
case, R(X¥) is a pseudo-base forX“. Thus, we shall restrict moves of 5 and
a in Ch(XY) on R(X*).
Step 1. Suppose o(@) = (Ug,...,UY _;). Then, we define §(2) by letting
0(2):=[U§,....U3 _1]. Put n_y =m_; = 0.

If o responds to 6(2) by selecting a finite family of nonempty open sets
Iy such that [IIp] € R(X¥) and [IIp] € (). Then, |H0| > ng. For
simplicity, we write Iy = £§ U '), where ) = {V{,..., V2 _;} and I'f§ =
{Wg, ... W 1} If mg = 0, I§ = @. Further, since V? C U for all
i < ng, then (3§) C o(@). Suppose that o((X§)) = (U, ...,Up}, _ 1> where
ni > ng + mg. Since X is quasi-regular, we may require

o((£0)) = (U, -, Up,_1) € (£0)-
Evidently, we have U} C UY for each h < ng. Define §([IIy]) by letting
‘9([1_[0}) = [Ut}v .. Ul() 1s F0> Ur%,oa ) Unll—l]‘
Suppose that we have defined 6 for all finite sequences ([II;] : ¢ < k — 1) of
length &k — 1 (k > 2) in J(X¥) satisfying
(it) X% ={Vy :nj_1 < h <ny} and T = {W] : mj_1 < h < my} for all
j<iandi<k—1'
(iii) n < ng_g and mg < ... < Mmp_s9;
(iv) n; +m; < niqq for all i < k —2;
(v) [;41] € O([Ip), ..., [IL;]) € [IL;] for all ¢ < k — 2;
)
)

(vi

a({20), -, <Uj§i Z;» = <Ué+la U:l++11 1) foralli <k —1;

(vit) (U, .., U ) C (Uj<i B5) for all i < k — 1.

Ni41— 1

It follows from (vi) and (vii) that U™ C U} for all h < n; and i < k — 1.

Step k4 1. Let ([II;] : i < k) be a finite sequence of length k in &(2%) such
that ([IL;] : ¢ < k) satisfies (i)—(vii) and [IIx_1] = Uj<k(2§*1 U F?il), where
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S = (VI < h <y} and TS = (W sy < b < gl for
all j < k. Suppose that

o ((Z), s (Uick TF71) = (US, -, Up, 1)

such that <U7§,...,Uk ) € (Uick Zi.“*l}, where ng > ng_1 + mg_1. Then,

TLk—l

it is clear from the hypotheses that U,]fﬂ C U,’f for all A < ng. Finally, we
define 0([Iy), ..., [[Ix_1]) by letting

0(Mo), ..., (M—1]) == (U}, ..., UE |, T, ..., UF Uk

Ng—27 """ Y np_1—17
lfk lfk
Ng_17 """ nkfl]'

k—1
Fk—l’

This completes the definition of the strategy 6.

Since X“ is a Baire space, then 6 is not a winning strategy for player 3
in Ch(X%). Hence, there exists a play ([IIx] : k < w) of player o subject to
0 in Ch(X¥) such that M., [I1x] # @, where each [II;] has the form as that
in (i)-(vii). Note that ((U;<x X¥) : k < w) is a play for player o subject to
o in Ch(2%). Fix any arbitrary point (2;) € Ny<,[Ik]. For each k < w, let
A ={z :np_1+mp_1 < i <ng}. Then, put A = J,,, Ai. It follows from
the construction of # that for each i < w,

Ur<i Ak € a((Z0), -+ (Uj<i-1 23‘_1»-

Consequently, A € Nik<w(Uj<k Ef) Therefore, o is not a winning strategy
for player 3 in Ch(2%). By Theorem 1.2, 2X is a Baire space.

If X is not dense-in-itself, then some of open sets appeared in (i)—(vii)
could be singletons. In this case, the previous argument still works with just
a slight modification. O

3. TWO EXAMPLES

In this section, we shall present two examples as promised in the abstract.
These examples are variations of the example given in Remark 9 of [3].

Let ST be the collection of all functions from a set S to a set T. Given a
cardinal k, let F'Sy; be the set of all finite sequences in &, i.e., F'Sy = U{x" :
n < w}. For each o € FSy, let dom o be the domain of o. Then o™ is
oU{(dom o,7)}, that is, o with v stuck on the end. Let .J,, be the space of
k¥ equipped with the metric d defined such that for any f, g € kK,

[0, if f(n) =g(n) for all n € w;
d(f.9) = { 27" if f # g and n is the least with f(n) # g(n).

For any f € J,, if ¢fk > w, then we put f* :=sup{f(n)+1:n < w}. A
subset C' of an infinite cardinal k is called cub if it is closed unbounded, and
a subset A of k is called stationary in k if A intersects every cub set C in k.
For basic properties of cub and stationary sets, readers should refer to [5].
Let ¢ be the continuum. The next cardinal after ¢ is ¢, and C, ¢ is the
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subset of ¢ consisting of all ordinals of cofinality w. It is known that C,c*
is stationary, and C,c™ can be split into ¢t disjoint stationary subsets of
¢t. Let {A; : x € J,} be a family of disjoint stationary subsets of C,c*.

Example 3.1. There ezists a metric Baire space X such that 2% is Baire,
but X% is not Baire. For each y € J,, define

Cy = J{4y 1 ¥/ € J, and y(0) # 5/ (0)},
and then our desired space X is defined by
X ={[f)eJ,xJ+:fely}

and is equipped with the metric inherited from the product space J, X J+.
For each o0 € F'S,, and 7 € F'S.+, we shall define

B(Jﬂ—) = {<y’ f> < Jw x JC+ Y rdom c=0 and f rdom T = 7'}.

e X% is not Baire.

To see this, for any i, j, k < w, let us define

Diji := {{{yo, fo),---) € X¥ : min(f7, f}) > max(fi(k), f;(k))}.
In addition, for each ¢ < w, we define

Ep = {{{yo, fo), -+) € X¥ : £ C{yo(0),...,yn(0)} for some n < w}.

It can be checked all D;;;’s and Ey’s are dense open in X*“. We claim

i jke<w(Dijr N Ep) = 2.
If not, there exists a point ((yo, fo), ) in X* such that

<<yOa f0>7 T > € ﬂi,j,k,€<w (Dl]k n Ef)

Then, it is clear that f§ = ff =--- =~ for some v € C,ct. By definition,
v e Cy, for all n < w. Thus, if we pick some z € J, such that v € A, then
A, C Cy, for all n < w. This implies that z(0) # y,(0) for all n < w, and
thus 2(0) € {yn(0) : n < w}. On the other hand, by definition of E,’s, we
have w = {y,(0) : » < w}. This is a contradiction.

e 2X is Buaire.

Suppose that 6 is a strategy for player 3 in Ch(2%). We shall show that
f is not a winning strategy for 3. To this end, we need some preparation.
Define J# such that ¥ € # if and only if there are m,n € w such that
¥ ={(00,70), s (On—1,Tn—1)}, where o; € F'S,, and 7; € F'S.+ for all i < n,
and dom o = dom 7 = m for all (o,7) € X. Then,

B ={{BorNX:(o,7)EX}) Y€ X}

is a pseudo-base for 2%. Assume that 0(@) € %, and (Ag, ..., Ap_1) is a
partial play for player « satisfying

AO - 0(®)7 Ak+1 - 0(A077Ak) - Ak
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for all kK <n—1 and A € & for all k < n. For brevity, given > € J#, put
(2) = ({Blory N X : (0.7) € T}).
We shall define a function (associated with 6) Fj as follows:

(i) @ € dom Fy, and Fy() = X, where (X) = 0(9);

(ii) for any (3o, ..., 2n—1) € Z ™, n > 0, if ((Xg),..., (Xn_1)) is a partial
play of player « subject to 6, then (X, ...,%,_1) € dom Fy and, in
this case, let Fy(Xo, ..., Xp—1) = 2, where (X) = 0((Xo), ..., (En—1))-

For any v < ¢, define
H |y ={EeX :7(i) €y for all (0,7) € ¥ and all i € dom 7}.

We shall call v a fized point of Fp if Fp[( [y) Ndom Fp] C 7 [,. Let
C' be the set of all fixed points of Fy. We claim that C is a cub set in ¢*.
First, we check that C' is closed in ¢*. To this end, let {y¢ : { < p} € C and

v = sup{7e : £ < pu}. Then
Fo[( 1y) Ndom Fy] = U, Fol(H [4,) N dom Fy]

QU5<W%/H§=«%/H-

To see that C' is unbounded in ¢, let a < ¢ be arbitrary. Define vy = a.
Then we define v; (¢ > 0) by induction such that

Fol(r [%) Ndom Fy] C .7 |
This is possible, since the size of the set

{r(@)): X eX |, (0,7) € ¥ and i € dom 7}
is at most of ¢. Let v = sup{~; : i < w}. Then, it is easy to see that v € C.

Let ¥y # @ be such that (¥g) C 6(@). Then, there is an m > 0 such

that dom o = dom 7 = m for all (0,7) € Xy. Fix some y’ € J,, such that
y'(0) € {o(0) : (o, 7) € Xo}, and pick § € A, NC and an increasing sequence
{6; 11 <w} such that § = sup{d; : i <w} and Xy € % [5. By induction, let
Y0, .., X, be defined such that ((X¢), ..., (¥,,)) is a partial play of a subject
to 6 and 3; € & |s for all i <n. Put ¥ = Fp(X, ..., Xy, ), and then define

Ypt1:={(070,776,) : (0,7) € X} € K.
Then ((3o), ..., (Xn+1)) is a partial play of a subject to 6, and

(X0 ey Xny1) € K s .

Continue this process inductively, we produce a play {(X,) : n < w} of
player a subject to . We claim (,,.,(X,) # @. To see this, let

F = ﬂn<w U{B(O',’T) : (Ua T) € En} (*)
It is clear that F'is a closed set in J, X J+. In the sequel, we shall verify that
F € Np<w(Zn). First, we show that £ C X. Take any (y, f) € F. There is
a sequence {my, : n < w} such that for every (o,7) € ¥,,, dom ¢ = dom 7 =
my. It follows that (y [m,, f [m,) € Xy for all n < w. Thus, f* =0 € Ay.

Yi+1 -
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Since y'(0) # y(0), then A, C C,. This implies that (y, f) € X. Second,
we show B, ) N F # & for any n € w and for any (o,7) € ¥,. Since
(Xntk+1) € (Epak) for every k < w, by induction over k < w, there are
(on, ™) = (0,7) and (0pik, Thak) € Bptk such that (op,4k, Thik) extends
(Cnakss Tnokr) whenever k > k/. Then, it follows that
(Uk<w Ontks Upcw Tntk) € Nicw Bopinirarn) € F

This implies F'N B, ;) # @. Thus, we have verified F' € ., (3n)-

The argument in the previous paragraph shows that {(X,) : n < w} is a

play which witnesses @ not to be a winning strategy for player 8 in Ch(2%),
and thus by Theorem 1.2, 2% is Baire. O

The proof of the next lemma is similar to that of Lemma 1 in [3].

Lemma 3.2. Let k > w be a regqular cardinal. If K C (J,)™ is closed and

{a:fo = =fm=aad(fo, .., fm1) € K}
is stationary, then there is a cub set C in k such that CNCyuk CW.

Example 3.3. There exists a metric space X such that X™ is Baire for all
n < w, but 2% is not Baire. For each y € J,,, define a subset I, C J, such
that ¥ € I, if, and only if
max{n € w:y(n) =9'(n)} <max{n € w:y'(n) >n} <w.
Then, let Cy :=U{Ay : ¥/ € I}, and our desired space X is defined by
X:={{y, f)€JoxdJx+: [ eCy},
and is equipped with the metric inherited from the product space J, x J +.

e X™ is Baire for all m < w.

To do this, fix an m < w, and let 2 = {D; : i < w} be a family of dense
open sets in (J, X J.+)™, V a nonempty open subset in (J, x J+)™. Put
Wi={a<ct:ff=--=f}_,=aand
<<y07 f0>7 ceey <ym—17 fm—1>> evn (ni<w Dl)}

We claim that W is stationary. Let C be a cub set in ¢*. Define inductively
a decreasing family of clopen subsets {H,, : n < w} in (J, X J+)™ whose
diameter converges to 0 such that Hy C V', Hopio € Dy, and Hopyq insures
fo == fm_1 €C, where

o, fo), o (Ym—1, fm—1))} = Nicw Hi-

This verifies the claim.

For a point p = ((yo', fo)y oo (YUm—1, fm—1)) in (Ju» X Je+)™, an h € w”
and @ € w, let B(p,z_h(’)) be the ball centered at p with radius 27 i.e.,
<7<gO¢ f0>7 ) <ym71> fm71>> € B(p7 2_h(2)) ifa and Only lfﬂj rh(z): Yj rh(z) and
I Th@y= i Th@) for all j <m. For each § = (yo, ..., ym—1) € (Ju)*, define



Wi :=Ha: fg == fr_1 =aand
B(p,27") C D; NV for all i € w}.

Since W C U{Wy, : ¥ € Jo,h € w*} and W is not the union of ¢ non-
stationary sets, it follows that there are h € w* and

g = <y07 e ym—1> € (Jw)m
such that Wy, is stationary. By Lemma 3.2, there is a cub set C'in ¢t with
CNCuet C Wy, Choose § € (m+1)* with g(n) & {yo(n), - - ym—1(n)} for
all n € w. By definition, Ay C Cy, for all i < w. Let

BeA;NCC AyN Wy,
Then there exists (fo, ..., fm—1) € (Je+)™ such that
(Yo, fo) s (Ym—1, fm—1)) SV N (Miew Di)
and f§ =---= fy_; = 8. Thus, f; € Ay C Cy, for all k € w. Therefore,
VN (Nicw Di) N X™ # @,
which implies that (;,, D;) N X™ is dense in X™, and thus X™ is Baire.
e 2% s not Baire.

We shall define inductively a winning strategy 6 for player 3 in Ch(2%).
To this purpose, let # and % be defined as in Example 3.1. Given ¥ € ¢,
let m € w be such that dom ¢ = dom 7 = m for all (o, 7) € X. Define

Oy = max{7(k) : (o,7) € Z,k <m} +1,

FX):={(c"k,70x) : (0,7) € X, k <m}.
Let 6(@) € £ be arbitrary. Suppose that ((X¢), ..., (Xn—1)) is a partial
play of a subject to 6 in Ch(2X). Then, we define 6((3g), ..., (Zn_1)) =
(F(X5,-1)). Continuing this process inductively, we shall define the strategy

6. To see that 6 is winning strategy for 8, we will verify ), (X,) = @ for
any play {(X,) : n € w} of a subject to #. In case that

Y:=Xn mn<w(U{B(U,T) (o,7) € Zn}) =g,

we are done. Otherwise, one can pick (y, f) € Y. Since (y, f) € X, there
exists y' € J, such that f* € Ay and {n € w:y'(n) > n} is finite. Let

M :=max{n € w:y'(n) > n}.

Let N € w be such that my > M and (y [my, f Imy) € En. By hypothesis,
(Y Imn) "k, (f Tmy) " 0ny) € F(EN)

for each k < my. Since my > M, it follows that y'(my) < mpy. Therefore,
(Y Tmn) "Y' (M), (f Tmy) d5y) € F(EN).

Since (Xn+1) € (F(EN)), (¥ [my) "Y' (mN), (f Tmy) dsy) has an exten-
sion (7,7) € ¥n41.
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Suppose that F' is a nonempty subset of X such that F' € (,c,(Xn). In
particular, F' € (Xn11) and F'N Bz # 9. So, there is (r,9) € F'N Bi7).
Let {m, : n € w} be such that dom ¢ = dom 7 = m,, for all (o,7) € %,.
Then ( [m,, 9 Im,) € Xn and (Y [m,, [ [m,) € Ep for all n < w. Thus,

g(my) = f(my) = 0s, = max{g(k) : k < my}
=max{f(k): k < my}.
Therefore, g* = f* € A, C C,. This implies that 3’ € I, and thus
M > max{n € w:z(n) =9 (n)}.

However, my > M and z(my) = a(my) = y'(my). This is a contradiction.
Therefore, 6 is a winning strategy for player . O
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