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This paper proposes a new model, the linear-rational Wishart model, which allows the joint modelling of 
mortality and interest rate risks. Within this framework, we obtain closed-form solutions for the survival bond 
and the survival floating rate bond. We also derive a closed-form solution for the guaranteed annuity option, i.e., 
an option on a sum of survival (floating rate) bonds, which can be computed explicitly up to a one-dimensional 
numerical integration, independent of the model dimension. Using realistic parameter values, we provide a model 
implementation for these complex derivatives that illustrates the flexibility and efficiency of the linear-rational 
Wishart model.
1. Introduction

A guaranteed annuity option (GAO) is an important insurance 
derivative that gives the holder the right, but not the obligation, to pur-

chase an annuity that will pay a specified amount at some pre-specified 
dates, conditional on the holder’s survival at those dates.

In Dahl (2004), followed by Biffis (2005), the authors set up the mor-

tality modelling framework that is based on the standard vector affine 
framework of Duffie and Kan (1996). Following these works, many pa-

pers have addressed the problem of pricing mortality derivatives. As 
these derivatives also have an interest rate dimension, they are inher-

ently hybrid, i.e., interest rate/mortality derivatives. Although most of 
the literature assumes that interest rates and mortality are independent, 
there is some recent evidence that interest rates and mortality should 
be correlated in some circumstances, see Li et al. (2023). From a the-

oretical point of view, there are a number of papers that make this 
assumption and focus on the pricing of guaranteed annuity options, see 
Jalen and Mamon (2009), Liu et al. (2014) and Deelstra et al. (2016).

Deelstra et al. (2016) work is important to us for two reasons. First, 
it is one of the very few papers in the insurance field to uses the Wishart 
process, a multidimensional matrix affine process that allows for a fairly 
general correlation structure between its components, a feature that is 
important when tackling the difficult problem of modelling dependen-
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cies, whether between interest rate and mortality intensity or between 
different mortality intensities. For another application of the Wishart 
process to actuarial science, see Chiarella et al. (2014). Secondly, the 
authors rightly point out that the guaranteed annuity option is similar 
to an option on a coupon bearing bond, and it is well known that this 
type of derivative is numerically very difficult to price. In fact, in an ex-

ponential affine model the zero coupon bond, or a survival bond when 
considering a mortality derivative, is an exponential affine function of 
the state variable. As a result, a coupon bearing bond, or a survival 
annuity when considering a mortality derivative, is a sum of variables 
that are exponential affine in the state variable and the density of this 
sum is unknown, making the pricing of a derivative on this sum, either 
an option on a coupon bearing bond or a guaranteed annuity option, 
impossible to compute.

There are some price approximations available in the literature. 
In finance, an important contribution is Collin-Dufresne and Goldstein 
(2002) which proposes to approximate the density of the sum of zero 
coupon bonds using the moments of that sum. Their result relies cru-

cially on the exponential affine property of the zero coupon bond and 
the fact that the moments of a sum of zero-coupon bonds are also an 
exponential affine function in the state variable. In the actuarial liter-

ature, Zhao and Mamon (2018) also raise the problem that to price a 
guaranteed annuity option one needs the law of the sum of correlated 
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random variables that is unknown and the get around this difficulty 
they develop comonotonic upper and lower bounds that are used to 
approximate the annuity and GAO prices. Apart from these approxima-

tions, the pricing of a guaranteed annuity option is a difficult problem 
that can always be solved using a generic numerical method such as 
Monte Carlo, see e.g., Liu et al. (2014), Deelstra et al. (2016).

Having to rely on a generic numerical method such as Monte Carlo, 
or even the finite element method, is not in itself a problem, since as 
the complexity of the derivatives increases, one will inevitably rely on 
this solution. However, having a framework that allows exact and fast 
pricing of (not so) complex derivatives such as the guaranteed annu-

ity option is certainly appealing. To solve this problem, an alternative 
framework to the exponential affine framework commonly used in ac-

tuarial science is needed.

This paper contributes to the literature by developing a joint mortal-

ity and interest rate risk model in which the prices of both the survival 
bond and the survival floating bond are linear-rational functions of the 
process. The model is based on the Wishart process and thanks to its 
analytical properties it allows for a fairly general correlation between 
mortality and interest rate risks. We also show that the joint survival 
annuity is also a linear-rational function of the Wishart process. More 
importantly, we show how a guaranteed annuity option can be priced 
using a simple one-dimensional numerical integration. This is made 
possible by the linear-rational structure of the model. Using realistic 
parameter values, we analyse the sensitivity of this derivative to the 
model parameters and its dependence on the correlation structure.

The structure of the paper is as follows. Section 2 sets out the 
modelling framework. Section 3 contains the main properties of the 
linear-rational Wishart model, while Section 4 focuses on the pricing of 
derivatives. Section 5 implements the model by providing some numer-

ical examples. Section 6 concludes the paper.

2. The modelling framework

Let (Ω, , (𝑡)𝑡, ℙ) be a filtered probability space where ℙ stands for 
the historical probability measure. Denote by 𝜏𝑥 the positive random 
variable corresponding to the future lifetime of an individual aged 𝑥 at 
time 0, admitting a random intensity (𝜇𝑥(𝑡))𝑡≥0. Following Dahl (2004)

and Biffis (2005), 𝜏𝑥 is the first jump time of a nonexplosive -counting 
process (𝑁𝑡)𝑡≥0 recording at each time 𝑡 ≥ 0 whether the individual has 
died (𝑁𝑡 ≠ 0) or not (𝑁𝑡 = 0). Following Deelstra et al. (2016), let 𝑡

be the filtration generated by the interest rate process and 𝑡 the one 
associated with the mortality intensity. Denote by 𝑡 ∶=𝑡 ∨𝑡 the 
minimal 𝜎-algebra containing 𝑡 ∪𝑡. The filtration (𝑡)𝑡≥0 denotes 
the flow of information available over time and includes the knowledge 
of the evolution of the two state variables above up to time 𝑡 as well as 
whether the policyholder has died by that time. As a result, 𝑡 ∶= 𝑡 ∨𝑡, with 𝑡 ∶= 𝜎(𝟏{𝜏𝑥≤𝑠; 0≤𝑠≤𝑡}) is the smallest filtration with respect to 
which 𝜏𝑥 is a stopping time. Still following Deelstra et al. (2016), we 
assume that (𝑁𝑡)𝑡≥0 is a doubly stochastic process or Cox process driven 
by the sub-filtration  of , it implies the following survival probability

ℚ(𝜏𝑥 > 𝑇 |𝑡) = 𝔼ℚ
[
𝑒− ∫ 𝑇

𝑡
𝜇𝑥(𝑠)𝑑𝑠

||||𝑡
]
,

where 𝑡 is the current time, 𝑇 is a future date (i.e., 𝑡 < 𝑇 ) often the 
maturity of a survival bond, ℚ stands for an equivalent to ℙ risk-neutral 
pricing measure while 𝔼ℚ [.|𝑡] is the expectation under ℚ conditional 
to 𝑡. Regarding the choice of ℚ we follow Deelstra et al. (2016) and 
references therein and assume that it can be chosen on the basis of 
available market data. For papers dealing with the non-diversifiable 
nature of mortality risk leading to an incomplete market, see e.g., Dahl 
and Møller (2006), Bayraktar et al. (2009), Huang et al. (2014) and Ceci 
et al. (2015).

To price a contingent insurance claim that pays 𝑐𝑇 , which is 𝑇 -

measurable, if the insured (with age 𝑥 at time 0) survives at time 𝑇 , 
123

also known as the survival benefit, one must determine
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SB𝑡(𝑐𝑇 , 𝑇 ) ∶= 𝔼ℚ
[
𝑒− ∫ 𝑇

𝑡
𝑟(𝑠)𝑑𝑠𝟏{𝜏𝑥>𝑇 }𝑐𝑇

||||𝑡
]
, (1)

where (𝑟(𝑡))𝑡≥0 is the risk-free rate that is adapted to the filtration (𝑡

)
𝑡≥0 and is correlated with mortality intensity (𝜇𝑥(𝑡))𝑡≥0. Following 

the literature the expectation (1) is known to be given by

SB𝑡(𝑐𝑇 , 𝑇 ) ∶= 𝟏{𝜏𝑥>𝑡}𝔼
ℚ
[
𝑒− ∫ 𝑇

𝑡
(𝑟(𝑠)+𝜇𝑥(𝑠))𝑑𝑠𝑐𝑇

||||𝑡
]

= 𝟏{𝜏𝑥>𝑡}𝔼
ℚ
[
𝑒− ∫ 𝑇

𝑡
(𝑟(𝑠)+𝜇𝑥(𝑠))𝑑𝑠𝑐𝑇

||||𝑡

]
, (2)

where Biffis (2005, Appendix C) is used to show that the conditioning 
on 𝑡 can be reduced to that on 𝑡, see also Deelstra et al. (2016, Eq. (4))

which uses this argument. In the following, 𝔼ℚ [.|𝑡

]
will be denoted as 

𝔼ℚ
𝑡
[.].
An important quantity is the special case where 𝑐𝑇 = 1 in (2), it is 

denoted 𝑃 (𝑡, 𝑇 ) and is given by

𝑃 (𝑡, 𝑇 ) ∶= 𝔼ℚ
𝑡

[
𝑒− ∫ 𝑇

𝑡
(𝑟(𝑠)+𝜇𝑥(𝑠))𝑑𝑠

]
. (3)

It is commonly called the survival zero-coupon bond or survival bond 
and corresponds to a life insurance derivative that pays one dollar at 
time 𝑇 upon the survival of the insured who is aged 𝑥 at time 0 (and is 
still alive at time 𝑡). Options on such a survival bond are often analysed 
in the literature.

A slightly more complex derivative is the survival floating rate zero 
coupon bond or survival floating rate bond and following Biffis (2005, 
Eq. (17)) we define it as

𝑃f lo(𝑡, 𝑇 ) ∶= 𝔼ℚ
𝑡

[
𝑒− ∫ 𝑇

𝑡
(𝑟(𝑠)+𝜇𝑥(𝑠))𝑑𝑠(1 + 𝛾𝑟(𝑇 ))

]
, (4)

where 𝛾 > 0 is a percentage of the level of the short rate on the payment 
date 𝑇 . We can see that 𝑃 (𝑡, 𝑇 ) is just a special case of 𝑃f lo(𝑡, 𝑇 ) if we 
take 𝛾 = 0.

Having introduced these survival bonds, we can now define the (life) 
annuity, which is a collection of survival bonds, these bonds being ei-

ther survival bonds or survival floating rate bonds, i.e., a derivative that 
pays an amount on certain pre-specified dates, possibly date-dependent, 
conditional on whether the policyholder is still alive on those dates. Let 
𝑇1, … , 𝑇𝑁 be a set of yearly spaced dates such that 𝑇𝑁 = 𝑥∗ − 𝑥 − 1, 
where 𝑥∗ is the maximum age the policyholder can reach. Consider the 
derivative that pays out at time 𝑇𝑖 the amount (1 + 𝛾𝑟(𝑇𝑖)) conditional 
on the survival of the policyholder, the value of the derivative at time 
𝑡 = 0 is given by

𝑁∑
𝑖=1

𝑃f lo(0, 𝑇𝑖), (5)

with 𝑃f lo(0, 𝑇 ) given by (4) and in the special case 𝛾 = 0 we get

𝑁∑
𝑖=1

𝑃 (0, 𝑇𝑖) . (6)

The derivative of interest to us is the guaranteed annuity option, i.e., 
an option on either (5) or (6). We follow Deelstra et al. (2016, Section 
3.2) and references therein for the definition. Consider a guaranteed 
annuity option with maturity 𝑇 and let be 𝑇1, … , 𝑇𝑁 a set of yearly 
spaced dates such that 𝑇1 = 𝑇 + 1Y (where 1Y stands for 1 year) and 
𝑇𝑁 = 𝑥∗ − (𝑥 + 𝑇 ) − 1 where 𝑥∗ is the maximum age the policyholder 
can reach. The option gives the holder of the derivative at time 𝑇 , the 
maturity of the option, the amount

𝐶(𝑇 ,𝑇𝑁 ) ∶= max

(
𝑔

𝑁∑
𝑖=1

𝑃f lo(𝑇 ,𝑇𝑖),1

)

= 1 + 𝑔

(
𝑁∑

𝑃 (𝑇 ,𝑇 ) − 1∕𝑔

)

𝑖=1

f lo 𝑖

+
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= 1 + 𝑔𝐶̄(𝑇 ,𝑇𝑁 ),

where 𝑔 is the fixed rate called the guaranteed annuity rate and

𝐶̄(𝑇 ,𝑇𝑁 ) ∶=

(
𝑁∑
𝑖=1

𝑃f lo(𝑇 ,𝑇𝑖) − 1∕𝑔

)
+

, (7)

with (𝑥)+ = max(𝑥, 0). Therefore, the guaranteed annuity option value 
at time 𝑡 = 0 is given by

𝐶(0, 𝑇 , 𝑇𝑁 ) = 𝔼ℚ
[
𝑒− ∫ 𝑇

0 (𝑟(𝑠)+𝜇𝑥(𝑠))𝑑𝑠𝐶(𝑇 ,𝑇𝑁 )
]

= 𝑃 (0, 𝑇 ) + 𝑔𝐶̄(0, 𝑇 , 𝑇𝑁 ),

with

𝐶̄(0, 𝑇 , 𝑇𝑁 ) ∶= 𝔼ℚ
[
𝑒− ∫ 𝑇

0 (𝑟(𝑠)+𝜇𝑥(𝑠))𝑑𝑠𝐶̄(𝑇 ,𝑇𝑁 )
]

= 𝔼ℚ

[
𝑒− ∫ 𝑇

0 (𝑟(𝑠)+𝜇𝑥(𝑠))𝑑𝑠

(
𝑁∑
𝑖=1

𝑃f lo(𝑇 ,𝑇𝑖) − 1∕𝑔

)
+

]
, (8)

and it is sufficient to focus on the calculation of (8), which is a call 
option on a survival annuity with a strike of 1∕𝑔, as the payoff (7)

clearly shows.

Remark 2.1. The formula (8) shows the difficulty of pricing such a 
derivative in the exponential affine framework. To compute the expec-

tation, the density of the sum of survival zero-coupon bonds is needed, 
and if each (survival) zero-coupon is an exponential affine function of 
the state variable, this density is unknown. This difficulty is well ex-

plained in Biffis and Millossovich (2006, p. 36), Cairns (2004, p. 117)

and Collin-Dufresne and Goldstein (2002), with the latter work propos-

ing an approximation. The problem, then, is to develop a framework 
for which the survival zero-coupon bond has a functional form such 
that the annuity has an explicit distribution, thereby leading to a guar-

anteed annuity option price that can be exactly computed.

3. The linear-rational Wishart model

We follow Deelstra et al. (2016) and use the Wishart process for 
modelling the dependence between interest rates and mortality inten-

sity. We recall the main property of the process and refer to Deelstra et 
al. (2016) for a more detailed bibliography.

Given a filtered probability space (Ω,  , 𝑡, ℙ) we denote by 𝔼 [ ⋅ ]
(resp. 𝔼𝑡 [ ⋅ ] ∶= 𝔼 

[
⋅ |𝑡

]
) the expectation (resp. conditional expectation) 

under the historical probability measure ℙ. The Wishart process satis-

fies the matrix stochastic differential equation

𝑑𝑣𝑡 = (𝜔+𝑚𝑣𝑡 + 𝑣𝑡𝑚
⊤)𝑑𝑡+

√
𝑣𝑡𝑑𝑤𝑡𝜎 + 𝜎⊤𝑑𝑤⊤

𝑡

√
𝑣𝑡 , (9)

where 𝑣𝑡 is an 𝑛 × 𝑛 matrix belonging to the set of positive definite 
matrices denoted 𝕊++

𝑛
, 𝑚, 𝜎 belong to the set of 𝑛 × 𝑛 real matrices 

denoted 𝖬(𝑛), {𝑤𝑡; 𝑡 ≥ 0} is a matrix Brownian motion of dimension 
𝑛 × 𝑛 (i.e., a matrix of 𝑛2 independent scalar Brownian motions) under 
the probability measure ℙ and ⋅⊤ stands for the matrix transpose.

The matrix 𝜔 ∈ 𝕊++
𝑛

satisfies certain conditions involving 𝜎⊤𝜎 to en-

sure the positivity of the matrix process 𝑣𝑡. The variable 
√
𝑣𝑡 is well de-

fined, since 𝑣𝑡 ∈ 𝕊++
𝑛

. The matrix 𝑚 is such that {ℜ(𝜆𝑚
𝑖
) < 0; 𝑖 = 1, … , 𝑛}

where 𝜆𝑚
𝑖
∈ 𝖲𝗉𝖾𝖼(𝑚) for 𝑖 = 1, … , 𝑛 and 𝖲𝗉𝖾𝖼(𝑚) is the spectrum of the 

matrix 𝑚, while ℜ( ⋅ ) is the real part. The matrix 𝜎 belongs to 𝖦𝖫𝑛(ℝ)
the general linear group over ℝ (i.e., the set of real invertible matrices). 
Thanks to the invariance of the law of the Brownian motion to rotations 
and the polar decomposition of 𝜎, we can assume that 𝜎 ∈ 𝕊++

𝑛
. We de-

note by 𝑒𝑖𝑗 the basis of 𝖬(𝑛), it is the 𝑛 × 𝑛 matrix with 1 in the (𝑖, 𝑗)
place and zero elsewhere.

Remark 3.1. Note that the dynamic of (𝑣𝑡)𝑡≥0 is given under the histor-
124

ical probability measure ℙ.
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The infinitesimal generator of the Wishart process is given by Bru 
(1991):

 = tr[(𝜔+𝑚𝑣+ 𝑣𝑚⊤)𝐷 + 2𝑣𝐷𝜎2𝐷] , (10)

where 𝐷 is the 𝑛 × 𝑛 matrix operator 𝐷𝑖𝑗 ∶= 𝜕𝑣𝑖𝑗
.

When 𝑛 = 2, using (9), the following relations can be established for 
the quadratic covariation of the components of the Wishart process:

𝑑⟨𝑣11,., 𝑣11,.⟩𝑡 = 4𝑣11,𝑡(𝜎2)11𝑑𝑡, (11)

𝑑⟨𝑣22,., 𝑣22,.⟩𝑡 = 4𝑣22,𝑡(𝜎2)22𝑑𝑡, (12)

𝑑⟨𝑣12,., 𝑣12,.⟩𝑡 = 𝑣11,𝑡(𝜎2)22𝑑𝑡+ 2𝑣12,𝑡(𝜎2)12𝑑𝑡

+ 𝑣22,𝑡(𝜎2)11𝑑𝑡,

𝑑⟨𝑣11,., 𝑣12,.⟩𝑡 = 2𝑣11,𝑡(𝜎2)12𝑑𝑡+ 2𝑣12,𝑡(𝜎2)11𝑑𝑡,

𝑑⟨𝑣12,., 𝑣22,.⟩𝑡 = 2𝑣12,𝑡(𝜎2)22𝑑𝑡+ 2𝑣22,𝑡(𝜎2)12𝑑𝑡,

𝑑⟨𝑣11,., 𝑣22,.⟩𝑡 = 4𝑣12,𝑡(𝜎2)12𝑑𝑡, (13)

where (𝜎2)𝑖𝑗 is the (𝑖, 𝑗) element of the 𝜎2 matrix.

The Wishart process is affine, i.e., the moment generating function 
is exponentially affine in the state variable and is given by

Φ(𝑡, 𝜃1, 𝜃2, 𝑣) ∶= 𝔼
⎡⎢⎢⎣exp

⎛⎜⎜⎝tr[𝜃1𝑣𝑡] +
𝑡

∫
0

tr[𝜃2𝑣𝑢]𝑑𝑢
⎞⎟⎟⎠
⎤⎥⎥⎦ , (14)

where 𝜃1, 𝜃2 belong to 𝕊𝑛 the set of real 𝑛 × 𝑛 symmetric matrices, tr[ ⋅ ]
stands for the trace of a matrix.

Following Grasselli and Tebaldi (2008), it is possible to prove that

Φ(𝑡, 𝜃1, 𝜃2, 𝑣0) = exp
(
tr[𝑎(𝑡, 𝜃1, 𝜃2)𝑣0] + 𝑏(𝑡, 𝜃1, 𝜃2)

)
, (15)

with the deterministic functions (𝑎(𝑡, 𝜃1, 𝜃2), 𝑏(𝑡, 𝜃1, 𝜃2)), where 𝑎(𝑡, 𝜃1, 𝜃2)
is an 𝑛 × 𝑛 matrix function and 𝑏(𝑡, 𝜃1, 𝜃2) a scalar function, satisfying 
the system

𝑎′ = 𝑎𝑚+𝑚⊤𝑎+ 2𝑎𝜎2𝑎+ 𝜃2 , (16)

𝑏′ = tr[𝜔𝑎] , (17)

with initial conditions 𝑎(0, 𝜃1, 𝜃2) = 𝜃1 and 𝑏(0, 𝜃1, 𝜃2) = 0. As usual ⋅′
denotes the time derivative.

The equation (16) is a matrix Riccati ordinary differential equation 
(ODE) whose solution is given by

𝑎(𝑡, 𝜃1, 𝜃2) = (𝜃1𝐴12(𝑡) +𝐴22(𝑡))−1(𝜃1𝐴11(𝑡) +𝐴21(𝑡)) , (18)

where(
𝐴11(𝑡) 𝐴12(𝑡)
𝐴21(𝑡) 𝐴22(𝑡)

)
∶= exp

{
𝑡

(
𝑚 −2𝜎2
𝜃2 −𝑚⊤

)}
,

while (17), together with the corresponding initial condition, leads to 
𝑏(𝑡) after integration. Note that when using the vector affine process 
of Duffie and Kan (1996), instead of (16), one obtains a vector Riccati 
ODE that cannot be explicitly integrated, so a Runge-Kutta numerical 
scheme is used to solve the ODE. In this case, (17) is also integrated 
using a regular Runge-Kutta scheme. We have found that computing 
𝑏(𝑡) = ∫ 𝑡

0 𝗍𝗋[𝜔𝑎(𝑠)]𝑑𝑠 using a quadratic integration scheme is faster be-

cause the algorithm is adaptive and requires fewer calls or evaluations 
of the function 𝑎(𝑠) with 𝑠 ∈ [0, 𝑡]. In fact, the quadratic adaptive in-

tegration scheme divides the integration interval into sub-intervals and 
evaluates the integrand on each sub-interval by further sub-division. 
The subdivision of a given interval stops as soon as the integral calcu-

lated over it does not vary much (as a result of an additional subdi-

vision), with the consequence that intervals over which the integrand 

varies little lead to very few evaluations of the integrand.
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Remark 3.2. Let us recall the following result, which appears in Ben-

abid et al. (2009). Suppose 𝑛 = 2, 𝑚 is diagonal, 𝜃1 = 𝑢𝑒11 with 𝑢 ∈ ℝ
and 𝜃2 = 0𝑛 with 0𝑛 the null matrix in 𝖬(𝑛). Then Φ(𝑡, 𝜃1, 𝜃2, 𝑣0) is the 
moment generating function of 𝑣11,𝑡 and the solution of (16) is a ma-

trix, denoted 𝑎, whose only non-zero element is the (1, 1) element that 
solves the (scalar) ODEs:

𝑎′11 = 2𝑎11𝑚11 + 2𝑎211(𝜎
2)11,

𝑏′ = 𝜔11𝑎11.

These ODEs are those of a CIR process with mean reverting parameter 
−2𝑚11, long term mean value 𝜔11∕(−2𝑚11) and volatility (𝜎2)11, see 
Lamberton and Lapeyre (2000, Proposition 6.2.5). A similar conclusion 
can be obtained for 𝑣22,𝑡. An important consequence is that 𝑣11,𝑡 and 
𝑣22,𝑡 are two CIR processes that belong to an affine model and that 
can be correlated as 𝑑⟨𝑣11,., 𝑣22,.⟩𝑡 given (13) is not zero if (𝜎2)12 ≠ 0
which is equivalent to 𝜎12 ≠ 0 since (𝜎2)12 = 𝜎12(𝜎11 +𝜎22) (i.e., 𝜎 is not 
diagonal).

From (9) it is easy to get

𝑑𝔼[𝑣𝑡] = (𝜔+𝑚𝔼[𝑣𝑡] + 𝔼[𝑣𝑡]𝑚⊤)𝑑𝑡, (19)

but when it comes to implementation, it is advisable to rewrite (9) using 
the vec operator, it leads to

𝑑vec
(
𝑣𝑡
)
=
(
vec (𝜔) +

(
𝐼𝑛 ⊗𝑚+𝑚⊗ 𝐼𝑛

)
vec

(
𝑣𝑡
))

𝑑𝑡

+
(
𝜎 ⊗

√
𝑣𝑡
)

vec
(
𝑑𝑤𝑡

)
+
(√

𝑣𝑡 ⊗ 𝜎
)

vec(𝑑𝑤⊤
𝑡
)

=
(
𝖻+𝖠vec

(
𝑣𝑡
))

𝑑𝑡+
(
𝐼𝑛2 +𝐾𝑛𝑛

)(
𝜎 ⊗

√
𝑣𝑡
)

vec
(
𝑑𝑤𝑡

)
,

(20)

where 𝐼𝑛 is the identity matrix of 𝖬(𝑛), ⊗ denotes the Kronecker prod-

uct while 𝐾𝑛𝑛 stands for the commutation matrix that operates on 𝖬(𝑛), 
see for example Lütkepohl (2005, Appendix A). Using (20), it is easy to 
obtain

𝑑

𝑑𝑡
𝔼
[
vec

(
𝑣𝑡
)]

= 𝖻+𝖠𝔼
[
vec

(
𝑣𝑡
)]
,

which can be explicitly integrated

𝔼[vec(𝑣𝑡)] = 𝑒𝖠𝑡vec
(
𝑣0
)
+𝖠−1 (𝑒𝖠𝑡 − 𝐼𝑛2

)
𝖻. (21)

The following lemma is useful as it gives the mean value of a linear 
function of the Wishart process.

Lemma 3.3. Let 𝑢0 ∈ 𝖬(𝑛) then there exist 𝑎0(𝑡) ∈ 𝖬(𝑛) and 𝑏0(𝑡) ∈ ℝ
such that

𝔼
[
tr[𝑢0𝑣𝑡]

]
= tr[𝑎0(𝑡)𝑣0] + 𝑏0(𝑡). (22)

Proof. With (21) one can obtain

𝔼
[
tr[𝑢0𝑣𝑡]

]
= vec(𝑢⊤0 )

⊤𝔼
[
vec(𝑣𝑡)

]
=
(
𝑒𝖠

⊤𝑡vec(𝑢⊤0 )
)⊤

vec(𝑣0)

+ vec(𝑢⊤0 )
⊤𝖠−1 (𝑒𝖠𝑡 − 𝐼𝑛2

)
𝖻

= tr[𝑎0(𝑡)𝑣0] + 𝑏0(𝑡),

with 𝑎0(𝑡) ∈𝖬(𝑛) such that vec(𝑎0(𝑡)⊤) = 𝑒𝖠
⊤𝑡vec(𝑢⊤0 ). □

An alternative proof of the previous lemma is also useful as it gives 
more precise results.

Lemma 3.4. Let 𝑢0 ∈𝖬(𝑛) then there exist a matrix function 𝑎0(𝑡) ∈𝖬(𝑛)
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𝔼
[
tr[𝑢0𝑣𝑡]

]
= tr[𝑎0(𝑡)𝑣0] + 𝑏0(𝑡), (23)

with

𝑎0(𝑡) = 𝑒𝑡𝑚
⊤
𝑢0𝑒

𝑡𝑚, (24)

𝑏0(𝑡) = tr

⎡⎢⎢⎣𝑢0
𝑡

∫
0

𝑒(𝑡−𝑠)𝑚
⊤
𝜔𝑒(𝑡−𝑠)𝑚𝑑𝑠

⎤⎥⎥⎦ . (25)

In particular, if 𝑢0 ∈ 𝕊𝑛 then 𝑎0(𝑡) ∈ 𝕊𝑛 and if 𝑢0 ∈ 𝕊+
𝑛

then 𝑎0(𝑡) ∈ 𝕊+
𝑛

and 
𝑏0(𝑡) > 0.

Proof. Using (19) one gets

𝔼[𝑣𝑡] = 𝑒𝑡𝑚𝑣0𝑒
𝑡𝑚⊤ +

𝑡

∫
0

𝑒(𝑡−𝑠)𝑚𝜔𝑒(𝑡−𝑠)𝑚
⊤
𝑑𝑠,

and as 𝔼[tr[𝑢0𝑣𝑡]] = tr
[
𝑢0𝔼[𝑣𝑡]

]
the equality (23) follows with 𝑎0(𝑡) and 

𝑏0(𝑡) given by (24) and (25), respectively. □

If the system is stationary, which requires the eigenvalues of 𝑚 to be 
negative and therefore the eigenvalues of 𝖠 are also negative thanks to 
the Kronecker product property, it leads to 𝑣̄∞ ∶= lim𝑡→+∞ 𝔼 

[
𝑣𝑡
]
, which 

solves the equation

vec
(
𝑣̄∞
)
= −𝖠−1𝖻, (26)

and corresponds to the matrix equation

𝑚𝑣̄∞ + 𝑣̄∞𝑚⊤ = −𝜔. (27)

The Wishart process was first defined and analysed in Bru (1991)

under the assumption that 𝜔 = 𝛽𝜎2 with 𝛽 ∈ ℝ+ such that 𝛽 ≥ 𝑛 + 1
to ensure that 𝑣𝑡 ∈ 𝕊++

𝑛
. This specification will be referred to as the 

Bru case. In this particular case (17) can be explicitly integrated, some 
computations lead to

Φ(𝑡, 𝜃1,0𝑛, 𝑣) = 𝔼
[
exp

(
tr[𝜃1𝑣𝑡]

)]
=

etr

[
Λ⊤
𝑡

2 (2Ξ𝑡𝜃1)(𝐼𝑛 − 2Ξ𝑡𝜃1)−1
]

det(𝐼𝑛 − 2Ξ𝑡𝜃1)𝛽∕2
, (28)

with Ξ𝑡 ∶= ∫ 𝑡

0 𝑒
(𝑡−𝑠)𝑚𝜎2𝑒(𝑡−𝑠)𝑚

⊤
𝑑𝑠, Λ𝑡 ∶= Ξ−1

𝑡
𝑒𝑚𝑡𝑣0𝑒

𝑚⊤𝑡 and etr[.] =
exp(tr[.]), see Grasselli and Tebaldi (2008). We can recognise the non-

central Wishart distribution, see Gupta and Nagar (2000, Chap. 3.5).

Following the introduction of the Wishart process in finance by 
Gouriéroux and Sufana (2010), it was later extended in Mayerhofer et 
al. (2011) (see also Cuchiero et al. (2011)) to the case 𝜔 ∈ 𝕊++

𝑛
and 

proved that if

𝜔 ⪰ 𝛽𝜎2, (29)

with 𝛽 ≥ 𝑛 + 1 (where (29) means that 𝜔 − 𝛽𝜎2 ∈ 𝕊++
𝑛

) then 𝑣𝑡 ∈ 𝕊++
𝑛

.

We build on the potential approach proposed by Rogers (1997), 
see also Björk (2009, Chap. 28.5), whose main idea is to first specify 
the pricing kernel with the right mathematical properties, it has to be 
a positive supermartingale, and then to derive the corresponding in-

stantaneous short interest rate, which is positive by construction. The 
classical approach is the other way round, i.e., one usually specifies the 
positive short interest rate and derives the corresponding pricing kernel, 
which gives the value of the zero coupon bond. Since the short inter-

est rate must be positive, the square root process or the vector affine 
process of Duffie and Kan (1996) is often used. The potential approach 
thus reverses the modelling strategy, and this proved to be fruitful in 
the context of multi-curve interest rate derivatives analysed in Da Fon-

seca et al. (2022) on which this paper is based. As we shall see, it will 
prove to be a very powerful approach to solving the problem of pricing 

guaranteed annuity options.
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First, we define a pricing kernel as:

𝜁𝑡 ∶= 𝑒−𝛼𝑡(1 + tr[𝑢0𝑣𝑡]) , (30)

with 𝛼 ∈ ℝ+, 𝑢0 = 𝑢1 + 𝑢2 with 𝑢1 ∈ 𝕊+
𝑛

(the set of positive semidef-

inite matrices) and 𝑢2 ∈ 𝕊+
𝑛

(so that 𝑢0 ∈ 𝕊+
𝑛

) and (𝑣𝑡)𝑡≥0 a Wishart 
process. The pricing kernel can be rewritten as follows. Define the posi-

tive function 𝑓 ∶ 𝕊+
𝑛
→ℝ+ such that 𝑓 (𝑣) ∶= 1 + tr[𝑢0𝑣] then the pricing 

kernel is written as 𝜁𝑡 = 𝑒−𝛼𝑡𝑓 (𝑣𝑡) and is positive since 𝑓 is. Define 
𝑔(𝑣) ∶= (𝛼 − )𝑓 (𝑣) and assume that it is a positive function for suf-

ficiently large 𝛼. We see that the pricing kernel allows us to compute 
𝑃 (𝑡, 𝑇 ) given by (3), or any other mortality derivative, if we assume the 
following change of probability measure

𝜁𝑡 = 𝑒− ∫ 𝑡
0 (𝑟(𝑠)+𝜇𝑥(𝑠))𝑑𝑠 𝑑ℚ

𝑑ℙ
||||𝑡

. (31)

Indeed, suppose that an asset Π𝑡 pays the amount 𝑐𝑇 at time 𝑇 (i.e., 
we assume 𝑐𝑇 is 𝑇 -measurable), conditional on the policyholder being 
alive at that time, then its value at time 𝑡 is given by

Π𝑡 = 𝔼ℚ
𝑡

[
𝑒− ∫ 𝑇

𝑡
(𝑟(𝑠)+𝜇𝑥(𝑠))𝑑𝑠𝑐𝑇

]
(32)

= 𝔼𝑡

[
𝜁𝑇

𝜁𝑡
𝑐𝑇

]
, (33)

which, depending on the complexity of 𝑐𝑇 , can be computed explic-

itly for an appropriate choice of the pricing kernel (𝜁𝑡)𝑡≥0. Note that 
Equations (31), (32) and (33) correspond for 𝑐𝑇 = 1 to Rogers (1997, 
Eqs. (1.3),(1.2),(1.4)). The next section shows how to handle the deriva-

tives presented in section 2.

Remark 3.5. Note that even if Π𝑡 is expressed as an expectation under 
ℚ, as (32) clearly shows, the change of probability measure (31) leads 
us to calculate the value of Π𝑡 under the historical probability ℙ. It 
explains the Remark 3.1 which emphasises the fact that the dynamic of 
(𝑣𝑡)𝑡≥0 is given under ℙ.

4. Pricing of derivatives

To illustrate the methodology, let us start with the survival bond, 
which can be explicitly calculated as shown in the following proposi-

tion.

Proposition 4.1. In the linear-rational Wishart model the survival bond 
𝑃 (𝑡, 𝑇 ) given by (3) is known explicitly as we have

𝑃 (𝑡, 𝑇 ) = 𝑒−𝛼(𝑇−𝑡)
1 + 𝑏0(𝑇 − 𝑡) + tr[𝑎0(𝑇 − 𝑡)𝑣𝑡]

1 + tr[𝑢0𝑣𝑡]
, (34)

where 𝑏0(𝑡) ∶= 𝑏1(𝑡) + 𝑏2(𝑡) with 𝑏1(𝑡) and 𝑏2(𝑡) two scalar functions and 
𝑎0(𝑡) ∶= 𝑎1(𝑡) + 𝑎2(𝑡) with 𝑎1(𝑡) and 𝑎2(𝑡) two matrix functions that are 
explicitly known.

Proof. Using (3) and the change of probability measure (31) and the 
expression for the pricing kernel (30) we get

𝑃 (𝑡, 𝑇 ) = 𝔼ℚ
𝑡

[
𝑒− ∫ 𝑇

𝑡
(𝑟(𝑠)+𝜇𝑥(𝑠))𝑑𝑠

]
= 𝔼𝑡

[
𝜁𝑇

𝜁𝑡

]
= 𝑒−𝛼(𝑇−𝑡)

1 + 𝔼𝑡[tr[𝑢0𝑣𝑇 ]]
1 + tr[𝑢0𝑣𝑡]

.

But

𝔼𝑡[tr[𝑢0𝑣𝑇 ]] = vec(𝑢⊤0 )
⊤𝔼𝑡[vec(𝑣𝑇 )],

and according to Lemma 3.3 or 3.4 we get that there exist 𝑏0(𝑇 − 𝑡) =
126

𝑏1(𝑇 − 𝑡) + 𝑏2(𝑇 − 𝑡) with 𝑏1(𝑡) and 𝑏2(𝑡) two scalar functions and 𝑎0(𝑇 −
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𝑡) = 𝑎1(𝑇 − 𝑡) + 𝑎2(𝑇 − 𝑡) with 𝑎1(𝑡) and 𝑎2(𝑡) two matrix functions such 
that vec(𝑢0)⊤𝔼𝑡

[
vec

(
𝑣𝑇
)]

= 𝑏0(𝑇 − 𝑡) + tr[𝑎0(𝑇 − 𝑡)𝑣𝑡]. □

Remark 4.2. The survival bond (34) is a linear-rational function of the 
Wishart process whose dynamic is given under ℙ. Consequently, to es-

timate the model from a time series of survival bonds using a Kalman 
filter approach, the transition probability of the process under the his-

torical probability ℙ is required, and in the model proposed here the 
dynamic of (𝑣𝑡)𝑡≥0 is already given under this probability measure. This 
contrasts with the standard approach used in the literature, where the 
dynamic of the state variable is given under the risk-neutral probability 
ℚ. In this case, to estimate the model using a time series (i.e., several 
days) of survival bonds, since the dynamic of the state variable un-

der the historical probability measure ℙ is required, it is necessary to 
specify the market price of risk, that is, the change in the probabil-

ity measure from the risk-neutral probability measure to the historical 
probability measure. Following the work of Duffee (2002), it is com-

mon practice to specify the so-called completely affine parametrisation 
(in the terminology of Duffee (2002, p. 410-411)) for the risk premia.

According to Rogers (1997, Eq. (1.5)) or Björk (2009, Eq. (28.42)), 
we have

𝑟(𝑡) + 𝜇𝑥(𝑡) =
(𝛼 −)𝑓

𝑓

=
𝛼 + 𝛼tr[𝑢0𝑣𝑡] − tr[𝑢0𝜔] − 2tr[𝑢0𝑚𝑣𝑡]

1 + tr[𝑢0𝑣𝑡]
,

and we define the short interest rate and the mortality intensity as

𝑟(𝑡) =
𝛼∕2 + 𝛼tr[𝑢1𝑣𝑡] − tr[𝑢1𝜔] − 2tr[𝑢1𝑚𝑣𝑡]

1 + tr[𝑢0𝑣𝑡]
, (35)

𝜇𝑥(𝑡) =
𝛼∕2 + 𝛼tr[𝑢2𝑣𝑡] − tr[𝑢2𝜔] − 2tr[𝑢2𝑚𝑣𝑡]

1 + tr[𝑢0𝑣𝑡]
. (36)

To understand how the positivity enters into the problem let us con-

sider the case 𝑛 = 2. By assumption 𝑢1 ∈ 𝕊+
𝑛

and 𝑢2 ∈ 𝕊+
𝑛

so that 
tr[𝑢1𝜔], tr[𝑢2𝜔], tr[𝑢1𝑣𝑡] and tr[𝑢2𝑣𝑡] are positive as 𝜔 ∈ 𝕊++

𝑛
while 

𝑣𝑡 belongs to 𝕊++
𝑛

. If tr[𝑢1𝑚𝑣𝑡] < 0 and tr[𝑢2𝑚𝑣𝑡] < 0 then as long as 
𝛼∕2 > max(tr[𝑢1𝜔], tr[𝑢2𝜔]) then 𝑟(𝑡) and 𝜇𝑥(𝑡) are positive. To under-

stand the positivity problem a bit better, consider the simple case 𝑛 = 2, 
𝑚 diagonal, 𝑢1 = 𝑒11 and 𝑢2 = 𝑒22, then in this particular case 𝑟(𝑡) and 
𝜇𝑥(𝑡) can be rewritten as

𝑟(𝑡) =
𝛼∕2 + 𝛼𝑣11,𝑡 −𝜔11 − 2𝑚11𝑣11,𝑡

1 + 𝑣11,𝑡 + 𝑣22,𝑡
, (37)

𝜇𝑥(𝑡) =
𝛼∕2 + 𝛼𝑣22,𝑡 −𝜔22 − 2𝑚22𝑣22,𝑡

1 + 𝑣11,𝑡 + 𝑣22,𝑡
, (38)

where the condition 𝛼∕2 > max(𝜔11, 𝜔22) clearly shows that it is suf-

ficient to ensure the positivity of both 𝑟(𝑡) and 𝜇𝑥(𝑡). Furthermore, the 
correlation between these two variables is driven by 𝑑⟨𝑣11,., 𝑣22,.⟩𝑡 given 
by (13) which can have any sign. In the more general case, the instan-

taneous covariance between the short interest rate and the mortality 
intensity depends on 𝑑⟨tr[ℎ1𝑣.], tr[ℎ2𝑣.]⟩𝑡 with ℎ1 = 𝛼𝑢1 − 2𝑢1𝑚 and 
ℎ2 = 𝛼𝑢2 − 2𝑢2𝑚. Note that for ℎ1 ∈𝖬(𝑛), tr[ℎ1𝑣𝑡] = tr[(ℎ1 + ℎ⊤1 )𝑣𝑡]∕2
with (ℎ1 + ℎ⊤1 )∕2 ∈ 𝕊𝑛. Therefore using (20) together with 𝐾𝑛𝑛vec(𝑢) =
vec(𝑢) if 𝑢 ∈ 𝕊𝑛 and the property of the Kronecker product we get

𝑑⟨tr[ℎ1𝑣.], tr[ℎ2𝑣.]⟩𝑡 = 1
4

vec(ℎ1 + ℎ⊤1 )
⊤
(
𝐼𝑛2 +𝐾𝑛𝑛

)(
𝜎2 ⊗𝑣𝑡

)(
𝐼𝑛2 +𝐾𝑛𝑛

)
vec(ℎ2 + ℎ⊤2 )𝑑𝑡

= vec(ℎ1 + ℎ⊤1 )
⊤
(
𝜎2 ⊗𝑣𝑡

)
vec(ℎ2 + ℎ⊤2 )𝑑𝑡

= tr[(ℎ1 + ℎ⊤1 )𝑣𝑡(ℎ2 + ℎ⊤2 )𝜎
2]𝑑𝑡 ,

which illustrates the effect of the parameters on the covariance. From 

now on we will assume that there exists 𝛼 such that 𝑟(𝑡) given by (35)
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and 𝜇𝑥(𝑡) given by (36) are positive. Note also the difference from a 
modelling point of view with Deelstra et al. (2016, Eqs. (2),(3)).

Thanks to (34) the survival bond 𝑃 (𝑡, 𝑇 ) (i.e., (3)) is known, and so 
is the survival coupon bearing bond (6). We are left with the determi-

nation of (5), which can be computed explicitly in the linear-rational 
Wishart model, as the following proposition shows.

Proposition 4.3. In the linear-rational Wishart model, the survival floating 
rate bond is given by (4), that is

𝑃f lo(𝑡, 𝑇 ) = 𝔼ℚ
𝑡

[
𝑒− ∫ 𝑇

𝑡
(𝑟(𝑠)+𝜇𝑥(𝑠))𝑑𝑠(1 + 𝛾𝑟(𝑇 ))

]
, (39)

and admits the following explicit expression

𝑃f lo(𝑡, 𝑇 ) = 𝑒−𝛼(𝑇−𝑡)
𝑐0 + 𝑏3(𝑇 − 𝑡) + tr[𝑎3(𝑇 − 𝑡)𝑣𝑡]

1 + tr[𝑢0𝑣𝑡]
, (40)

where 𝑐0 is as constant, 𝑏3(𝑡) is a scalar function and 𝑎3(𝑡) is a matrix 
function, which are explicitly known.

Proof. Starting with the expectation (39) and changing the probability 
using (31) we get

𝑃f lo(𝑡, 𝑇 ) = 𝔼𝑡

[
𝜁𝑇

𝜁𝑡
(1 + 𝛾𝑟(𝑇 ))

]
,

and inserting the expressions (30) and (35) leads, after reorganizing the 
terms, to

𝑃f lo(𝑡, 𝑇 ) =
𝑒−𝛼(𝑇−𝑡)

1 + tr[𝑢0𝑣𝑡]
(
𝑐0 + 𝔼𝑡

[
tr[𝑢3𝑣𝑇 ]

])
,

with 𝑐0 = 1 + 𝛾𝛼∕2 − 𝛾tr[𝑢1𝜔] and 𝑢3 = 𝑢0 + 𝛾𝛼𝑢1 − 2𝛾𝑢1𝑚. Since 
𝔼𝑡

[
tr[𝑢3𝑣𝑇 ]

]
is given by (22) we get that there exists 𝑏3(𝑡) a scalar func-

tion and 𝑎3(𝑡) a matrix function such that 𝔼𝑡

[
tr[𝑢3𝑣𝑇 ]

]
= 𝑏3(𝑇 − 𝑡) +

tr[𝑎3(𝑇 − 𝑡)𝑣𝑡] and hence the announced result. □

Remark 4.4. The Remark 4.2 applies here without modification.

Note that in Deelstra et al. (2016), to compute the expectation 
(39), the authors have to derive the moment generating function of 
the Wishart process (28), as they consider the Bru case, which is feasi-

ble thanks to the remarkable analytical property of the process.1 In the 
case of the linear-rational Wishart model the expression is much sim-

pler as the proof clearly shows. Note also that the survival bond 𝑃 (𝑡, 𝑇 )
given by (3) and the survival floating rate bond 𝑃f lo(𝑡, 𝑇 ) given by (4)

are both linear-rational functions of the Wishart process, as shown by 
the Propositions 4.1 and 4.3. Note also that only the numerator of the 
survival bond 𝑃 (𝑡, 𝑇 ) (or a survival floating rate bond 𝑃f lo(𝑡, 𝑇 )) de-

pends on the time to maturity 𝑇 − 𝑡, so that when summing several 
survival bonds (or survival floating rate bonds) with different maturi-

ties, as when calculating an annuity, the numerators will simply add up 
and give a joint survival annuity which is also a linear-rational function 
of the Wishart process. It is this functional form stability with respect to 
the summation of survival bonds (or survival floating rate bonds) that 
makes the linear-rational Wishart model far superior to the exponential 
affine models commonly used in the literature.

To fully grasp the difference with the linear-rational model and the 
standard exponential-affine model used in the literature, the expression 
of the joint survival annuity clearly illustrates the advantages. The proof 
is straightforward and will therefore be omitted.

Proposition 4.5. Consider the joint survival annuity underlying the guar-

anteed annuity option (8), then its value at time 𝑇 is given by

1 At this level, the model of Deelstra et al. (2016) has an advantage over 
mortality models based on the standard vector affine framework of Duffie and 
Kan (1996), as the latter requires the simulation of Riccati equations using a 
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Runge-Kutta scheme, which is time-consuming.
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𝑁∑
𝑖=1

𝑃f lo(𝑇 ,𝑇𝑖) =
∑𝑁

𝑖=1 𝑒
−𝛼(𝑇𝑖−𝑇 )

(
𝑐0 + 𝑏3(𝑇𝑖 − 𝑇 )

)
1 + 𝗍𝗋[𝑢0𝑣𝑇 ]

+
∑𝑁

𝑖=1 𝗍𝗋
[
𝑒−𝛼(𝑇𝑖−𝑇 )𝑎3(𝑇𝑖 − 𝑇 )𝑣𝑇

]
1 + 𝗍𝗋[𝑢0𝑣𝑇 ]

, (41)

where 𝑐0 is a constant, 𝑏3(𝑡) is a scalar function and 𝑎3(𝑡) is a matrix func-

tion given in Proposition 4.3.

Remark 4.6. The joint survival annuity is a linear-rational function of 
the Wishart process whose dynamic is given under the historical proba-

bility measure ℙ. Note that the density of the annuity can be computed 
explicitly thanks to Gurland (1948); this property contrasts with the 
numerical difficulties highlighted in Remark 2.1 and makes the linear-

rational Wishart model superior when it comes to value derivatives on 
an annuity. There is an additional property that further simplifies the 
option pricing problem, it is the fact that the denominator in (41) is the 
pricing kernel, it strongly simplifies the problem of pricing a guaranteed 
annuity option.

The next proposition shows that in the linear-rational Wishart 
model, a guaranteed annuity option, whether the annuity pays a fixed 
or floating coupon (conditional on the survival of the policyholder), can 
be explicitly computed.

Proposition 4.7. The value at time 𝑡 = 0 of a guaranteed annuity option 
(8) with maturity 𝑇 is given by

𝐶̄(0, 𝑇 , 𝑇𝑁 ) ∶= 𝑒−𝛼𝑇
𝔼
[
(𝑏4(𝑇 ,𝑇𝑁 ) + tr[𝑎4(𝑇 ,𝑇𝑁 )𝑣𝑇 ])+

]
1 + tr[𝑢0𝑣0]

, (42)

where 𝑏4(𝑇 , 𝑇𝑁 ) is a constant and 𝑎4(𝑡, 𝑇𝑁 ) is an explicitly known matrix.

Proof. Starting with (8) and using (31) together with (30) we get

𝐶̄(0, 𝑇 , 𝑇𝑁 ) = 𝔼ℚ

[
𝑒− ∫ 𝑇

0 (𝑟(𝑠)+𝜇𝑥(𝑠))𝑑𝑠

(
𝑁∑
𝑖=1

𝑃f lo(𝑇 ,𝑇𝑖) − 1∕𝑔

)
+

]

= 𝔼

[
𝜁𝑇

𝜁0

(
𝑁∑
𝑖=1

𝑃f lo(𝑇 ,𝑇𝑖) − 1∕𝑔

)
+

]

= 𝑒−𝛼𝑇

1 + tr[𝑢0𝑣0]
𝔼
[
(1 + tr[𝑢0𝑣𝑇 ])𝐶̄(𝑇 ,𝑇𝑁 )

]
.

Using (7) and (41), the above equation can be rewritten after some 
simplifications as

𝐶̄(0, 𝑇 , 𝑇𝑁 ) = 𝑒−𝛼𝑇

1 + tr[𝑢0𝑣0]
𝔼
[(
𝑏4(𝑇 ,𝑇𝑁 ) + tr[𝑎4(𝑇 ,𝑇𝑁 )𝑣𝑇 ]

)
+

]
,

with

𝑏4(𝑇 ,𝑇𝑁 ) ∶=
𝑁∑
𝑖=1

𝑒−𝛼(𝑇𝑖−𝑇 )
(
𝑐0 + 𝑏3(𝑇𝑖 − 𝑇 )

)
− 1

𝑔
,

𝑎4(𝑇 ,𝑇𝑁 ) ∶=
𝑁∑
𝑖=1

𝑒−𝛼(𝑇𝑖−𝑇 )𝑎3(𝑇𝑖 − 𝑇 ) − 1
𝑔
𝑢0.

This is the announced result. □

Remark 4.8. Note that the guaranteed annuity option is a function of 
the Wishart process whose dynamic is given under the historical prob-

ability, so the Remarks 4.2, 4.4 and 4.6 apply to this derivative. Note 
also that even though the joint survival annuity is a linear-rational func-

tion of the Wishart process, to price the option on that annuity only an 
expectation of an affine function of the process is needed. This is much 
simpler than in the exponential affine framework commonly used in the 

literature.
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As the formula (42) shows, the pricing involves the expectation of 
an affine function of the Wishart process, which can be performed using 
a Fourier transform. The following proposition explains the details.

Proposition 4.9. Let 𝑧𝑇 = 𝑏4(𝑇 , 𝑇𝑁 ) + tr[𝑎4(𝑇 , 𝑇𝑁 )𝑣𝑇 ] the random vari-

able in (42), then its characteristic function is given by

Φ𝑧(𝑢) ∶= 𝔼
[
𝑒i𝑢𝑧𝑇

]
,

= 𝑒i𝑢𝑏4(𝑇 ,𝑇𝑁 )Φ(𝑇 , i𝑢𝑎4(𝑇 ,𝑇𝑁 ),0𝑛, 𝑣0),

with 𝑢 ∈ ℂ, i =
√
−1 and the function Φ(𝑡, 𝜃1, 𝜃2, 𝑣) given by (14). The 

expectation in (42) can be calculated as

𝔼
[
(𝑧𝑇 )+

]
= 1

𝜋

+∞

∫
0

ℜ
(
Φ𝑧(𝑢+ i𝑢𝑖)
(i(𝑢+ i𝑢𝑖))2

)
𝑑𝑢 , (43)

where 𝑢𝑖 < 0 and ℜ(.) is the real part.

Remark 4.10. Note that the price of the guaranteed annuity option 
is obtained by one-dimensional integration and not by approximation. 
This contrasts with the Remark 2.1.

Remark 4.11. If, instead of a survival benefit floating rate bond, 
a death benefit floating rate bond is considered, see Biffis (2005, 
Eq. (14)), this leads to the calculation

𝔼ℚ
𝑡

[
𝑒− ∫ 𝑇

𝑡
(𝑟(𝑠)+𝜇𝑥(𝑠))𝑑𝑠(1 + 𝛾𝜇𝑥(𝑇 ))

]
,

and it should be clear that this is feasible within the current model.

Notice also that for death benefit derivatives, it is often necessary to 
calculate the quantity

𝑇

∫
𝑡

𝔼ℚ
𝑡

[
𝑒− ∫ 𝑢

𝑡
(𝑟(𝑠)+𝜇𝑥(𝑠))𝑑𝑠𝜇𝑥(𝑢)

]
𝑑𝑢,

see for example Biffis (2005, Eq. (13)). Within the current model it 
is simply a matter of computing the integral ∫ 𝑡

0 𝑒
−𝛼𝑡𝔼[vec(𝑣𝑢)]𝑑𝑢 with 

𝔼[vec(𝑣𝑢)] given by (21), which is easy to do.

Remark 4.12. Although the linear-rational Wishart model has remark-

able analytical properties, one derivative that does not lead to a simple 
valuation formula is

𝔼ℚ
𝑡

[
𝑒− ∫ 𝑇

𝑡
(𝑟(𝑠)+𝜇𝑥(𝑠))𝑑𝑠𝜇𝑥(𝑇 )𝑟(𝑇 )

]
.

For such a derivative a Monte Carlo method as in Deelstra et al. (2016)

can be used.

Remark 4.13. In the linear-rational Wishart model, which is based on 
the potential approach applied to interest rate modelling proposed by 
Rogers (1997), the dynamic of the state variable is specified under 
the historical probability measure ℙ. This contrasts with the standard 
approach commonly used in the literature where the state variable dy-

namic is specified under the risk-neutral probability ℚ. In the potential 
approach, and hence in the linear-rational Wishart model proposed in 
this paper, it is possible to obtain the dynamic under the risk-neutral 
probability measure ℚ, as shown in Rogers (1997, p. 164) (it is the first 
unnumbered equation on that page). Under the risk-neutral probability 
measure ℚ, the infinitesimal generator of the process (𝑣𝑡)𝑡≥0 is given by

∗𝑓 (𝑣) = 1
1 + tr[𝑢0𝑣]

(((1 + tr[𝑢0𝑣])𝑓 (𝑣)) − 𝑓 (𝑣)((1 + tr[𝑢0𝑣]))
)
,

(44)

where 𝑓 (.) is a sufficiently regular function defined on 𝖬(𝑛) and  is 
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given by Eq. (10). Note that there is a typo in this equation in Rogers 
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Table I

Model parameters.

Param. Value

𝛼 0.050

𝑣11 0.020

𝑣12 7.071 × 10−3
𝑣22 0.010

𝜔11 0.016

𝜔12 4.326 × 10−3
𝜔22 0.013

𝑚11 −0.29
𝑚22 −0.5
𝜎11 0.030

𝜎12 1.549 × 10−2
𝜎22 0.050

Note: Model parameters for the linear-

rational Wishart process of (9) while 
𝑢1 = 𝑒11 and 𝑢2 = 𝑒22.

Table II

GAO parameters.

Param. Value

𝑔 0.23

𝑇 1

𝑁 5

Note: Parameters for the 
guaranteed annuity option 
of Proposition 4.7.

(1997), the correct expression is the one above and can be found in the 
working paper version that is available on L. C. G. Rogers’ website.

5. Implementation

To illustrate the methodology we price a guaranteed annuity option 
in a linear-rational Wishart model of size 𝑛 = 2 with model parameters 
given in Table I. Using (37) and (38) together with the parameter values 
we obtain the initial values 𝑟(0) = 2.097 ×10−2 and 𝜇𝑥(0) = 2.184 ×10−2. 
Replacing 𝑣0 in these two equations with the long-term mean of the 
Wishart process 𝑣̄∞ solution of (27) gives an approximation to the long-

term means of interest rate and mortality intensity, which we denote 
𝑟(∞) and 𝜇𝑥(∞). We find 𝑟(∞) = 2.535 ×10−2 and 𝜇𝑥(∞) = 2.464 ×10−2. 
These values are consistent with those used in the literature, see for 
example Li et al. (2023).

We consider a guaranteed annuity option on an annuity with fixed 
payments, i.e., we take 𝛾 = 0 in (8), so that the underlying annuity of the 
option is given by (6) instead of (5), with the survival bond given by (3)

instead of (4). The option characteristics are reported in Table II. This 
choice simplifies the analysis and we leave to the end of this section the 
guaranteed annuity option on a floating annuity.

The formula (43) requires the specification of 𝑢𝑖, which is equal to 
−0.025. With these parameters, the option price is: 7.944 × 10−3. The 
computation time is 7.10 seconds on an Intel i7-8665U CPU @ 2GHz 
using Anaconda3. One change in the model that increases the com-

putation time is the introduction of time-dependent parameters, since 
it requires a special and more time-consuming numerical scheme to 
compute the moment generating function (14) (i.e., time-ordered expo-

nential).

To measure the impact of the parameters on the guaranteed annu-

ity option, we perform a sensitivity analysis by varying the values of 
the parameters. We first consider the diagonal terms as they are easier 
to analyse. For each parameter, we apply a perturbation between −10%
and 10%, reprice the option and report the results in Table III. From 
(37) we see that increasing 𝜔11 decreases 𝑟(𝑡) and therefore increases 
the survival bond 𝑃 (𝑡, 𝑇 ) (and the annuity), since the survival bond 

is inversely related to the interest rate, so the option price increases. 
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Table III

Guaranteed annuity option sensitivity I.
% 𝜔11 𝜔22 𝑚11 𝑚22 𝜎11 𝜎22

−10 6.161 7.127 10.202 9.146 7.492 7.416

−9 6.328 7.207 9.941 9.010 7.536 7.468

−8 6.498 7.288 9.688 8.878 7.581 7.521

−7 6.671 7.369 9.444 8.749 7.625 7.573

−6 6.846 7.450 9.208 8.625 7.670 7.626

−5 7.023 7.532 8.980 8.503 7.715 7.679

−4 7.202 7.614 8.759 8.385 7.761 7.732

−3 7.384 7.696 8.545 8.271 7.807 7.785

−2 7.569 7.779 8.339 8.159 7.852 7.838

−1 7.756 7.862 8.138 8.050 7.898 7.891

0 7.945 7.945 7.945 7.945 7.945 7.945

1 8.136 8.028 7.757 7.842 7.991 7.998

2 8.330 8.112 7.576 7.742 8.038 8.052

3 8.526 8.196 7.400 7.644 8.085 8.105

4 8.725 8.281 7.230 7.549 8.132 8.159

5 8.926 8.366 7.065 7.456 8.180 8.213

6 9.129 8.451 6.905 7.366 8.227 8.267

7 9.335 8.536 6.750 7.278 8.275 8.321

8 9.543 8.622 6.600 7.192 8.323 8.375

9 9.753 8.708 6.455 7.109 8.371 8.429

10 9.965 8.794 6.314 7.027 8.419 8.483

Note: Sensitivity of the guaranteed annuity option to the diagonal parameters. 
We apply a percentage perturbation, given in column %, to each parameter 
whose value is given in Table I and reprice the option. The price is equal to 
×10−3 the value given in the table. The formula for pricing the guaranteed 
annuity option is given in Proposition 4.7. The annuity is with fixed payments.

From (38) we see that increasing 𝜔22 decreases 𝜇𝑥(𝑡) and therefore in-

creases 𝑃 (𝑡, 𝑇 ) (and the annuity), since the survival bond is inversely 
related to the mortality intensity, so the option price increases. With 
respect to the 𝑚 parameters, this matrix must have negative eigenval-

ues, and since it is diagonal, this implies that the diagonal terms are 
negative. The equation (38) shows that increasing |𝑚11| increases 𝑟(𝑡)
and therefore decreases 𝑃 (𝑡, 𝑇 ) (and the annuity), so the option price 
decreases. A similar argument applies to |𝑚22| but with an effect on 
𝜇𝑥(𝑡). Regarding the volatility parameters, since 𝑟(𝑡) and 𝜇𝑥(𝑡) have the 
same numerator, it is convenient to introduce 𝑟(𝑡) = (1 + 𝗍𝗋[𝑢0𝑣𝑡])𝑟(𝑡) and 
𝜇̃𝑥(𝑡) = (1 + 𝗍𝗋[𝑢0𝑣𝑡])𝜇𝑥(𝑡). Using these variables together with (11) and 
(12) we derive

𝑑⟨𝑟(.), 𝑟(.)⟩𝑡 = 4(𝛼 − 2𝑚11)2𝑣11,𝑡(𝜎211 + 𝜎212)𝑑𝑡, (45)

𝑑⟨𝜇̃𝑥(.), 𝜇̃𝑥(.)⟩𝑡 = 4(𝛼 − 2𝑚22)2𝑣22,𝑡(𝜎212 + 𝜎222)𝑑𝑡. (46)

An increase of 𝜎11 increases the interest rate volatility and the survival 
bond 𝑃 (𝑡, 𝑇 ) volatility (and the annuity volatility), the option is more 
likely to end in the money, so the option price should increase. A similar 
argument applies to 𝜎22 but with an effect on 𝜇̃𝑥(𝑡).

The equations (45) and (46) allow us to clarify the covariation, and 
therefore the dependence, between the interest rate and the mortality 
intensity. Combining these two equations with

𝑑⟨𝑟(.), 𝜇̃𝑥(.)⟩𝑡 = (𝛼 − 2𝑚11)(𝛼 − 2𝑚22)𝑣12,𝑡𝜎12(𝜎11 + 𝜎22)𝑑𝑡, (47)

which follows from (13), we conclude that the conditional (instanta-

neous) correlation between 𝑟(𝑡) and 𝜇̃𝑥(𝑡) is given by

𝖢𝗈𝗋𝗋(𝑟(.), 𝜇̃𝑥(.))𝑡 ∶=
𝑑⟨𝑟(.), 𝜇̃𝑥(.)⟩𝑡√

𝑑⟨𝑟(.), 𝑟(.)⟩𝑡√𝑑⟨𝜇̃𝑥(.), 𝜇̃𝑥(.)⟩𝑡 (48)

=
𝑣12,𝑡√
𝑣11,𝑡𝑣22,𝑡

𝜎12(𝜎11 + 𝜎22)√
(𝜎211 + 𝜎212)(𝜎

2
12 + 𝜎222)

(49)

= 𝜌𝑡
𝜎12(𝜎11 + 𝜎22)√

(𝜎211 + 𝜎212)(𝜎
2
12 + 𝜎222)

, (50)

where 𝜌𝑡 = 𝑣12,𝑡∕
√
𝑣11,𝑡𝑣22,𝑡 is the stochastic correlation associated with 
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the Wishart process whose dynamic is given in Da Fonseca et al. 
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(2014). The equation (49) (or (50)) is useful because it allows us to 
approximate the correlation between the interest rate and the mortal-

ity intensity by replacing 𝜌𝑡 with 𝜌̄∞ = 𝑣̄12,∞√
𝑣̄11,∞ 𝑣̄22,∞

where the values of 
(𝑣̄11,∞, 𝑣̄12,∞, 𝑣̄22,∞) are those of 𝑣̄∞ which is the solution of (26) (or 
(27)). For the values of Table I we get 0.2028, which is positive and 
consistent with the value found in Li et al. (2023).

Changing the off-diagonal parameters of 𝜔 and 𝜎 requires caution, 
since by definition these matrices belong to 𝕊++

𝑛
and therefore we must 

have |𝜔12| <√𝜔11𝜔22 and |𝜎12| <√𝜎11𝜎22. First we compute the cor-

responding correlations associated with the off-diagonal terms, they are 
defined as 𝜌𝜔 = 𝜔12√

𝜔11𝜔22
for 𝜔 and 𝜌𝜎 =

𝜎12√
𝜎11𝜎22

for 𝜎. For the numerical 
values in Table I we get 𝜌𝜔 = 0.3 and 𝜌𝜎 = 0.4. Then we apply a pertur-

bation between −10% and 10% to 𝜌𝜔 and 𝜌𝜎 and denote the perturbed 
parameters by 𝜌̂𝜔 and 𝜌̂𝜎 . We then construct the perturbed matrices as 
follows

𝜔̂ =
(

𝜔11 𝜌̂𝜔
√
𝜔11𝜔22

𝜌̂𝜔
√
𝜔11𝜔22 𝜔22

)
, (51)

𝜎̂ =
(

𝜎11 𝜌̂𝜎
√
𝜎11𝜎22

𝜌̂𝜎
√
𝜎11𝜎22 𝜎22

)
, (52)

and reprice the option with (𝜔̂, 𝑚, 𝜎) and (𝜔, 𝑚, ̂𝜎). Table IV reports the 
results. For the set of parameters (𝜔̂, 𝑚, 𝜎) using (19) we get

𝑑𝔼[𝑣12,𝑡] = (𝜔̂12 + (𝑚11 +𝑚22)𝔼[𝑣12,𝑡])𝑑𝑡, (53)

so that increasing 𝜔̂12 (and assuming 𝜔̂12 > 0) increases the long term 
mean value of 𝑣12,𝑡 and thus the correlation between 𝑟(𝑡) and 𝜇𝑥(𝑡) ac-

cording to (49) if we assume 𝜎12 > 0 in (49) or (47).2 This implies that if 
𝑟(𝑡) decreases then 𝜇𝑥(𝑡) is likely to decrease and therefore the survival 
bond 𝑃 (𝑡, 𝑇 ) is likely to increase. Conversely, if 𝑟(𝑡) increases then 𝜇𝑥(𝑡)
is likely to increase and therefore the survival bond 𝑃 (𝑡, 𝑇 ) is likely to 
decrease. A positive correlation between 𝑟(𝑡) and 𝜇𝑥(𝑡) implies a widen-

ing of the support of the distribution of the annuity at the maturity of 
the option, which implies a higher option price. This intuition is con-

firmed by the values in Table IV. For the set of parameters (𝜔, 𝑚, ̂𝜎), the 
equation (47) is rewritten as follows

𝑑⟨𝑟(.), 𝜇̃𝑥(.)⟩𝑡 = (𝛼 − 2𝑚11)(𝛼 − 2𝑚22)𝑣12,𝑡𝜎̂12(𝜎11 + 𝜎22)𝑑𝑡, (54)

and shows that an increase of the correlation 𝜌𝜎 , which implies an in-

crease of 𝜎̂12, increases the correlation (if 𝜎̂12 > 0) between the interest 
rate and the mortality intensity if we assume that 𝑣12,𝑡 is positive, which 
is likely to happen if 𝜔12 > 0. Using the same arguments as above, we 
conclude that the option price should increase. Note, however, that in-

creasing the off-diagonal term of 𝜎 also affects the volatilities of 𝑟(𝑡)
and 𝜇̃𝑥(𝑡) as (45) and (46) clearly show.

Overall, the impact of the parameters on the option price is consis-

tent with the intuition.

An important property of the linear-rational Wishart model is that 
it allows for a correlation between the interest rate and the mortality 
intensity. In Li et al. (2023) this correlation was found to be positive. 
A natural question is what happens if we neglect it? Note that chang-

ing 𝜎12 to zero changes both the correlation between the interest rate 
and the mortality intensity given by (47) and the interest rate (45) and 
the mortality intensity volatilities (46). To disentangle the effects, we 
proceed as follows. We consider the matrix 𝜎 of Table I and build the 
matrix

𝜎̌ =
⎛⎜⎜⎝
√

𝜎211 + 𝜎212 0

0
√

𝜎212 + 𝜎222

⎞⎟⎟⎠ , (55)

2 The equations (53) and (47) show that in order to understand the model, 

one has to analyse the sign of 𝜔12 and the sign of 𝑣12,𝑡𝜎12.
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Table IV

Guaranteed annuity option sensitivity II.
% 𝜌𝜔 𝜌𝜎

−10 7.889 7.692

−9 7.895 7.716

−8 7.900 7.741

−7 7.906 7.767

−6 7.911 7.792

−5 7.917 7.817

−4 7.922 7.842

−3 7.928 7.868

−2 7.934 7.893

−1 7.939 7.919

0 7.945 7.945

1 7.950 7.971

2 7.956 7.997

3 7.961 8.023

4 7.967 8.049

5 7.973 8.075

6 7.978 8.101

7 7.984 8.128

8 7.989 8.154

9 7.995 8.181

10 8.000 8.207

Note: Sensitivity of the guaranteed annuity option to the 
off-diagonal parameters. We apply a percentage pertur-

bation, given in column %, to 𝜌𝜔 = 𝜔12√
𝜔11𝜔22

for 𝜔 and 
𝜌𝜎 = 𝜎12√

𝜎11𝜎22
for 𝜎. We denote by 𝜌̂𝜔 and 𝜌̂𝜎 these per-

turbed parameters, then we build the perturbed matrices 
𝜔̂ given by (51) and 𝜎̂ given by (52). We price the option 
using the parameters (𝑣0, 𝜔̂, 𝑚, 𝜎) and report the values in 
the column 𝜌𝜔 while the option prices for the parameters 
(𝑣0, 𝜔, 𝑚, ̄𝜎) appear in the column 𝜌𝜎 . The price is equal to 
×10−3 the value given in the table. The formula for pricing 
the guaranteed annuity option is given in Proposition 4.7. 
The annuity is with fixed payments.

and use the Wishart process with parameters (𝜔, 𝑚, ̌𝜎), which we de-

note 𝑣̌𝑡. By construction we have (𝜎̌2)11 = (𝜎2)11 and (𝜎̌2)22 = (𝜎2)22
and thanks to the relations (11)-(12) we conclude that

𝑑⟨𝑣11,., 𝑣11,.⟩𝑡
4𝑣11,𝑡

= (𝜎2)11 = (𝜎̌2)11 =
𝑑⟨𝑣̌11,., 𝑣̌11,.⟩𝑡

4𝑣̌11,𝑡
, (56)

𝑑⟨𝑣22,., 𝑣22,.⟩𝑡
4𝑣22,𝑡

= (𝜎2)22 = (𝜎̌2)22 =
𝑑⟨𝑣̌22,., 𝑣̌22,.⟩𝑡

4𝑣̌22,𝑡
, (57)

and state that 𝑣11,𝑡 and 𝑣̌11,𝑡 have the same volatility and that 𝑣22,𝑡 and 
𝑣̌22,𝑡 have the same volatility.3 We also have that 𝑑⟨𝑣11,., 𝑣22,.⟩𝑡 is given 
by (13) while 𝑑⟨𝑣̌11,., 𝑣̌22,.⟩𝑡 = 0 since 𝜎̌12 = 0 and according to (50) the 
short rate and mortality intensity computed using (𝑣̌𝑡)𝑡≥0 have an instan-

taneous covariation equal to zero. We price the option using (𝑣̌𝑡)𝑡≥0 and 
find 6.707 × 10−3, which we compare to 7.944 × 10−3, the option price 
obtained using the parameters from Table I. The difference is about 
−15.5%. If we consider that the difference between the two models (i.e., 
the two sets of parameters) is the lack of correlation, then −15.5% can 
be seen as the pricing error due to neglecting it.

It is also possible to consider a guaranteed annuity option written on 
an annuity that pays a variable coupon. In the linear-rational Wishart 
model this derivative is no more complicated to price and is given by 
Proposition 4.7. A similar analysis can be carried out, but for the sake of 
brevity we only report the difference between the price of the guaran-

teed annuity option using the parameters in Table I and the equivalent 
model “without” correlation, i.e., assuming a transformation similar to 
(55). The option parameters are those in Table II, 𝛾 = 0.05 in (4), so 
that the survival annuity in (8) or (7) is given by (5) and depends on 

3 Obviously, strictly speaking this is not true, since the instantaneous variance 
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𝑃f lo(𝑡, 𝑇 ) of (4) with its price given by Proposition 4.3. The price of the 
guaranteed annuity option is 10.040 × 10−3, which is of course higher 
than the option price with fixed payment (i.e., with 𝛾 = 0), and if there 
is no correlation the option price is 8.632 × 10−3, which is −14.02%
lower.

6. Conclusion

This paper proposes a new model, the linear-rational Wishart model, 
for jointly modelling mortality risk and interest rate risk. Within this 
framework, we show how a survival bond and a survival floating rate 
bond can be priced. Thanks to the model’s remarkable analytical prop-

erties, the pricing of these derivatives is explicit. We also show how a 
guaranteed annuity option, i.e., an option on a sum of survival (floating) 
bonds, can be priced. Unlike existing models in the literature, the pric-

ing of this derivative is explicit and can be done up to a one-dimensional 
integration and is independent of the dimension of the model. There is 
no approximation. Pricing is extremely fast and comparable to the pric-

ing of an option on a single (longevity) bond. Using realistic parameter 
values, we provide a numerical implementation of the model and show 
the dependence of the derivative on the parameters. We also show that 
neglecting the correlation between the interest rate and the mortality 
intensity leads to a significant pricing error.

The framework can be extended in several directions. First, recent 
results in Li et al. (2023) show the importance of joint jumps in mor-

tality and interest rate risks, so adding jumps to the current framework 
is a relevant objective. Although the guaranteed annuity option can be 
computed explicitly, other mortality derivatives may not lead to a sim-

ple pricing formula, an example of which is given in Remark 4.12. The 
development of some numerical approximations for these derivatives 
is of interest. In Da Fonseca et al. (2022) the moments of the Wishart 
process are obtained under certain parameter assumptions, these mo-

ments allow the use of the option price approximations of Jarrow and 
Rudd (1982) and Collin-Dufresne and Goldstein (2002). Obtaining these 
moments in the general case is interesting but difficult, Graczyk and 
Vostrikova (2007) may provide a way to solve this problem. Another 
important research topic is the estimation of the model. Note that the 
model parameters are matrices that satisfy certain constraints, such as 
negative eigenvalues or symmetric positivity; any numerical algorithm 
should take such properties into account. Finally, the present paper 
focuses on the dependence between interest rates and mortality, but 
it should be clear that the linear-rational Wishart model can be used 
to deal with other dependencies. For example, Xu et al. (2020) study 
the multi-cohort modelling problem using the vector affine process and 
the exponential affine framework. The analysis of this problem, and 
more generally multi-population and/or multi-annuitant problems, in 
the linear-rational Wishart framework is definitely an interesting topic. 
In this line of research, the GAO pricing problem is mainly (or only) rel-

evant in a multi-annuitant context. The main modelling difficulty is to 
specify the dependence between mortality events of two (or more) pop-

ulations/cohorts/annuitants. These are interesting problems worthy of 
investigation.
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