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Abstract 

This work proposes a method for removing the inconsistency between the numerical 

models used for determining the sky view factor (𝑆𝑉𝐹) in an urban environment and 

fundamental radiation heat transfer theory. For this purpose, a transformation of the 

coordinate system from global to surface was developed, which corrected the measurement of 

the angular coordinates of the elements in the discretized sky vault. The transformation was 

deployed in a published numerical model and was validated in a non-urban environment with 

a widely used analytical expression for the 𝑆𝑉𝐹, with which it was found to be in excellent 

agreement. The method was subsequently applied to an urban scenario and the results were 

compared with the original numerical model. The proposed method provides a better 

determination of the SVF as a function of the surface azimuth and tilt angle.  
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1. Introduction 

The diffuse solar irradiance (𝐷, W/m2) reaching a receiving surface can be obtained 

by multiplying the diffuse irradiance on the horizontal (𝐷𝑜, W/m2) by a mathematical ratio, 

called the sky view factor (𝑆𝑉𝐹), as shown in Eq. (1). 

𝐷 = 𝐷𝑜 . 𝑆𝑉𝐹 (

1) 

The magnitude of 𝐷𝑜 can be obtained from historical measurements or by using 

models [1-4], while the value of 𝑆𝑉𝐹 is determined analytically or numerically [5,6]. To 

analytically calculate the 𝑆𝑉𝐹 for a non-urban site, the most widely used expression is that of 

Liu and Jordan (𝑆𝑉𝐹𝐿𝐽) [7] which features prominently in the literature [8-12] and for which 

an analytical proof has been developed [13]. However, in an urban context, Liu and Jordan’s 

relationship is inadequate for describing the true sky view factor. In an attempt to address 

this, Li and Lam [14] suggested a numerical method for estimating the 𝑆𝑉𝐹 of urban sites, 

based on computing the sum of incoming radiances.  

In this respect, Tregenza and Sharples [15] had previously demonstrated a similar 

approach in which the sky vault was divided into elements, and the individual radiances 

approaching from each element were analyzed. The method considered both the dilation and 

cosine effect associated with the solid angles representing these elements. The dilation factor 

accounted for the expansion of solid angles, from the zenith to the base of the sky vault, 

while the cosine effect accounted for the incidence angle between the direction of radiance 

and the normal to the surface.  

Following this type of approach, Siraki and Pillay [16] devised a technique based on 

disintegrating the sky vault to determine the 𝑆𝑉𝐹 of urban sites. In implementing this, the 

method they used in analyzing individual radiances was similar to that proposed by Li and 

Lam [14]; however, their approach to the disintegration of the vault was different, and did not 

account for the dilation and cosine effect. Siraki and Pillay found that for a non-urban site, 

their simulation results were similar to those arrived at analytically, vis-à-vis 𝑆𝑉𝐹𝐿𝐽.  

Building on this work, Tripathy et al. [17] used the same model and proposed a 

nomograph for determining the 𝑆𝑉𝐹 in a pseudo-urban environment consisting of infinite-

length buildings of constant height around the surface. Rehman and Siddiqui [18] improved 

the model by accounting for the dilation and cosine effects.  
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In considering these approaches, however, it is important to note that these models 

use a fixed horizontal plane for determining the angular coordinates of elements when 

calculating the dilation factor. Badescu [19] and Rakovec and Zaksek [20] suggested that 

such an approach was inconsistent with the fundamental concepts of radiation heat transfer 

and proposed analytical relationships that were suitable for non-urban sites only. However, 

these relationships were found to be mathematically incorrect, as proved in [21]. Removing 

the errors led to the same relationship as was proposed by Liu and Jordan [7]. However, to 

the authors’ knowledge, there has been no correct numerical model developed that can 

successfully analyze urban sites. Therefore, this work presents a numerical method based on 

a revision of Rehman and Siddiqui’s [18] model (hereafter termed RS-model) that has been 

made fully consistent with the theory of radiation heat transfer.  

2. Background 

In the vault disintegration technique, the elements are small areas on the surface of a 

vault of unit radius (Fig. 1(a)). The area of an element is therefore equal to the magnitude of 

the solid angle it subtends at the center of the vault, and is mathematically expressed by Eq. 

(2): 

𝑑𝜔 = 𝑑𝛼 𝑑𝛾 cos 𝛼 (

2) 

where 𝑑𝜔 (𝑠𝑟) is the solid angle, 𝑑𝛼 is the altitudinal height of the element, 𝑑𝛾 is the 

longitudinal width of the element located at the base plane of the vault and 𝛼 is the altitude 

angle of the element.  

For a constant value of 𝑑𝛼 and 𝑑𝛾, for all elements, the magnitude of the solid angle 

of any element only depends upon cos 𝛼. Therefore, any inappropriate measurement of 𝛼 

may induce errors in the calculation of the 𝑆𝑉𝐹. Although Eq. (2) was used in the RS-model, 

the reference for measuring 𝛼 was assumed fixed at the horizontal, irrespective of the surface 

tilt angle (Fig. 1(b)), which, from the perspective of radiation heat transfer, is inappropriate. 

According to radiation heat transfer theory the reference plane for measuring 𝛼 should be the 

receiving surface [22-24].  

Changing the reference plane in the published models alters the angular coordinates of 

the elements associated with the sky and the projection of urban features onto the vault. In 

these models, the coordinates were measured relative to a global coordinate system (GCS) in 
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which the altitude (𝛼𝑔) and azimuth (𝛾𝑔) angles were measured from the horizontal and from 

some standard cardinal direction, e.g. true south, respectively. However, considering a 

surface-aligned coordinate system (SCS), the altitude (𝛼𝑠) and azimuth (𝛾𝑠) angles need to be 

measured from the surface and from the line of orientation of the surface respectively, as 

shown in Fig. 1(b and c). The method for transforming the coordinates of elements from GCS 

to SCS is explained in the next section. 

 

Fig. 1: (a) Area of an element in a disintegrated sky vault; (b) Definition of altitudinal 

coordinates of elements used in published models and in this work; (c) Definition of 

azimuthal coordinates of elements used in published models and in this work 

3. Method 

The method follows the same approach as that described in the previously published 

models ([14-18]), except that the coordinates of elements are transformed from a GCS to an 

SCS, with a receiving point on the surface as the origin (Fig. 2).  

 

Fig. 2: Global coordinate system (GCS) rotated to form a surface coordinate system 

(SCS) 

 

For the transformations, the Cartesian axis in the GCS is expressed in terms of 𝑥, 𝑦 

and 𝑧 where a plane 𝑥𝑦̅̅ ̅ forms a horizontal surface, 𝑧 is aligned with the geographical zenith 
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passing through the point on the surface and 𝑖̂, 𝑗̂ and 𝑘̂ are unit vectors along 𝑥, 𝑦 and 𝑧. 

Similarly, the Cartesian axis in the SCS is expressed as 𝑥′, 𝑦′ and 𝑧′ where the plane 𝑥′𝑦′̅̅ ̅̅ ̅̅  

forms the receiving surface, 𝑧′ is aligned normal to the surface and 𝑢̂, 𝑣 and 𝑤̂ are the unit 

vectors along 𝑥′, 𝑦′ and 𝑧′, respectively. Hence, in moving between the coordinate systems 

the GCS should be rotated about the 𝑧-axis and 𝑦-axis as shown in Eq. (3) and Eq. (4): 

[𝑢̂ 𝑣 𝑤̂]𝑇 = 𝑅[𝑖̂ 𝑗̂ 𝑘̂]𝑇 (

3) 

where Γ and 𝛽 are the surface azimuth and tilt angles respectively, 𝑇 is matrix 

transpose and 𝑅 is the rotation matrix: 

𝑅 = [
𝑐𝑜𝑠 Γ −𝑠𝑖𝑛 Γ 0
𝑠𝑖𝑛 Γ 𝑐𝑜𝑠 Γ 0
0 0 1

] [
𝑐𝑜𝑠(−𝛽) 0 𝑠𝑖𝑛(−𝛽)

0 1 0
−𝑠𝑖𝑛(−𝛽) 0 𝑐𝑜𝑠(−𝛽)

] (

4) 

Hence, considering an element located at (𝛾𝑔,𝛼𝑔) in a GCS, the vector pointing to this 

element would be as determined by Eq. (5): 

𝐺̂ = [𝑐𝑜𝑠 𝛾𝑔 𝑐𝑜𝑠 𝛼𝑔 𝑠𝑖𝑛 𝛾𝑔 𝑐𝑜𝑠 𝛼𝑔 𝑠𝑖𝑛 𝛼𝑔] (

5) 

Alternatively, using Eq. (3), the vector pointing to the same element in the SCS would 

be given by Eq. (6) (see “Appendix 1” for a numerical example): 

𝑆̂ = 𝑅 𝐺̂𝑇 (

6) 

The final required coordinates of this element in a SCS would be (𝛾𝑠,𝛼𝑠), such that the 

conditions outlined in Eq. (7) and Eq. (8) are upheld. 

𝛾𝑠 =

{
 
 

 
 

0° , 𝑝𝑟𝑜𝑗𝑥′𝑦′̅̅ ̅̅ ̅̅ (𝑆̂) = [0 0 0], 𝑅(3) = −1

180° , 𝑝𝑟𝑜𝑗𝑥′𝑦′̅̅ ̅̅ ̅̅ (𝑆̂) = [0 0 0], 𝑅(3) ≠ −1

𝜙𝑝𝑟𝑜𝑗
𝑥′𝑦′̅̅ ̅̅ ̅̅ ̅(𝑆̂),𝑢̂ , 𝑝𝑟𝑜𝑗𝑥′𝑦′̅̅ ̅̅ ̅̅ (𝑆̂) ≠ [0 0 0], 𝜙𝑝𝑟𝑜𝑗

𝑥′𝑦′̅̅ ̅̅ ̅̅ ̅(𝑆̂),𝑣̂ ≤ 90°

360° − 𝜙𝑝𝑟𝑜𝑗
𝑥′𝑦′̅̅ ̅̅ ̅̅ ̅(𝑆̂),𝑢 , 𝑝𝑟𝑜𝑗𝑥′𝑦′̅̅ ̅̅ ̅̅ (𝑆̂) ≠ [0 0 0], 𝜙𝑝𝑟𝑜𝑗

𝑥′𝑦′̅̅ ̅̅ ̅̅ ̅(𝑆̂),𝑣̂ > 90°

 (

7) 

and 

𝛼𝑠 =

{
 
 

 
 90° , 𝑝𝑟𝑜𝑗𝑥′𝑦′̅̅ ̅̅ ̅̅ (𝑆̂) = 0

𝜙𝑝𝑟𝑜𝑗
𝑥′𝑦′̅̅ ̅̅ ̅̅ ̅(𝑆̂),𝑆̂ , 𝑝𝑟𝑜𝑗𝑥′𝑦′̅̅ ̅̅ ̅̅ (𝑆̂) ≠ [0 0 0], 𝜙𝑤̂,𝑆̂ ≤ 90°

−𝜙𝑝𝑟𝑜𝑗
𝑥′𝑦′̅̅ ̅̅ ̅̅ ̅(𝑆̂),𝑆̂ , 𝑝𝑟𝑜𝑗𝑥′𝑦′̅̅ ̅̅ ̅̅ (𝑆̂) ≠ [0 0 0], 𝜙𝑤̂,𝑆̂ > 90°

 
(

8) 
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where the functions 𝜙 and 𝑝𝑟𝑜𝑗 are as defined in the “Appendix 2”. 

4. Results and discussion 

Using the method discussed in the previous section in the RS-model, for a non-urban 

site, showed excellent agreement with the 𝑆𝑉𝐹𝐿𝐽 as shown in Fig. 3. Extending on this, the 

simulations were also performed for the urban site shown in Fig. 4, as used by Siraki and 

Pillay [16] and Rehman and Siddiqui [18].  

 

 

Fig. 3: Comparison of 𝑆𝑉𝐹𝐿𝐽 and the proposed method (simulations performed for a 

non-urban site, 𝑑𝛼 = 𝑑𝛾 = 0.1°) 

 

Fig. 5 illustrates the difference between the predictions from the original RS-model 

and this model. It can be seen that the projection of the urban features on the vault is fixed in 

the RS-model (Fig. 5a and b) irrespective of the receiving surface tilt angle, whereas in the 

revised model (Fig. 5c and d), the projection of an obstacle is patched uniquely for every tilt 

angle. In this respect, for receiver tilt angles of 30° (Fig. 5a and c) and 60° (Fig. 5b and d), 

the RS-model was found to underestimate the 𝑆𝑉𝐹 by 0.82% and 2.97%, respectively. 
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Fig. 4: Projection of the urban scene used in this work on a global coordinate system 

 

 

Fig. 5: Sky view factor at an urban site with the surface facing Γ = 0°, (a) using RS-

model at 𝛽 = 30°, (b) using RS-model at 𝛽 = 90°, (c) using this model at 𝛽 = 30° and (d) 

using this model at 𝛽 = 90° 
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Fig. 6: Difference in SVF between this model and the RS model (simulations 

performed for the chosen urban site, 𝑑𝛼 = 𝑑𝛾 = 0.1°) 

 

Hence, for an urban site, the value of 𝑆𝑉𝐹 obtained by this model shows a noticeable 

difference from the previous models, the magnitude of which depends upon both the azimuth 

and tilt angles of the receiving surface as shown in Fig. 6. Reflecting on this point it can be 

seen that the maximum variation occurs as the receiving surface approaches the vertical (𝛽 =

90°), which could lead to inaccurate assessments of façade performance and underpins the 

need to maintain consistency with radiation theory. 

5. Conclusion 

This work demonstrated a method for removing inconsistency with the fundamental 

theory of radiation heat transfer in models used for determining 𝑆𝑉𝐹 in an urban 

environment. As a case study, the method was deployed within an existing model to make it 

fully consistent with the theory of radiation heat transfer. Simulation results in a non-urban 

environment were found to be in excellent agreement with Liu and Jordan’s model and for an 

urban site, it was shown that the method provides a better determination of the SVF as a 

function of the surface azimuth and tilt angle. 
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Appendix 1 

A numerical example for calculating the rotation matrix (𝑅, as in Eq. 4), location of element 

in GCS (𝐺̂, as in Eq. 5) and the location of element in SCS (𝑆̂, as in Eq. 6) are given in this 

section.  

Let’s assume that the surface normal has the azimuth angle and tilt angle given by Γ = 45° 

and 𝛽 = 45°, respectively. Then, Eq. 4 can be evaluated as: 

𝑅 = [
𝑐𝑜𝑠 45° − 𝑠𝑖𝑛 45° 0
𝑠𝑖𝑛 45° 𝑐𝑜𝑠 45° 0
0 0 1

] [
𝑐𝑜𝑠(−𝛽) 0 𝑠𝑖𝑛(−𝛽)

0 1 0
−𝑠𝑖𝑛(−𝛽) 0 𝑐𝑜𝑠(−𝛽)

] = [
0.5 −0.707 −0.5
0.5 0.707 −0.5
0.707 0 0.707

] 

Also, consider that the element is located in GCS at the altitude and azimuth angle given by 

𝛼𝑔 = 45° and 𝛾𝑔 = 45°, respectively. Then, Eq. 5 can be evaluated as: 

𝐺̂ = [𝑐𝑜𝑠 45° 𝑐𝑜𝑠 45° 𝑠𝑖𝑛 45° 𝑐𝑜𝑠 45° 𝑠𝑖𝑛 45°] = [0.5 0.5 0.707] 

And so, the location of element in SCS can be obtained by using Eq. 6: 

𝑆̂ = [
0.5 −0.707 −0.5
0.5 0.707 −0.5
0.707 0 0.707

] [
0.5
0.5
0.707

] = [
−0.457
0.25
0.8533

]  

Appendix 2 

“𝜙𝑎,𝑏” is the function describing the angle between two vectors “𝑎” and “𝑏”, written 

as: 

𝜙𝑎,𝑏 = cos−1 (
𝑎. 𝑏

|𝑎||𝑏|
) 

“𝑝𝑟𝑜𝑗” is the function describing the projection of vector “𝑐”, written in its 

parenthesis, over the plane “𝑎𝑏̅̅ ̅”, written as: 

proj𝑎𝑏̅̅̅̅ (𝑐) = 𝑐 − (
𝑐. ⊥𝑎𝑏̅̅̅̅

|⊥𝑎𝑏̅̅ ̅̅ |
2
) . ⊥𝑎𝑏̅̅̅̅  

where “⊥” represents the vector normal to the plane “𝑎𝑏̅̅ ̅”, for example, if “𝑛” is 

normal to “𝑎𝑏̅̅ ̅” then: 

⊥𝑎𝑏̅̅̅̅ = 𝑛 
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Nomenclature 

Latin symbols 

𝐷 Diffuse solar irradiance reaching a surface (𝑊/𝑚2)  

𝐷𝑜 Diffuse solar irradiance on the horizontal (𝑊/𝑚2) 

𝐺𝐶𝑆 Global Coordinate System 

𝐺̂ Vector pointing to the element in global coordinate system 

𝑖̂, 𝑗̂, 𝑘̂ Unit vectors along 𝑥, 𝑦, 𝑧. 

𝑅 Rotation matrix 

𝑆𝐶𝑆  Surface Coordinate System 

𝑆𝑉𝐹 Sky view factor 

𝑆̂ Vector pointing to the element in surface coordinate system 

𝑢̂, 𝑣, 𝑤̂ Unit vectors along 𝑥′, 𝑦′, 𝑧′. 

𝑥, 𝑦, 𝑧  Cartesian axis in global coordinate system 

𝑥′, 𝑦′, 𝑧′  Cartesian axis in surface coordinate system 

Greek symbols 

𝑑𝛼 Altitudinal height of the element (degrees) 

𝑑𝛾 Azimuthal height of the element (degrees) 

𝑑𝜔 Solid angle (𝑠𝑟) 

𝛼 Altitude coordinate of the element (degrees) 

𝛽  Tilt angle of surface (degrees) 

𝛾  Azimuth coordinate of the element (degrees) 

Γ  Surface azimuth angle (degrees) 

Subscripts 

𝑔 Measured in global coordinate system  

𝐿𝐽 Proposed by Liu and Jordan [7] 

𝑠 Measured in surface coordinate system  
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