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1. Introduction

Type theories were developed as alternatives to set
theory for the foundation of mathematics. Important type
theories were introduced by A. Church and P. Martin-Lof;
they are typed A-calculus (see, for example, Barendregt
(2012)) and intuitionistic type theory (see, for example,
Granstrom (2011)). There are several higher-order
variants of typed A-calculus, such as Calculus of
Constructions (CoC) and Calculus of Inductive
Constructions (CIC) (see Bertot and Casteran, 2010).
These variants make formal bases of proof assistants,
which are computer tools for formalizing and developing
mathematics. In particular, the well-known proof assistant
Coq (Coq Development Team, 2021) is based on the CIC.

This study uses the variant AD of CoC developed by
Nederpelt and Geuvers (2014); AD is called the Calculus
of Constructions with Definitions. AD is chosen because
of its following useful properties described in their book.

— In AD, as in other variants of CoC, proofs are
expressed as formal terms and thus are incorporated
into the system.

— In AD type checking is decidable and therefore proof
checking is decidable. So the correctness of a proof
can be checked by an algorithm.

— AD is strongly normalizing, which implies the logical
consistency of this theory, even with classical logic
(when no extra axioms are added).

The theory AD is weaker than CIC because AD does
not have inductive types. This does not limit its capability
for formalizing mathematics because in AD one can use an
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axiomatic approach and higher-order logic to express the
objects that CIC defines with inductive types.

In these formalizations, the author aims to keep the
language and theorems as close as possible to the ones of
standard mathematics. Definitions and proofs in this study
use the flag-style derivation described in Nederpelt and
Geuvers (2014). Long formal derivations are moved from
the main text to Appendices for better readability.

2. Type Theory AD

Nederpelt and Geuvers (2014) developed a formal
theory AD and formalized some parts of logic and
mathematics in it. The main features of AD are briefly
described below.

2.1. Type Theory AD

The language of AD described in Nederpelt and
Geuvers (2014) has an infinite set of variables, V, and an
infinite set of constants, C; these two sets are disjoint.
There are also special symbols o and *.

Definition 2.1

Expressions of the language are defined recursively
as follows.

(1) Each variable is an expression.

(2) Each constant is an expression.

(3) The constant * is an expression.

(4) The constant o is an expression.

(5) (Application) If A and B are expressions, then AB is
an expression.
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(6)
(")
(8)

(Abstraction) If A and B are expressions and x is a
variable, then Ax: A.B is an expression.

(Dependent Product) If A and B are expressions and
X is a variable, then TIx: A.B is an expression.

If A1, Az,..., Anare expressions and ¢ is a constant,
then c(Ay, Az,..., An) is an expression.

An expression A — B is introduced as a particular type
of Dependent Product from (7) when x is not a free
variable in B.

Definition 2.2

(1) A statement is of the form M: N, where M and N are
expressions.

A declaration is of form x: N, where x is a variable
and N is an expression.

A descriptive definition is of the form:

)

@)
Xx:A>cx):=M:N,

where X is a list Xi, X2,..., Xn Of variables, 4 is a list
A1, A, ..., Aqof expressions, ¢ is a constant, and M
and N are expressions.

(4) A primitive definition is of the form:

Xx:A4 >c(x=L:N,

where X, 4 and c are described the same way as in (3),

and N is an expression. The symbol 1 denotes the non-
existing definiens. Primitive definitions are used for
introducing axioms where no proof terms are needed.

(5) A definition is a descriptive definition or a primitive
definition.
(6) A judgment is of the form:

A;THM:N,

where M and N are expressions of the language, A is an
environment (a properly constructed sequence of
definitions) and T is a context (a properly constructed
sequence of declarations).

For brevity, most definitions use implicit variables by
omitting the previously declared variables x in c(x) in (3)
and (4).

The following informally explains the meaning of
expressions.

(1) If an expression M appears in a derived statement of
the form M: x, then M is interpreted as a type, which
represents a set or a proposition.

Note: There is only one type * in AD. But informally
*p i often used for propositions and = for sets to make
proofs more readable.

(2) If an expression M appears in a derived statement of

the form M : N, where N is a type, then M is

interpreted as an object at the lowest level.

When N is interpreted as a set, then M is regarded as

an element of this set.

When N is interpreted as a proposition, then M is

regarded as a proof (or a proof term) of this

proposition.

(3) The symbol o represents the highest level.

(4) Sortis * or. Letters s, s, Sz,... are used as variables for
sorts.

(5) If an expression M appears in a statement of the form
M : o, then M is called a kind.

AD contains the derivation rule:

¢;¢ Fxg,

It is an axiom (the only axiom) of in AD, because it has an
empty environment and an empty context.

Further details of the language and derivation rules of
the theory AD can be found in Nederpelt and Geuvers
(2014). Judgments are formally derived in AD using the
derivation rules.

2.2.Flag Format of Derivations

The flag-style deduction was introduced by Jaskowski
and Fitch; it is described in detail by Nederpelt and
Kamareddine (2011), and Nederpelt and Geuvers (2014).
In short, a derivation in the flag format is a linear
deduction. Each ”flag” (a rectangular box) contains a
declaration that introduces a variable or an assumption; a
collection of already introduced variables and
assumptions makes the current context. The scope of the
variable or assumption is established by the “flag pole".
In the scope, one constructs definitions and proof terms
for proving statements/theorems in AD. Each new flag
extends the context and at the end of each flag pole, the
context is reduced by the corresponding declaration. For
brevity, several declarations can be combined in one flag.

2.3. Logic in AD

The rules of intuitionistic logic are derived from the
theory AD as shown in Nederpelt and Geuvers (2014).
These are briefly described below by showing the
introduction and elimination rules for logical
connectives and quantifiers.
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Implication

The logical implication A = B is identified with the
arrow type A — B. The rules for implication follow the
following general rules for the arrow type (here they are
written in the flag format):

var A: 81| B: s

A—)B:Sg

u:A—>B|v:A

uv: B

var z: A

A :B
Me:AM : A- B

Here x is not a free variable in B.
In AD arrows are right-associative, thatisA —B — C
is a shorthand for A — (B — C).

Falsity and Negation

Falsity L is introduced in AD by: L :=TIA: *p.A : *p.
From this definition one gets a rule for falsity:

var B : %,
u:l
u:IA: . A
uB: B

The rule states that falsity implies any proposition.

As usual, negation is defined by: -A:=A — 1.

Other logical connectives and quantifiers are also
defined using second-order encoding. Here only a list of
their derived rules and names of the corresponding terms
are provided, without details of their construction. The
exact values of the terms can be found in Nederpelt and
Geuvers (2014).

Some of our flag derivations contain the proof terms
that will be re-used in other proofs; such proof terms are
written in bold font, e.g. A-in in the first derived rule for
conjunction as follows.

Conjunction

These are derived rules for conjunction A:

var A,B: x,
u:Alv:B

A-in(A, B,u,v) : ANB

w:AAB

N-eli(A,B,w) : A
N-elx(A,B,w) : B

Disjunction

These are derived rules for disjunction v:
var A, B : %,
u: A

V-ini (A, B,u) : AVB

u: B]

V-ina(A,B,u) : AV B

C:xy

u:AVB|v:A=C|lw:B=C
v-el(A, B,C,u,v,w) : C

Bi-Implication
Bi-implication & has the standard definition:
(A=B)=(A=>B)A(B=>A).
Lemma 2.3.

This lemma will be often used to prove bi-implication
A & B.

var A,B : *,

u:A=B|v:B= A
bi-impl(A, B, u,v) := A-in(A= B,B= A,u,v) : A& B

Universal Quantifier

The universal quantifier v is defined through the
dependent product:

varS:*slP:S—>*l,|

Definition V(S,P) =1z : S.Px : %,
Notation : (Vx : S.Px) for V(S, P)

Existential Quantifier

These are derived rules for the existential quantifier 3:

varS:*s|P:S—)*p|

var y: S |u: Py

3-in(S, P,y,u) : (3x: S.Px)

Cix,

u:(3w: S.Pz)|v: (Vo : S.(Px=C))]
3-el(S, P,u,C,v) : C

Here x is not a free variable in C.
Classical Logic

This study uses mostly intuitionistic logic. But
sometimes classical logic is needed; in these cases, the
following Axiom of Excluded Third is added:

var A : *p

exc-thrd(A):= 1 : Av-A
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This axiom implies the Double Negation theorem:

var A: %,

doub-neg(A) : (-——A = A)

3. Intensional Equality in AD

This section introduces intensional equality for
elements of any type; it is called just equality. The next
section will introduce extensional equality and the axiom
of extensionality relating to the two types of equality.

var S : %
var z,y: S

eq(S,z,y) :=TIP: S = %p.(Pz = Py) : %
Notation : * =g y for eq(S,z,y)

Intensional equality

3.1. Properties of Equality
Reflexivity

The following diagram proves the reflexivity property
of equality in AD:

var S:*|x:S
var P: S — %,

Px: %,

a :=Au: Pr.wu: Pr= Px
eq-refl(S,x) = AP : S = xp.a1 : (IIP : S — *,.(Px = Px))
eq-refl(S,z):x=sx

Proof terms are constructed similarly for the following
properties of Substitutivity, Congruence, Symmetry, and
Transitivity (see Nederpelt and Geuvers (2014)).

Substitutivity

Substitutivity means that equality is consistent with
predicates of corresponding types.

var S
var P: 5 = «,

varr,y:S\u:a:=5y\v:P:1t|

eq-subs(S, P,z,y,u,v) : Py

Congruence

Congruence means that equality is consistent with
functions of corresponding types.

var @Q,S : *
var f:Q = S

vara:,y:Qlu:x=Qy|

eq-cong(Q7 Syfvwvy!u) : fCL' =s fy

Symmetry

The following diagram expresses the symmetry
property of equality in AD.

var S : *

vara:,y:S|u:a:=5y|

eq-sym(S,z,y,u) : y =s &

Transitivity
The following diagram expresses the transitivity
property of equality in AD.

var S : x

varx,y,z:Slu:x=sy|v:y=sz|

eq-trans(S,z,y,2,u,v) : T =g 2

4. Relations in Type Theory
4.1. Sets in AD

Below are some definitions from Nederpelt and Geuvers
(2014) relating to sets, in particular, subsets of type S:

var S : %,
ps(S):=8 =%,

var V : ps(S)
Notation: {x : § | zeV'} for Az : S.Vz

var z: S

element(S,z,V) :=Vzr:*,

Power set of S

Notation: xegV or xeV for element (S, z,V)

Thus, a subset V of S is regarded as a predicate on S
and xeV means x satisfies the predicate V.

4.2. Defining Binary Relations in AD

Binary relations are introduced in Nederpelt and
Geuvers (2014), together with the properties of
reflexivity, symmetry, antisymmetry, and transitivity, and
definitions of equivalence relation and partial order.
These are used here as a starting point for formalizing the
theory of binary relations in AD.

A relation on S is a binary predicate on S, which is
regarded in AD as a composition of unary predicates.
The type br(S) of all binary relations on S is introduced
below, for brevity:

var S :#g

Definition br(S) :=8 = S5 — *, :

a

In the rest of the article, binary relations are called
just relations. The equality of relations and operations
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on relations are defined similarly to the set equality and
set operations.

Next, the extensional equality of relations is defined vs
the intentional equality introduced in the previous section.

var S : %,
var R,Q : br(S)
Definition C (S, R,Q) := (Va,y : S.(Rzy = Qxy)) : *,
Notation: R C Q for C (S,R,Q)
Definition Ex-eq(S,R,Q) :=RCQAQCR : x,
Notation : R = Q for Ez-eq(S,R,Q) Extensional equality

The following axiom of extensionality for relations is
added to the theory AD.

var S,

var R,Q : br(S) ]

u:R=0Q

ext-axiom(S,R,Q,u) := 1L : R=y,(5Q Extensionality Axiom

The axiom is introduced in the last line by a primitive

definition with the symbol 1 replacing a non-existing
proof term. The Extensionality Axiom states that the two
types of equality are the same for binary relations. So the
symbol = will be used for both without elaborating on
details of applying the axiom of extensionality, when
converting one type of equality to the other.

4.3. Operations on Binary Relations

The flag format is used to introduce the identity
relation idson type S and converse R of a relation R:

var S : %,

Definition idg := Az,y: S.(x =5 y) : br(S) Identity relation

var R : br(S)
Definition conv(S, R) = Az,y : S.(Ryz) : br(S)

Notation : R~ for conv(S, R) Converse relation

Next, the operations of union U, intersection N, and
composition ° of relations are introduced:

var S : x4

var R,Q : br(S)
Definition U (S, R,Q) = Az,y: S.(RxyV Qxy) : br(S)
Notation: RU Q for U(S,R,Q) Union
Definition N (S, R,Q) = Az,y: S.(Rxy A Qxy) : br(S)
Notation: RN Q for N(S,R,Q) Intersection
Definition o (S, R,Q) := Az,y:S.(3z: S.(Rxz AQzy)) : br(S)
Notation: Ro Q for o (S,R,Q) Compositiol

4.4. Properties of Operations

The following two technical lemmas will be used in
some future proofs.

Lemma 4.1.
This lemma gives a shortcut for constructing an
element of a composite relation.

var S:xs | R,Q:br(S)|z,y,2: Sl

u: Ry |v:Qyz

a:= A-in (Rzy,Qyz,u,v) : Rry AQyz

prod-term (S,R,Q,x,y, z,u,v) := 3-in (S, M.Rxt A Qtz,y,a) : (RoQ)xz

Lemma 4.2.

This lemma gives a shortcut for proving the equality
of two relations:

var S:x, | R,Q: br(S)
uw:RCQ|v:QCR
rel-equal(S,R,Q,u,v):=A-in (RCQ,QC R,u,v) : R=Q

Theorem 4.3.
For relations R, P, and Q on type S the following hold:
DR YH =R

2)(RoQ)™t=Q 1R}
RN =R'nQ™!
HRUQ =R TuQ™
5)Ro(PUQ)=RoPUR°Q
6)(PUQ)°cR=PoRUQoR
7YRoe(PNQ)SRoPNR-Q
8)(PNQ)cRSPoRNQoR
9 (RoP)oQ=Ro(PoQ)

The formal proof is in Appendix A. The proof of part
2) has the form:

var S:x, | R.Q:br(S) |

conv-prod(S.R.Q):=... : (RoQ)'=Q 'oR™!

Its proof term conv-prod (S, R, Q) will be re-used later
in the paper.

5. Properties of Binary Relations

The  properties  of  reflexivity,  symmetry,
antisymmetry, transitivity and the relations of equivalence
and partial order are defined in Nederpelt and Geuvers
(2014) as follows.

var S : % | R :br(S)
Definition refI(S, R) :=Vz : S.(Rxzx) : %,
Definition sym(S, R) :=Vx,y: S.(Rxy = Ryz) : *,
Definition antisym(S, R) :=Va,y: S.(Rey = Ryz = 2 =5y) : *,
Definition trans(S, R) :=Vz,y,z : S.(Rxy = Ryz = Rxz) : %,
Definition equiv-relation(S, R) := refl(S,R) A sym(S,R) A trans(S,R) :
Definition part-ord(S, R) := refl(S, R) A antisym(S, R) A trans(S,R) : *,

Theorem 5.1.
Suppose R is a relation on type S. Then the
following hold.
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1)
2)

Criterion of reflexivity. R is reflexive  ids € R.
First criterion of symmetry. R is symmetric &
R1cR.

Second criterion of symmetry. R is symmetric &
R1=R.

Criterion of antisymmetry. R is antisymmetric &
RINRC ids.

Criterion of transitivity. R is transitive & R°R C R.

3)
4)
5)

The formal proof is in Appendix B. The proof of part
3) has the form:

var S :x, | R:br(S)|

sym-criterion(S,R) :=... : sym(S,R)& R'=R

Its proof term sym-criterion(S, R) will be re-used later
in the paper.

Theorem 5.2.

Relation R on S
antisymmetric = R = ids.

Proof. The formal proof is in the following flag
diagram.

is reflexive, symmetric, and

var S, |R: br(S)‘
uy : refl(S,R) | u2

s sym(S, R) | us : antisym(S, R)

var z,y: S |v: Rzy ‘

a; = ugxyv : Ryx

az = uzxryvaj : r =gy

az = Az,y: S\ : Rzy.ay : (R Cidg)

var z,y: S | v : (idg)zy

vz =gy
Notation P := Az : S.Rxz : § — #p
ay = uiz : Rzx

ag : Pz

as := eq-subs(S, P,xz,y,v,ay) : Py

as : Rxy
ag = Az,y:SAv:

a7 := rel-equal(S, R,ids,as,a6) : R =

(ids C R)
aiis

(ids)ey.as :

Theorem 5.3. Invariance under converse operation.

Suppose R is a relation on type S. Then the following
hold.
1) Ris reflexive = Ris reflexive
2) Rissymmetric = Rt is symmetric
3) Risantisymmetric = Ris antisymmetric
4) Ris transitive = R is transitive

Proof. 1)
var S : . | R : br(S) ‘
u:refl(S,R)
var z : S
uz : Rzx
ur : R~ lzx
a:=\z:Sux : refl(S,R™1)
2)

3)

var S :xg| R :br(S) ‘

w: sym(S, R)

varz,y:S|v: R

—Il'yl

v : Ryx
wyz : (Ryx = Rzy)
ay :=uyzv : Rzy

a; : R yx
as = Az,y : S v : R lzy.aq

var S : %, | R : br(S) ]

4)

u : antisym(S, R) |

var z,y: S |v: R lay |w: R lyx

v: Ryx
w : Rxy
uzy : (Rry = Ryx =z =y)

a] ‘=uTYywv . T =Yy

ag = Ax,y: S v : R lzy w : R~ lyz.a4

var S : % | R : br(S) \

w : trans(S, R) ‘

var z,y,z:S |v: R lzy |w: R lyz

w: Rzy

v : Ryzx

uzyz : (Rzy = Ryxr = Rzx)
ay :=uzyzwv : Rzz

a1 : R lzz

as == Az, y,z : S v: R lzy w : R lyz.a9

: sym(S,R71)

. antisym(S, R71)

: trans(S, R71)

O

Theorem 5.4. Invariance under intersection.

1)
2)
3)
4)

Suppose R and Q are relations on type S. Then the
following hold.

R and Q are reflexive = R N Q is reflexive.

R and Q are symmetric = R N Q is symmetric.

R or Q is antisymmetric = R N Q is antisymmetric.
R and Q are transitive = R N Q is transitive.
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Proof. 1) 4)
varS:*s|1?.Q:bl’(5)’ yar S susl R0 o)
s refl(S,R) | i vefl(8,0) ‘ uy > trans(S,R) | uy : trans(S, Q)
@ var x,v,z: S [v:(RNQ)xy|w: (RN Q)yz
a; :=uz : Rzxzx v:Rxy A Qxy
az :=vr : Qxx ay := A-elj(Rxy, Oxy,v) : Rxy
as = N\-in (Rzz, Qrz,ay,as) @ (RNQ)zx ap := A-ely(Rxy, Qxy,v) @ Qxy
ay:=Ar:S.a3 : refl(S,RNQ) w: Ryz A Qyz
2) az := A-elj(Ryz, Qyz,w) : Ryz
var S x5 |R,Q : br(S) I as := A-ely(Ryz, Qyz,w) @ Qyz
w:sym(S,R) | v: sym(S, Q) ’ as = uypxyzayaz . Rxg
var z,y: S |w: (RNQ)zy ‘ g = UpXxyzazays @ Qxg
ars By ioDay a7 = A-in (Rxz, Oxz,as,a6) @ (RN Q)xz
a1 = A-ely (Rzy, Quy,w) : Ray ag ;= Ax,y,z: S.Av: (RN Q)xy.Aw : (RN Q)yz.az
as := N-ela(Rzy, Qry,w) : Quy : trans(S,RN Q)

uzrya, : Ryx o
Theorem 5.5. Invariance under union.

as :

a4 ‘= vzyas : Qux
as := A-in (Ryz, Qyz,as,aq) : (RNQ)yx Suppose R and Q are relations on type S. Then the
ag == Az,y : SAw : (RNQ)zy.as : sym(S,RNQ) following hold.

1) RorQisreflexive = R U Q is reflexive.

2) Rand Q are symmetric = R U Q is symmetric.

Proof. 1)

3)
var S : #|R.Q: br(S) |

Notation A := antisym(S,R) : *,

Notation B := antisym(S, Q) : #p var S : #|R.OQ: br(S) l
(RO

Notation C := antisym(S,RN Q) : %, -
u:AVB lt.rtf(S,R)l.\.S‘
[via ux : Rxx

varx,y: S |w;: (RN Q)xy|wy: (RN Q)yx | ay = V-inj(Rxx, Qxx,ux) : (RU Q)xx
wi : Rxy A Oxy ap := V-inp(Rxx, Qxx,ux) : (Q U R)xx
a, := A-el|(Rxy, Qxy,w,) : Rxy az = Au:refl(S,R).Ax : S.a

wy : Ryx A Qyx . (refl(S,R) = refl(S,RU Q)

as(R, Q) := Au : refl(S,R).Ax : S.az
D (refl(S,R) = refl(S,QUR))

az := A-ely(Ryx, Qyx,ws) : Ryx
vxy:(Rxy=Ryx=>x=Y)

as:=vxyaya; : x=Yy

ag = Av:AAx,y: S.Aw, (RN Q)xy.Aw, : (RN Q)yx.as as := ay(Q.R) : (refl(S,Q) = refl(S.RU Q))
t (A= 0) w:refl(S,R)Vrefl(S,Q)

v:B az = V-el(refl(S.R).refl(S, Q),refl(S.RU Q).u,as, as)
varx,y:S |wi: (RN Q)xy|wa: (RN Q)yx . refl(S,RU Q)

wy @ Rxy A Qxy
as := A-el,(Rxy, Qxy,w;) : QOxy

w2 : Ryx A Qyx 2)
ag := A-ely(Ryx, Qyx, ws) : Qyx var S: % | R,Q : br(S) ‘
vxy 1 (Qxy= Qyx = x=1y) wy : sym(S, R) | us : sym(S, Q) ‘

a; ;= vXyasas : X=Yy
ag = Av:BAx,y: S.Aw; : (RN Q)xy.Aw; : (RN Q)yx.a;
. B=0) s Sk

ayg == V-el(A,B.C,u,a4,az) : C w : Rxy

as : antisym(S.Rn Q)

var;r,y:S|v:(RUQ).ry‘

a = wxyw : Ryzx
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‘ a = V-in1 (Ryz, Qyz,a1) : (RUQ)yz

az = w: Rzy.ay : (Rzy = (RUQ)yz)

w: Qry
ayg = uszyw : Qux
a5 := V-ina(Ryz, Quz,aq) : (RUQ)yx
ag = w : Qry.as : (Qzy = (RUQ)yx)
a7 = V-el(Rzy, Qry, (RU Q)yz,v,a3,as) : (RUQ)yx
ag = Az,y: S : (RUQ)zy.ar : sym(S,RUQ)

Theorem 5.6. Invariance under composition.

Suppose R and Q are relations on type S. Then the
following hold.

1) R Risalways symmetric.

2) Rand Q are reflexive = R = Q is reflexive.

3) Suppose R and Q are symmetric. Then
ReQissymmetric & R-Q=Q°R.

Proof. 1)

var S :*, | R : br(S)

var z,y:S|u: (Ro R‘l)Avy|

Notation P := Az :S.Rzz AR 'zy : §— *p
uw: (Jz: S.Pz)

v:Rzz AR lzy
ay := N-el;(Rzz, R 'zy,v) : Rxz

as = N-ely(Rzz, R™'zy,v) : R™lzy

as : Ryz

a;: R 12z

a3 := prod-term (S, R, R™!,y,z,z,a2,a1) : (Ro R~ )yx

ag:=Xz:8M: Pzaz : (Vz:8.(Pz= (Ro R 1)yzx))
as = 3-el (S,P,u,(Ro R~ Yyx,a4) : (Ro R~ )yx
ag = Az,y: SAu: (RoR Vay.as : sym(S,RoR71)

2)

var S : xg | R.Q:br(S)|
w:refl(S,R) | v: refI(S.Q)|

var z: S

uzr : Rzzx

ve : Qzx

ay := prod-term (S, R, Q,z, z,z, uz, vz)
: refl(S,Ro Q)

: (RoQ)zx

az ;= Az : S.aq

3) The derivation below uses the proof term sym-
criterion (S, R) from Theorem 5.1.3) for the second
criterion of symmetry and the proof term conv-prod from
Theorem 4.3.2).

var S : *.\l

‘ ay = sym-criterion(S,R) : sym(S.R) = (R"' = R)
a(R) = A-eli(sym(S,R)= (R"' =R, (R"' =R)

. sym(S,R) = (R"'=R)
ai(R) := A-el(sym(S,R) = (R'=R.(R'"=R)

: (R'=R) = sym(S.R)
varR,Q : br(S) | u: sym(S.R) | v: sym(S. Q)

= sym(S.R),ay)

= sym(S.R),ay)

ay = aRu : (R'=R)
as = a(Qw: (Q'=Q)
ag := conv-prod(S,R,Q) : (RoQ)' =@ 'oR"!
Notation Py := AK : br(S).((Re @)"' =KoR™") : br(S) — =,
Notation P, := AK : br(S).((Re Q)' = QoK) : br(S)— =,
61 PI(QTY)
= eq-subs(br(S), P1,Q ', Q,as,as) : (RoQ)'=QoR!
: Py(R)
ag := eq-subs(br(S), P, R '.R.ay.a7)
Notation A := sym(S,Ro Q) : #,
Notation B:=(RoQ=QoR) :
w:A

ay:=aRoQw : RoQ)'=RoQ

ap := eq-sym(br(S),(Ro Q)" ",Ro Q.a) : RoQ=(RoQ)!
= eqg-trans(br(S),Ro Q.(Ro @)', Q o R, ayg. ag)
: RoQ=QoR
:A=B

=]

a;
a;

: (RoQ)'=QoR

*p

an

ap = Aw: A.ay
w:B
wi(ReQ=QoR)
a3 := eqg-sym(br(S),Roc Q,QoR.w) : QoR=RoQ
ays = eq-trans(br(S),(Ro Q)'. Qo R.R o Q.as, a3)
:(Ro@y'=RoQ
ais :=a3(Ro Qlayy :

sym(S.Ro Q)
aig:=Aw:Baj;s : B=>A
ay; := bi-impl(A, B,ayp,a) - (sym(S.Ro Q) ® RoQ=QoR)

6. Special Binary Relations
6.1. Equivalence Relation and Partition

Theorem 6.1. Invariance of equivalence relation under
converse operation and intersection.

Suppose R and Q are equivalence relations on type S.
Then the following hold.

1) Risan equivalence relation on S.
2) RN Qisan equivalence relation on S.

Proof

1) Can easily be derived from Theorem 5.3.1), 2), 4)
using intuitionistic logic.

2) Can easily be derived from Theorem 5.4. 1), 2), 4)
using intuitionistic logic.
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The formal proofs are skipped. o

Next is a formalization of the fact that there is a
correspondence between equivalence relations on S and
partitions of S. Equivalence classes are introduced in
Nederpelt and Geuvers (2014) as follows.

var S : *,

R :br(S) | u: equiv-rel(S, R)
var x: S
class(S,R.u,z) :={y : S| Rxy} : ps(S)
Notation [z]g for class(S, R.u,x)

Next, a partition of type S is defined:

var S @ x,|R: S — ps(S)

partition(S,R) := (Yx : S.xeRx)
AYX, v, 2 : S.(zeRx = zeRy = Rx = RYy))

As usual, one can regard a partition R as a collection Rx
(x € S) of subsets of S. From this point of view, the above
diagram expresses the standard two facts for a partition:

(1) any element of S belongs to one of the subsets from
the collection (namely Rx);

(2) if intersection of two subsets Rx and Ry is non-empty,
then they coincide.

(1) implies that each subset from the collection is non-
empty and that the union of all subsets from the collection is S.

Theorem 6.2.

Any equivalence relation R on type S is a partition of
S and vice versa.

Proof. The type of partitions of S is S — ps(S), which
is S — S — *p, and it is the same as the type br(S) of
relations on S. The proof consists of two steps.

Step 1. Any equivalence relation is a partition.

varS (% |R:S - § — %,

[u: equiv-rel(S.R) \

ay = A-ely(refl(S.R), sym(S,R), A-el,(refl(S,R) A sym(S, R),
trans(S,R).u)) : refl(S.R)
as :=a1x: Rxx

as : (xeRx)

s (x2S .xsX)

az :=Ax: S.a>

This proves the first part of the definition of partition
(S, R), and the second part was proven in Nederpelt and
Geuvers (2014), pg. 291.

Step 2. Any partition is an equivalence relation.

\':Il'S:x.‘»IR:S—»S—»xp|

u : partition(S,R)

Notation A := Yx : S.(xeRx)

Notation B := ¥Yx,y,z: S.(zeRx = zeRy = Rx = Ry)
u:AANB

aj := A-eli(A.B.u): A

ay := A-el;(A.B.u): B

az := a1 x : xeRx
aiz : Rxx
ay:=Ax: S.az : refl(S,R)
varx,y: S |v: Rxy
as :=ayy : (yeRy)
v: (yeRx)
ag 1= axxyyvas : Rx =Ry
a7 = ayx : (xeRx)
ag := eq-subs(ps(S), AZ : ps(§).xeZ,Rx,Ry,as.a7) : (xeRy)
ag : Ryx
ag := Ax,y: S.Av: Rxy.ag : sym(S.R)
varx,y,z: S |v:Rxy|w:Ryz
v: yeRx
ayp := agyzw : Rzy
ay : (yeRz)
apy 1= axzxyayv : Rz=Rx
apn:=ai1z : (zeRz)
a3 := eq-subs(ps(S), AZ : ps(S).zeZ, Rz, Rx, ayy,ay;) : zeRx
a;z : Rxz

trans(S.R)
A-in(refI(S,R) A sym(S.R),trans(S.R), A-in(refI(S.R),

ag = Ax,y,z: S.Av: Rxy.Aw : Ryz.a;3 :

a5t

sym(S,R), ay, @), a14) : equiv-rel(S.R)

6.2. Partial Order

Theorem 6.3. Invariance of partial order under
converse operation and intersection.

Suppose R and Q are partial orders on type S. Then the
following hold.

1) Rlisa partial order on S.
2) RN Q is a partial order on S.

Proof.

1) can easily be derived from Theorem 5.3.1), 3), 4)
using intuitionistic logic.

2) can easily be derived from Theorem 5.4. 1), 3), 4)
using intuitionistic logic.

The formal proofs are skipped. o
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Example 6.4
C is a partial order on the power set ps(S) of type S.
Proof.

This is the formal proof.

Notation R := AX,Y : ps(S).X CY : br(ps(S))

Notation A := refl(ps(S),R)

Notation B := antisym(ps(S).R)

Notation C := trans(ps(S),R)

ap = Ax: S.Au: (xeX).u
ay = AX : ps(S).a; : A
varX,Y :ps(S)|u: XCY|v: YQX|

1 XX

az:=NinXCYYCXuyv) : X=Y
as =X, Y : ps(S)Au:XcYAv:YCXaz : B
varX.Y.Z:ps(S)Iu:X<_ZY|r:YQZ|

varx: S |w: xeX

as = uxw : (xgY)

ag ;= vxas : (xeZ)

aj=Ax: S Aw: (xeX)ag : XCZ

ag = AX,Y,Z: ps(S)Au:XCcYAv:YCZa; : C

ag := A-in(A A B,C,A-in(A.B,az,a4),ag) : ANBAC
ag : part-ord(ps(S ), R)

6.3. Well-Ordering and Transfinite Induction

Notation < will be used for a partial order. The following
diagram defines the strict order <, the least element of a
partially ordered set, and the well-ordering of type S.

var S @ x| <t br(S) | u: part-ord(S, <) ‘

Definition <:=Ax,y:S.(x <yA-(x=y))

var X : ps(S)|x: S

Definition least(S,<, X, x) := xeX AVYy : S.(veX = x < y)
Definition well-ord(S.<) := part-ord(S, <)
AYX : ps(S).[Tx: S.xeX = Jx : S.least(S, <, X, x)]

Theorem 6.5. Transfinite Induction.

Suppose < is a well-ordering of type S. Then for any
predicate P on S:
vx: S.[(Vy : S.(y <x = Py) = Px] = vx : S.Px.

Proof

Here is the formal proof.

varS :+, | < br(S)| u, : well-ord(S.<) | P: § — », |

u; I Vx:S¥y:S.y<x=>Py)> Px]l

Notation A = part-ord(S,<)
Notation B := [VX : ps(§5).(3x : S.xeX
= Ax: S.least(S.<.X.x))]
u :AAB
a; = A-elj(A,B.1y) 1 A
ax = A-¢l(A,B.in) : B
ay = A-ely(refl(S,<) A antisym(S,<),trans(S,<).a,)
L refl(S.<) A antisym(S. <)
ay = A-ely(refl(S,<).antisym(S,<).a3) © antisym(S, <)
NotationX = Ax : §.=Px

v i (3x : S.xeX) |

as:=axXvy : [Ax: S.leasi(S.<. X, x)]

psis)

var x: S | vy : least(S.<.X.x)

ag = A-el | (xeX Vy: S.(veX = x £ y).vz) © xeX
ag : -Px
a7 = A-eh(xeX ¥y : S.(veX = x £ y).v2)

C[Vy:S.eX=>x5))]

mr)':Slwl:y-:xl

ag = A-eh(y=x.~(x=y)w;) 1 y=x
ag .= A-eh(y£x.~(x=yhw;) ! =(x=Y¥)
[wa2: =Py

wa o yeX

aw:=amywr: X<y

Q) = Q4XYG)paz X =Y

a2 i=asan : L

ay3:= Aw; : =Py.a;; : ~-Py

ays = doub-neg(Py)a,; : Py
Qs = Ay: S Aw :y<xay : [Vy: Sy <x= Py)]

Qs = uzxays : Px

a7 =8¢0y © L
ayg = Ax 1 §.Avp @ least(S. =, X, x).ap7

t[Vx: S.(least(S. <. X.x)= 1)]
Qyp = F-el(§,Ax : S.least(S,<.X,x).as, L.ayg) : L
ax = Avy : (Ax: S.xeX).aio @ —(3x : §.xeX)
varx: S

w:-Px

w: xeX

az = 3-in(S, Az : S.zeX. x.w) : (Fz: SzeX)

an =aya; : L

an = Aw : =-Px.axn @ -—-Px

@y = doub-neg(Px)an : Px

azxs = Ax:8.ay : (¥x:S.Px)
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Here the Double Negation theorem is used (twice) with
the proof term doub-neg. This is the only place in this
study where classical (not intuitionistic) logic is used. o

7. Conclusion

Starting with the definitions from Nederpelt and
Geuvers (2014) of binary relations and properties of
reflexivity, symmetry, antisymmetry, and transitivity, this
study formalizes in the theory AD (the Calculus of
Constructions with Definitions) criteria for these
properties and proves their invariance under operations of
union, intersection, composition, and taking converse.
The author provides a formal definition of partition and
formally proves correspondence between equivalence
relations and partitions. The author derives formal proof
that < is a partial order on the power set. Finally, the
author formally proves the principle of transfinite
induction for a type with well-ordering.

The results can be transferred to the proof assistants
that are based on the Calculus of Constructions. Since
binary relation is an abstract concept used in many areas
of mathematics, the results can be useful for further
formalizations of mathematics in AD. Next direction of
research is formalization of parts of probability theory in
AD that was outlined in Kachapova (2018).
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APPENDIX
Appendix A. Proof of Theorem 4.3

Proof. 1)

var S : x| R: br(S) |
u: (R lxy

u: R 'yx

u: Rxy

ay:=Au: (RY lxyu :

u: Rxy

(R—I )—[.\‘_\' = R.\'_\'

w; Rlyx
w: (RYHlxy
ap = Au: Rxy.u : Rxy = (R"Y) 'xy
a3 i=Ax%y:8a : RY)1cR
as:=Ax,y:S.a, : Rc (R
as := rel-equal(R™\)™',R,az,a;) : (R"H)'=R
2)
var S : x| R, Q : br(S) |
Notation A := (Ro Q)™ : br(S)
Notation B:= Q' o R™" : br(S)
var x,y: S
Notation Py := Az : S.Ryz A Qzx : S — %,
Notation Py := 2z2: S.Q7'xzAR zy : § > %,

u:Axy

u:(RoQ)yx
w: @z 8. P1z)

v:Ryz A Qzx

ap = A-eli(Ryz, Qzx,v) : Ryz
ap == A-elr(Ryz, Qzx,v) : Qzx
:Rlzy

40 1xg

ay
ay
= prod-term (S, Q" R7'. x.z. y.az. ay)
: (O 'oR Hxy

az : Bxy

as:=Az:S.Av: Pizaz : (Vz:S.(P1z= Bxy))

13
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3)

| | as := 3-el (S, Py, u, Bxy,aq) : Bxy

dg = Ax,y:S.Au: Axyas : ACB

var x,y: S |u: Bxy

u:(3Iz:S.P)
[z:s |v: Pz
V: Q".\'z A R_'z_\'

= A-el(Q "Xz, R zy,v) : 07z

= A-elp(Q ' xz, R 'zy,v) : R 'zy

: Qzx

:Ryz

:= prod-term (S, R, Q.y.z.x.ag.a7) : (Ro Q)yx
S(Ro Q) 'xy

tAxy

ag

ag

ag
ay :=Az:S.Av: Pyzag @ (Vz:S.(Prz = Axy))

ap = 3-el (S. Pz.l(.A.\‘_\'. (l]o) : A.\‘)'

dyp == Ax,y: S.Au: Bxy.a;; : BCA
conv-prod(S.R, Q) := rel-equal(A, B, ag, ar2)
: (Ro Q)—l - Q—l oR!

var S : ;| R, Q: br(S) |
Notation A := (RN Q)" : br(S)
Notation B:= R 'n Q" :br(S)

var x,y: S |u: Axy |

u:(RNQ)'xy

u: (RnQyx

u: Ryx A Qyx

= A-el (Ryx, Qyx.v) : Ryx

= A-elh(Ryx, Qyx,v) : Qyx

: R 'xy

p: O lxy

3 = A-in(R'xy, Q" 'xy.a1.a2) : Bxy
as:=Ax,y: S.Au:Axy.a; : ACB

varx,y: S |u: Bxy |

u:R'xyn Q7 'xy

= A-eli (R 'xy, 0 'xy,v) : R 'xy

= AelbL(R 'xy, 07 'xy,v): Q" 'xy

: Ryx

Oyx

= A-in(Ryx, Qyx,as,as) : (RN Q)yx
:(RNQ) 'xy

: Axy

as
Qg
as
Qg -
a
az

az

ag:=Ax,y: S.Au:Bxya; : BCA
ay := rel-equal(A, B,as.ag) : (RN Q' =R'n Q!

4)

var s : « | R,Q: br(s)]

5)

Notation A := (RU Q)" : br(S)
Notation B:= R U Q™' : br(S)
varx,v:S |u: A.r_v|

w:(RUQ)yx
1: Ryx Vv Qyx
v:iR 'xy
ay == V-iny (R 'xy, Q" 'xy,v) : Bxy
a; := Av: Ryx.a
v:Qlxy
ay := V-iny(R 'xy, Q0 'xy,v) : Bxy
Qvx = Bxy
as := V-el (Ryx, Qyx, Bxy,u.ax.as) : Bxy

: Ryx = Bxy

ay = Av: Qyx.a; :

ag:=Ax,y: S.Au:Axy.as : ACB
varx,y:S |u: Bxy|

u: R"'.ty \"% Q“.r_\'

v: R’].r_\‘
v:Ryx

= V-iny(Ryx, Qyx,v) : Ryx V Qyx
(RUQ)'xy
: Axy
as:= Av: R 'xy.a;
v:Q 'xy

v:Qyx
ag := V-ina(Ryx, Qyx,v) : Ryx V Qyx
as: (RUQ) 'xy

ag : Axy

: Rlxy= Axy

app:=Av: Q“'.ry.aq : Q’l.x'_v = Axy

ayy := V-el (R".\'}‘, Q"x_v.A.x)', u,ag,ap) @ Axy
ap = Ax,y:S.Au: Bxy.a;; : BCA

a3 := rel-equal(A, B,ag,ai2) : (RUQ)'=R'uQ!

varS s |R,P,Q: br(S) ’

Notation A := Ro (PUQ) : br(S)

Notation B:= Ro PURo Q : br(S)

Notation Py := Az : S.RxeA(PUQ)zy : S — %,
u:(Jz:S.Poz)

z2:8|v:Poz

v:iRxzA(PUQ)zy



Farida Kachapova / Journal of Mathematics and Statistics 2022, m (m): mum.mum
DOI: 10.3844/jmssp.2022.mmm.umm

ay = A-ely(Rxz,(P U Q)zy,v) : Rxz

ay := A-el,(Rxz,(P U Q)zy,v) : (PU Q)zy

ay : Py v Qzy

w: Pzy
a3 := prod-term (S, R. P, x,z,y.a;.w) : (Ro P)xy
ay := V-in{((R o P)xy,(R o Q)xy.a3) : Bxy

as :=Aw: Pgy.as : Py= Bxy

E

w: Qzy
ag = prod-term (S, R, Q. x.z,y.a1.w) : (Ro Q)xy
a7 = V-in 2((R o P)xy,(R o Q)xy.as) : Bxy

ag = Aw: Qzy.a; : Qzy = Bxy

ay := V-el (Pzy, Qzy, Bxy,a», as,ag) : Bxy
ay:=Az:S.4v: Poz.ag : (¥Yz: S.(Poz = Bxy))
ayy := 3el (S, Py, u, Bxy,ayg) : Bxy
ap:=Ax,y:S.Au: Axyay : ACB

Notation Py := Az : S.RxzA Py 1 § — %,

Notation Py := Az : SRxzA Qzy : § — +,

u: Bxy

u:(RoP)xyVv (RoQ)xy

v:(3z: S.Pi2)
2:S|w: Pz
w: Rxz A Pgy
a3 = A-ely(Rxz, Pzy,w) : Rxz
a4 == A-eh(Rxz, Pzy,w) @ Pzy
ays := V-im(Pzy, Qzy.a1s) : (P U Q)zy
ayg := prod-term (S. R, (P U Q). x,z2.y. a3, ay5)
: Axy
ay7 = Az: S.Aw: Pizaye : (V7:5.(P1z= Axy))
ayg := 3l (S, Py, v,Axy.ap7) 1 Axy
ap :=Av: (Ro P)xy.ag : ((Ro P)xy = Axy)

v:(3z: §5.P2)

z:S|w: Pz

a = A-elj(Rxz, Qzy,w) @ Rxz
) = A-ela(Rxz, Qzy,w) : Qzy
ax = V-iny(Pzy, Qzy,azy) : (P U Q)zy
a3 = prod-term (S, R, (P U Q). x, 2, . d20, a22)
: Axy
a4 = A7:S.Aw : Pazaazy @ (Y2 : S.(P2z = Axy))
azs 1= A-el (S, P2, v,Axy, axg) : Axy
dze = Av:i (Ro Q)xy.axs : (Ro Q)xy = Axy)
ar7 1= V-el((R o P)xy, (R o Q)xy, Axy, u,a9.dz) : Axy
axg = Ax,y:S.Au: Bxyay; : BCA
any 1= rel-equal(A,B,aj.axs) : Ro(PUQ)=RoPUROoQ

6) is proven similarly to 5).
7)
var S @ =, | R, P.Q : br(S) |

Notation A := Ro (PN Q) : br(S)

Notation B:=RoPNRo Q : br(S)
Notation P := 1z: S.RxzA (PN Q)zy : #p
u:(3z:S8.P7)

varz: S |v: Pz

v:iRxzA (PN Q)zy
ap = A-elj(Rxz, (PN Q)zy,v) : Rxz
a = A-ely(Rxz, (PN Q)zy,v) : (PN Q)zy
ay : Pzy A Qzy
az = A-ely(Pzy, Qzv.ay) : Pzy
as = A-ela(Pzy, Qzy.az) : Qzy
as := prod-term (S, R. P, x,z.y,ay.az) : (Ro P)xy
ae = prod-term (S, R, Q,x.z.y.ay.as) : (Ro Q)xy
a7 = A-in ((R o P)xy,(R o Q)xy,as,ag) : Bxy
ag:=Az:S.Av: Pzay : (Vz:S.(Pz= Bxy))
ag := 3-el (S, P,u, Bxy,ag) : Bxy
ayp = Ax,y: S.Au: Axy.ag : Ro(PNQ)CRoPNRoQ

8) is proven similarly to 7).
9)

varS : *; |R,PQ: br(S)|
NotationA := (Ro P)o Q : br(S)
Notation B:= Ro(Po Q) : br(S)
Notation P\(x,y) := Az : S(Ro P)xzAQzy : § — %,
Notation Py(x,y) ;= Az : SRxzA(PoQ)zy : S = #p
Notation P3(x,y) ;== Az: S.RxzAPzy : § — *p
Notation Ps(x,y) :=Az: S.Pxz A Qzy : § = #p
varx,y: S |u: Axy |
u:(Jz:S.Py(x,y)z)
varz:S |v: P.(x._\‘):l
ay := A-eli((Ro P)xz,Qzy,v) : (Ro P)xz
a; := A-elL((Ro P)xz, Qzy,v) : Qzy
a: (3z; : S.P3(x,2)z1)
varz; : S |w: P3(x,2)z |

w: Rxz; A Pziz
a; := A-ely(Rxzy, Pziz,w) : Rxz,

as .= /\—Clz(RIZ], PZ]Z. w): P:,z
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as := prod-term (S, P, Q,z1.z. . as.a2) : (Po Q)z1y
ag := prod-term (S, R, (P o Q),x.z;,y.as.as) : Bxy
a; = Az; : S.Aw : P3(x,2)z;.a¢
(Vz1 : S.(Pa(x,z)z1 = Bxy))
ag := 3-el (§, Ps(x,z).a,, Bxy,a;) : Bxy
ag ;= Az : S.Av: Py(x,y)z.as : (¥Vz: S.(Pi(x,y)z = Bxy))
ayy := 3-el (S, Py(x,y),u, Bxy,ay) : Bxy
a; :=Ax,y: S.Au: Axy.a,p : ACB

varx,y: S |u: Bx_\fl
u:(dz:S.Py(x,y)z)
varz:S |v: Pg(x._\‘):l

a2 := A-elj(Rxz, (P o Q)zy,v) : Rxz
ayz = A-eh(Rxz, (P o Q)zy.v) : (Po Q)zy
ap . (32'] 5 S.P_‘(:.)')Zl)

varz;: S | w: Ps(z,Y)z1 |

w: Pz A Qziy
ayy := A-el(Pzzy, Qzyy.w) @ Pzzy
a5 := A-ela(Pzz1, Qziy. w) : Qz1y
a6 := prod-term (S, R, P, x,z,2),ay3, a14)
: (Ro P)xz
ay; ;= prod-term (S,Ro P, Q. x,z,,y. a6, Q15) : AXxy
ayg:= Azy : S.Aw i Py(z,¥)z1.a17
: (Yz1 : S.(Ps(z,y)z1 = Axy))
ayg = 3-el (5, Py(z.y),a13.Axy.a3) : Axy

axy = Az : S.Av: Pa(x,y)z.a9 @ (Vz: S.(Pa(x,y)z = Axy))
ay) = F-el (S, Pyr(x,y), u,Axy,a) : Axy

ay :=Ax,y: S.Au: Bxya, : BCA

ax; :=rel-equal(A,B,ay1,a») : (ReP)oQ=Ro(PoQ)

Appendix B. Proof of Theorem 5.1

Proof. Each statement here is a bi-implication, so

the proof term bi-impl from Lemma 2.3 is used.

1)

varS:*s|R:br(S)‘

Notation A := refl(S,R) : *,
Notation B := id; C R : %,
u:A

var x,y: S | v: (ids)xy

Vix=gy
Notation P:= Az: S.Rxz : S — #,
ux i Px

ay = eq-subs(S, P, x,y,v,ux) : Py

ap : Rxy

2) and

ap 1= Ax,y : S.Av : (ids)xy.a; : (idgs CR)
a : B
ay:=Au:Aay : (A= B)
i3]
ag =eqg-refl(S,x) : x=g x
ay : (idg)xx
uxx : (idg)xx = Rxx
as := uxxas : Rxx
ag r=Ax i Sqas 7 (Vx2S .Rxx)
g A
a7 :=Au:Bag : (B=> A)
ag := bi-impl(A, B,asz,a7) : refl(S,R) & id; CR

3) are proven together as follows.

var S : #¢|R: br(S)

Notation A := sym(S.R) : #,
Notation B:= R CR: %,
Notation C:=R' =R : «,
[u:A

varx,y: S |v: R 'xy

v: Ryx

uyx : (Ryx = Rxy)

ap := uyxv : Rxy

ay:=Ax,y:S.Au: l\*'.\'_v.a] :(R'CR)
varx,y: S |v: Rxy

uxy : (Rxy = Ryx)
az == uxyv : Ryx

as: R 'xy

ay:= Ax,y: S.Au: Rxy.a; : (RCR")
as := rel-equal(S,R™",R.a>.ay) : R'=R

ag:=Au:A.a : A=B

aj:=Au:Aas : A=C

u:

varx,y: S |v: Rxy

v:R l)._‘.

uyx : (R 'yx = Ryx)

ag := uyxv : Ryx

ay = Ax,y: S.Av: Rxy.ag : sym(S,R)

ay:=Au: B.ag : (B= A)

c
u:R'"CRARCR!
ajg:=A-elf(R'"CRRCR.u):R'CR
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4)

5)

apy B

app:=apan : A

: (C=A)

ayy = bi-impl(A, B, as.aip) : sym(S.R) & R'CR

a3z ;= Au : C.apn

sym-criterion(S,R) := bi-impl(A, C, a7, a3)
sym(S,R) & R =R

var S : = |R: br(S)

Notation A := antisym(S,R) : #
Notation B:= RNR™" Cids : %,
u: A

varx,y:S |[v:(Rn R")xy

v:R'xy A Rxy

a, := A-el;(R"'xy,Rxy,v) : R”'xy
az = A-eb(R 'xy, Rxy,v) : Rxy
a; : Ryx

uxy:Rxy=> Ryx=>x=y

az = uxyaxa, : (x=1y)

as : (ids)xy
as = Ax,y: S.Av: (RNR Hxyas : (RONR' Cids)
as: B
as:=Au:Aay : (A= B)
u: B
varx,y:S |v:Rxy|w: Ryx
w: R xy
ag := A-in)(R™'xy, Rxy,w,v) : (R™' N R)xy
(ids )xy

aj ‘= uxyag :

a;:x=y

ag ;= Ax,y : S.Av: Rxy.Aw: Ryx.a; :

as: A

ag:=Au:B.ag : (B= A)

ayo := bi-impl(A, B, as, as)
(antisym(S.R) © (RN R™' Cidy))

antisym(S, R)

var S : x| R: br(S)

Notation A := trans(S.R) : *p
Notation B:=RoRCR: %,
A
Notation P := Az: S.RxzARzy : S — %,

v:i(RoR)xy

vii(Az 2:8.Pg)

varz:S |w: Pz

w: Rxz A Rzy

ay .

A-elj(Rxz, Rzy,w) : Rxz
A-ela(Rxz, Rzy, w) : Rzy

a .

az := uxgyayaz : Rxy
a3 :=Az:8.Aw: Pzas : (Vz:S.(Pz= Rxy))
as := I—el(S, P,v,Rxy,as) : Rxy
ag:=Ax,y:S.Av:(RoR)xy.as : (RoRCR)

ag: B
aj:=Au:Aag : (A= B)
u:B
varx,y,z:S|v:Rxy|w:Ryz
ag := prod-term(S,R, R, x,y,z,v,w) : (RoR)xz
ag := uxz : ((RoR)xz = Rxz)
ajo := agag : Rxz
apy i= Ax,y,z: S.Av: Rxy.Aw : Ryz.ayy : trans(S,R)

ap - A
ap:=Au: B.ay : (B> A)
a3 := bi-impl(A, B,a7,ay2) : (trans(S,R) © (Ro R C R))



