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Abstract

Stixels are medium-level data representations used for the development
of computer vision modules for self-driving cars. A stixel is a column of
stacked space cubes ranging from the road surface to the visual end of an
obstacle. A stixel represents object height at a distance. It supports object
detection and recognition regardless of their specific appearance.

Stixel calculations are commonly based on binocular vision; these calcu-
lations map millions of pixel disparities into a few hundred stixels. Depend-
ing on applied stereo vision, this binocular approach is sometimes incapable
to deal with low-textured road information or noisy data. The main objec-
tive of this work is to evaluate and propose approaches for calculating stixels
using different camera configurations and, possibly, also a LiDAR range sen-
sor.

This study also highlights the role of ground manifold modelling for
stixel calculations. By using simplifying ground manifold models, calcu-
lated stixels may suffer from noise, inconsistency, and false-detection rates
for obstacles, especially in challenging datasets. Stixel calculations can be
improved with respect to accuracy and robustness by using more adaptive
ground manifold approximations. A comparative study of stixel results, ob-
tained for different ground-manifold models, also defines a main contribu-
tion of this thesis. We also consider multi-layer stixel calculations.

Comprehensive experiments are performed on two publicly available
challenging datasets. We also use a novel way for comparing calculated
stixels with ground truth. We compare depth information, as given by ex-
tracted stixels, with ground-truth depth, provided by depth measurements
using a highly accurate LiDAR range sensor (as available in one of the pub-
lic datasets). Experimental results also include quantitative evaluations of
the trade-off between accuracy and run time. The results show significant
improvements for particular ways of calculating stixels.

Keywords: Stixels, ground manifold, v-disparity, y-disparity, monocular,
binocular, trinocular, obstacle height, dynamic programming, LiDAR, height
segmentation, multi-layer stixels.
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Chapter 1

Introduction

This introductory chapter informs about motivations, and a review of state-of-the-art
work in the area of vision-based driver assistance systems in general, and for stixels,
specifically. The chapter also presents current challenges, highlights the planned
contributions for this thesis, demonstrates potential spaces for improvements, and
outlines the structure of the thesis.

1.1 Background

Robust obstacle segmentation and scene understanding are key tasks for vi-
sual sensors (cameras) in autonomous cars for being able to interpret and act
within a dynamic environment. Cameras are playing a significant role in au-
tonomous driving; they are capable of providing rich information including
distances to obstacles given in traffic scenes.

Vision-based driver assistance systems (VB-DAS) contribute to the current
transition process towards autonomous vehicles. Examples of applications
of developed technologies are auto-braking systems, evasive steering assis-
tance, and blind spot monitoring [29]. VB-DAS are already widely used, both
in academia and industry [30, 50]. Cameras are one type of sensors that are
commonly installed in modern cars. In particular, stereo vision contributes to
systems that aim at distance measurements, surface modelling, or object de-
tection [82]. There remains ongoing research interest in stereo vision related
to VB-DAS, for example for scene analysis [49], feature descriptors [103], op-
timising learning time [28], or for reducing processing efforts in general [10].

During the development of scene representation techniques, stixels (short
for “stick elements”) have been introduced in computer graphics in [65].
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Stixels turned out to be a useful way for describing 3-dimensional (3D) scenes
in computer vision [11], especially in the context of VB-DAS. Stixels are in
general compact representations towards subsequent semantic segmenta-
tion, thus bridging the gap between low-level representations (e.g. by in-
put images or disparity maps) and high-level representation by semantic la-
belling; see Fig. 1.1.

A base-line stixel calculation [11] cascades multiple independent techniques:
mapping disparities into an occupancy grid, ground plane computation, height
segmentation (which involves membership-map calculation), and the final
stixel extraction.

We briefly define three basic terms used in this study.1 The ground man-
ifold is the estimated surface function for road and adjacent levelled areas; a
plane defines the simplest model (i.e. a ground plane [55]). In this study we
consider different surface functions as models for the ground manifold.

The ego-vehicle is the vehicle in which the system is operating in [73]. The
free space is a region ahead of the ego-vehicle where this vehicle may poten-
tially (i.e. safely) drive in, for example, in the next few seconds [12, 93]. The
term ground manifold is more generic than free-space.

Compact representations of disparity maps provide a possible way for
semantic segmentation by grouping neighbouring cells in an occupancy grid
(e.g. above a w×w base) which are at about the same depth. A stixel forms a
vertical “stick” above such a base [73]. In this case (i.e. occupancy grid on a
plane), stixels are rectangular thin columns on the ground plane (on a regular
grid) as shown in Fig. 1.2. A stixel maps pixels, which belong to an on-road
object at about the same distance to the recording camera, vertically into
“columns” [11], sitting on the ground manifold and ideally upper-bounded
by the top of an on-road object. See Fig. 1.3 for such a representation in a real
world scene.

1.1.1 Medium-level representation by stixels

In 2009 a novel medium-level (i.e. between pixel data and semantic segments)
representation has been proposed for urban road scenes known as stixels [11].

1The use of “we” throughout this thesis is purposeful. It is used to involve the reader with
the thesis as recommended by Knuth et al. [53].
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Figure 1.1: Levels of representation. Top: A disparity map is a low-level
representation. Middle: Stixels provide medium-level (i.e. intermediate) in-
formation. Bottom: High-level representation by semantic segmentation.

A stixel starts on top with a detected upper “end” of an object and ends at the
bottom on the ground plane (or ground manifold in general, also addressing
non-planar surfaces). Stixels are computed from a disparity map in three
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stages:

• Base point detection. Base points are identified by locating the bound-
ary of free space in the given image. The boundary is found by first
building an occupancy map from range data above an estimated road
manifold, then solving for an optimal cut separating free space from
the rest of grid cells in the map.

• Height segmentation. Foreground pixels are separated from the back-
ground, and the upper boundary (i.e. top points) of obstacles, founded
on the ground, is detected.

• Stixel extraction. Column-wise obstacles are grouped and represented
by bounding boxes, and the depth values of pixels in the same group
are integrated to form a stixel.

Figure 1.2: Stixels (vertical sticks) describing obstacles: A stixel has a square
base, and goes ideally from a ground manifold to the top of an object.
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Figure 1.3: Stixel representation of a street scene. Top-left: Disparity map (us-
ing an SGM-variant for stereo matching) visualised by applying a colour key.
Top-right: Base-point selection by a minimum cut (shown in green) through a
cost image. Regions in deep blue show lower costs which are preferred by a
dynamic-programming-based optimiser. Bottom-left: Top-point selection by
a minimum-cut (shown in green) through a cost image, subject to the base
points (shown in red). Bottom-right: Extracted stixels.

The stixel representation yields a highly efficient modelling of scene ob-
jects in complicated urban traffic environments [88]. Recently, joint stixel
representations, combining semantic data and depth, are proposed to inte-
grate both categories in terms of a joint optimised scene model [86].

To construct a “stixel world”, multiple independent techniques have to
be cascaded. For example, these may include mapping disparities 2 to occu-
pancy grids, ground-plane estimation, stixel-height estimation, and finally
stixel extraction. The generated stixels then surround a region in the ground
manifold, already introduced above as the free space. The detection of free-
space is important for intelligent transportation control [69]. It is also crucial
for collision avoidance for the ego-vehicle, or, for example, for assisting a
blind pedestrian.

2We adopt a semi-global matching (SGM) algorithm [45] for disparity calculation.
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1.1.2 Ground manifold modelling

Ground manifold estimation can be approached using either monocular or
multi-ocular vision [8] and as we mentioned stixels are interested in a region
of ground manifold which is free-space. There are also combined monocular-
binocular stixel methods; free-space is estimated by using a single camera
only, followed by obstacle detection using stereo vision [57]. In order to de-
tect free-space from a single camera, we may employ a time-efficient lane-
based free-space detection method [93]. For example, lane detection can be
performed by using a Hough transform for straight lines following edge de-
tection; the Hough transform is a basic method for line extraction [22].

Figure 1.4 illustrates possible steps: Cropping of a recorded frame into a
defined region of interest (ROI), edge detection using the Sobel operator due
to its “unbiased” definition, and straight line detection by an application of
an optimised Hough transform; the transform is applied recursively, using
optimised (Otsu algorithm [70]) threshold values, until a predefined number
of lines is found, or the threshold reaches its minimum. Finally, that “domi-
nant” pair of lines with the best correspondence in angular directions is se-
lected for specifying road contours (i.e. the free-space) in such a monocular
vision approach.

As illustrated by Fig. 1.4, there remain many spaces which were not prop-
erly estimated regarding free-space or possible base-points of obstacles; these
deficiencies would yield an early estimation of obstacles.

Currently emerging vehicle test-beds (e.g. equipped with sensors along
roads, and vehicle-to-infrastructure communication; see [107, 111, 112] for
an example) aim at exact and comparative evaluations of control compo-
nents designed for driver assistance or driver-less vehicles. Having different
options for sensors and ground-manifold models, it is, of course, important
to compare efficiencies and possible accuracies of stixel calculations.

Overall, improving and analysing ground manifold and stixel estima-
tion, using either trinocular (see Fig. 1.5 for such a configuration), binocular,
or monocular vision [8, 51], became necessary for at least the following four
reasons. First, it is important to investigate about their individual benefits
and drawbacks, thus helping to improve towards the creation of systems be-
ing adaptive for a changing traffic environment. Literature reviews reveal
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Figure 1.4: Free-space detection using monocular vision, shown for two im-
ages of the KITTI [35] road dataset. Top: Original images (grayscale). Middle:
Edge detection using Sobel applied on ROI (i.e. “middle rows” of a frame
only). Bottom: Detected free-space.

that there are limited studies so far on this domain of adaptive system ad-
justments. Second, mobile devices, or special-purpose-build components to
be added to existing cars, are often limited to monocular systems. Third,
camera-based control modules (e.g. for lane detection) in currently offered
cars are, if existing at all, (still) limited to monocular vision. Fourth, the
design of vehicle test-beds (e.g. with sensors along the road, and vehicle-to-
infrastructure communication, see [107, 111, 112] for an example) requires a
careful selection of appropriate camera systems.

1.2 Motivation

Both ground manifold estimation and stixel segmentation provide options
to go towards 3D scene understanding. However, we identified issues for
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Figure 1.5: Trinocular vision configuration. Test vehicle, as used while at
Wuhan University in October 2016

these techniques when there are challenging weather conditions, road ge-
ometry variations, or low-texture information. The common stixel estima-
tion pipeline considers stereo images taken in traffic scenes and offers dis-
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parity values which can be used to estimate stixels [73]. The stixel accuracy
requires a disparity signal of “good” quality; this quality often decreases in
cases of occlusions or texture-less image patches [83]. Unfortunately, these
issues are common in traffic scenes, thus more efforts are needed to improve
disparity signals, also aiming at more reliable ground-manifold estimation
and stixel calculations. Noisy 3D points (i.e. noisy disparities) have a direct
negative effect on ground-manifold estimation. Unreliable disparity values
need to be identified before they are transformed into 3D space and used for
ground-manifold or stixel estimation. Colour-based image analysis, fused
into disparity approaches, has been widely deployed in the context of free-
space detection to remove false-positives associated with obstacles [83] us-
ing auto-label generation from depth. Despite the shown effectiveness, such
techniques have a negative impact on stixel segmentation as the performance
is significantly degraded when there are low-quality of labels [101].

Furthermore, road-geometry variations, and difficulties in recording these
properly (e.g. due to weather conditions or traffic density) has recently led
to several studies. Current research, as reported, e.g., in [43, 56, 84, 102],
still uses just a ground-plane for modelling the road-surface and establish-
ing stixels; we discuss how this is prone to errors as road-geometry is not
always perfectly planar.

On the other hand, current methods from stixel estimation usually de-
ploy membership functions which can identify the height of stixels (fore-
ground versus background pixels). However, challenging lighting condi-
tions can play a disturbing role when portraying foreground disparities in a
membership map, causing, e.g., that foreground pixels are considered to be
part of the background. To the best of our knowledge, there is very limited
research improving the height of stixels since current approaches (published
elsewhere) focus on free-space estimation.

Also, techniques found in the literature typically consider only specific
sensor models (i.e. binocular vision) for multi-layer stixel segmentation. This
is achieved by applying particular stereo matching algorithms [45, 94]. There
are some methods focused on designing a reliable stixel representation; since
the input of that model suffers from noise then it can still degrade the accu-
racy of the detected stixels. Difficulties arise when one is trying the same
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pipeline as for stereo-based stixel segmentation but applying monocular-
guided LiDAR or trinocular data. In order to obtain a more reliable disparity
map, the use of multi-ocular stereo vision or of some additional depth sen-
sors appears to be essential (as a result of our studies).

Finally, as observed in the literature, the evaluation of stixels on the KITTI
dataset is challenging due to the lack of preceding frames with annotated
stixel ground truth [83]. Further investigation reveals that in one dataset
the stixel ground truth was provided, they were annotated using a corridor
(not the free-space), so further statistical measures are required to perform
evaluation.

It is challenging to seek for a versatile model that brings a good flexibility
to support extensions when using different optical or range sensors such as
binocular, trinocular, monocular and LiDAR. Such challenges motivated our
research to develop appropriate models for ground manifolds and for height
segmentation towards improved stixel segmentation.

1.3 Contributions

The objective of this research is to design, implement, and evaluate a novel
stixel framework that can be applied to build 3D representations of traffic
scene sequences including those recorded under challenging conditions. Re-
sults depend on a versatile design of ground-manifolds, applicable to monoc-
ular, stereo, and multi-ocular optical sensors, optionally also equipped with
a LiDAR (especially combined with monocular recording).

In order to meet this goal, we propose a low-cost and accurate ground-
manifold framework for reducing false positives in stixel estimation with
a reduced number of parameters. The framework treats the cost of a cut
for generating a robust lower envelope in v-disparity space (i.e. a row his-
togram of a disparity map) as optimisation problem. It efficiently seeks the
“greatest rising” edge in the v-disparity space for each column while main-
taining global smoothness. It deals directly with v-disparities; it attempts to
cut through v-disparities to divide those into top and bottom regions.

Moreover, this study also seeks to present an adaptive solution to detect
changes in ground manifolds (e.g. with respect to non-planar road geome-
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try) by using a polynomial curve fitting algorithm based on the v-disparity
space for ground manifold estimation. Hence, we aim to present an exten-
sive analysis of widely used ground-manifold methods to study “how would
different linear segments in v-disparity space can help to define a piecewise
linear curve?” which defines the road manifold, and later the stixel detec-
tion. We decided to obtain road information using a v-disparity map and
this is beneficial for two reasons: First, the coordinate space has inherently
finite boundaries, which is useful when working with probability densities.
Second, it leads to reduced computation time.

This work also fills a previously existing gap between confidence mea-
sures and ground manifold techniques by using calibrated collinear trinoc-
ular vision systems. Our method takes three conjugate stereo images at the
same time to measure the consistency of disparity values by means of a tran-
sitivity error in disparity space. Unlike previous stixel estimation methods
that are built based on a single disparity map, our proposed method intro-
duces a multi-map fusion technique to obtain more robust stixel calculations.
We apply two of our proposed ground-manifold models to detect accurate
road manifolds using the v-disparity space which is built based on a confi-
dence map. This supports our endeavour to improve stixel calculations in a
single-layer or in a multi-layer format. We consider our method as a mod-
ification of baseline multi-layer stixel segmentation which can make stixel
segmentation more reliable.

Moreover, we study possible effective solutions to identify the height of
stixels. We study the fusion of disparity membership with a saliency map to-
wards an improved height calculation of stixels. By incorporating a saliency
map we provide a possible way for identifying visual boundaries of objects
in colour images; map calculation involves calculating saliency of each pixel
with reference to its neighbourhood in terms of lightness and colour proper-
ties.

Various approaches for stixel estimation have been investigated by mainly
involving bi- or trinocular vision, since depth can be obtained from stereo
cameras at low cost. A failure of disparity estimation on obstacles or low-
textured road surfaces still causes concerns [95]. Unstable results caused
by challenging imaging conditions (represented by illumination, colour, or



12 1. Introduction

texture) may be resolved by also using sensors (such as LiDAR) which are
reliable under such conditions. Incorporating LiDAR adds benefits to au-
tonomous cars as it provides depth information at high accuracy. Some mar-
ket growth is expected for LiDAR technologies for the next few years. Firms
already advertise low-cost LiDAR sensors [108, 109].

As a result, this may lead to improved disparity maps. Yet, LiDAR points
are sparse and there must be an optimised interpolation approach that would
support us in our endeavour to obtain a dense depth map, and later a dense
stixel representation. Therefore, this study proposes monocular stixels guided
by LiDAR data for verified stixel positions.

Finally, previous literature states that the evaluation of stixels is challeng-
ing due to the lack of preceding frames of annotated road images and stixel
ground truth in KITTI datasets. We address those by making use of Velo-
dyne’s high-definition 3D laser scanner data provided by the KITTI dataset.
We use those range data as a ground-truth reference to evaluate the dis-
tance values assigned to the extracted stixels. We calculate a number of sta-
tistical measures (e.g. the true positive rate) as major indices to evaluate
ground-manifold models on a large dataset of 2,988 frames from a 6D Vision
dataset [72] plus 2,306 frames from a KITTI dataset, covering good and bad
weather sequences.

1.4 Thesis organisation

The outline of this thesis is as follows:

• Chapter 2, Related work and basics, introduces stereo vision systems,
the generation of disparities, and v-disparity maps. Also, it gives a
basic structure for calculations of first-layer stixels, and specifies dif-
ferent methods for ground manifold and height estimation. We sum-
marise discussions on current difficulties, found while developing and
evaluating first-layer or multi-layer stixels. Stixel applications are also
described in this chapter.

• Chapter 3, Ground manifold modelling, aims at analysing road pro-
files and proposes two novel ground-manifold models, namely a poly-
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nomial curve model and a graph-cut dynamic programming approach,
which both are used to detect piecewise defined models in v-disparity
space. This chapter assesses the strength of a trinocular vision system
which provides a confidence indicator to detect ground-manifolds. Fi-
nally, we propose ground-truth evaluation measures as used through-
out this study.

• Chapter 4, Stix-fusion: Data fusion towards efficiency, starts by in-
troducing a novel method to improve the height of stixels in traffic
scenes using a saliency map. The introduced type of saliency maps
is then used in an updating membership function to ensure that the
foreground pixels are separated from the background. By a further in-
vestigation, we found that incorporating sensor information such as Li-
DAR with monocular vision, adds a great value to improve the height
of stixels. Thus, monocular single layer stixels, guided by LiDAR and
monocular vision, is also presented in this chapter. The keyword “stix-
fusion” in this thesis denotes the data medium used to present stixels
since we have employed colour information from camera and LiDAR
data to construct stixels.

• Chapter 5, Improvement of multi-layer stixels, presents the improve-
ment of stixel segmentation in variant traffic scenes. We increase the
robustness of segmented stixels by incorporating trinocular weighted
disparities, the transitivity disparity error (TED), and robust mean es-
timation. Also, we found that a LiDAR sensor allows us to validate
the stixel segmentation, hence, by using point-cloud information we
derive road-surface information.

• Finally, Chapter 6, Conclusions and future work, concludes this thesis
and gives directions for future work based on the stixel model.





Chapter 2

Related Work and Basics

Stixel segmentation is a relatively new and promising field for traffic scene under-
standing which has been actively studied over the past 10 years. In line with this
development, this chapter reviews the developed techniques for traffic scenes, also
elaborating on related theories, implementations and applications. We discuss work
on road surface and stixel extraction, which are both considered to be crucial steps
towards stixel calculation.

2.1 Stereo vision

Perceiving a 3-dimensional (3D) appearance of objects, observed with our
left-right eyes, is a straight-forward task for a human. Enabling a machine to
perform this task is an absolutely non-trivial task due to many constraints.
For implementing a stereo camera system (binocular vision) (see Fig 2.1), two
cameras are placed next to each other with a fixed distance b referred to as
the (base-line) distance between both cameras [90].

In traffic scenes, the representation of stationary objects, projected in a
left and a right camera, is different, specifically, the object position, where
close objects to the camera-pair are having a larger visual shift. In the depth
estimation concept, this difference is referred to as disparity.

Modern existing stereo matching algorithms permit to calculate the dis-
parity value d for nearly every pixel of an image to build the real depth Z

of corresponding (i.e. in left and right camera images) world points. The
parameters of camera systems affect the correspondence and disparity cal-
culation. Based on epipolar geometry (see, e.g., [51]), this correspondence
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Figure 2.1: Binocular vision system. Left: Example of stereo cameras
mounted in a test vehicle. Right: Simplified diagram of pinhole projection
in the stereo case (b denotes the distance between both optical axes).

search is minimised to a 1-dimensional search (along an epipolar line). More-
over, when the provided images are properly calibrated (i.e. provided with
intrinsic and extrinsic parameters) and rectified [90], the epipolar line may
be across the horizontal image direction only, and a simple pinhole-camera
model can be applied. This case is portrayed in Fig. 2.1(right).

Left-to-right stereo matching produces non-negative disparities dL, and
right-to-left stereo matching produces non-positive disparities dR. If dL and
dR differ by at most one pixel position, then it is common to take this as a
confidence confirmation. In this thesis, we use non-negative disparities d.

The depth for a disparity value can be calculated as follows:

Z = f · b
d

(2.1)

where b is the length of the baseline (connecting the focal points of the two
cameras) in world units. Parameter f denotes the unified focal length of the
rectified cameras.
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Figure 2.2: Top: Stereo pair (left and right image). Bottom The dense disparity
map is computed by semi-global matching (SGM). The colours encode the
disparity values from dark green (far away) to red (close).

Technically, a dense disparity map can be computed by matching all pix-
els in one image of a stereo pair with their correspondences in the other im-
age as shown in Fig. 2.2. There might be pre-processing applied before the
stereo matching step, such as in [38, 64], for enhancing matching outcomes.
Results can be filtered by applying confidence measures; see [51] for various
stereo-matching confidence measures.

After the disparity map D(x, y) is computed, we have to compute the
y-disparity (also known as v-disparity) value Vy(d) to identify the road sur-
face [55]. 1 We populate the y-disparity space by accumulating pixels with
the same disparity value on a horizontal row of the disparity map. The y-
disparity space is a row-based matrix which stores the disparity values for
every column from the disparity map. The principle of y-disparity map gen-
eration is demonstrated in Fig. 2.3. The values that represent the histogram

1Labayrade et al. used (u, v) to denote image coordinates in [55]. As we use (x, y) image
coordinates, the name “v-disparity” turns into “y-disparity”.
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Figure 2.3: y-disparity map generation. Left: Example of a disparity map
with values D(x, y). Right: Corresponding y-disparity map with values
Vy(d).

of disparities in one row, shown by the white line in Fig. 2.4, represent “on
the right” a lower envelop which can reveal a ground plane if basically a
linear segment.

The histogram value of an element in the y-disparity map represents the
number of pixels which has the same disparity value in the corresponding
row y of the disparity map [8]:

Vy(d) = card{x : 1 ≤ x ≤ Ncols ∧D(x, y) = d} (2.2)

Figure 2.4: : y-disparity map projection. Left: Sketch of a traffic scene. Middle:
Example of disparity values calculated for the vehicle located on the road
manifold. Right: Corresponding y-disparity map with values Vy(d).
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where 0 ≤ d ≤ dmax, and Vy(d) represents the value (note: V like “value”)
from the y-disparity space which accumulates the number of pixels with dis-
parity d from row y in the disparity map. The y-coordinates go downward
of disparity image. The next step is to extract the ground manifold from the
generated y-disparity map. The ground manifold is identified based on a
calculated lower envelop in the y-disparity space. More details will be elab-
orated in Section 2.2.2.

2.2 First-layer stixels

Stixels are compact representations towards semantic segmentation. Neigh-
bouring cells in an occupancy grid (e.g. above a w × w base in a top-down
view) are at about the same depth; a stixel forms a vertical “stick” above its
base [73]. Stixels are thus rectangular thin columns on the ground plane (on
a regular grid) as shown in Fig. 1.2. A stixel starts on top with a detected
upper “end” of an object and ends at the bottom on the ground plane (or
ground manifold in general, also addressing non-planar surfaces). Stixels
are computed from a disparity map in three stages: base point detection, height
segmentation, and stixel extraction.

In this section we provide an in-depth walk-through for this process fol-
lowing authors of [11] who introduced stixels as a medium-level scene rep-
resentation.

2.2.1 Base-point detection

The first step of stixel construction is to find the bottom of the closest ob-
stacle, for every column [11, 71]. The search is based on the the free space
analysis by means of occupancy grids [98], which represent the scene in a top-
down view as a 2D discrete map. The use of occupancy grids for free space
detection dates back to 2007 [12].

A probabilistic occupancy grid can be built by projecting depth data (or
equivalently disparities) along the (bottom-up) Y -axis of the camera onto a
plane, and then binning the projected data using a 2D histogram. The grid
can be defined in either 2D Cartesian coordinates (on the XZ plane) or polar
coordinates. In the latter case, the grid shows distribution of pixels in the
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Figure 2.5: Occupancy map showing the distribution of objects above the
road surface. Left: Computed polar-coordinate occupancy grid. Right: After
background object removal. The green curve visualises a column-by-column
maximum cut found by means of dynamic programming. Note the larger a
disparity is, the closer the object to the camera.

column-disparity space, which is also known as a x-disparity map (contrary
to the y-disparity map). An example is shown in Fig. 2.5.

To correctly find the free space from an occupancy map, the ground man-
ifold has to be estimated to include only obstacles above the ground to build
the grid. Details regarding the estimation of a ground manifold will be dis-
cussed in Section 2.2.2.

By means of an occupancy grid, the free space is efficiently found using a
graph-cut algorithm. The nearest prominent object is first identified for each
column, and the grid cells behind this object are occluded. After removing
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Figure 2.6: Reconstructed 3D points from a disparity image, road manifold
(green), and obstacle manifold (red) from an occupancy map.

background objects from the occupancy map, a dynamic programming tech-
nique is carried out to locate the maximum-cut through the map that sepa-
rates free space and the obstacles [12]. For each column x the process decides
a disparity d, as illustrated in Fig. 2.5. Back projecting such a cut from the oc-
cupancy map into the image’s disparity space, and, subsequently, into the
Euclidean space defines an obstacle manifold, as rendered in red in Fig. 2.6.

At the end of this stage, a base point is decided for each column of D by
locating the intersection of the obstacle manifold with the road manifold (see
Fig. 2.6). The per-pixel distances between the road manifold and the obstacle
manifold are then computed as a cost function for deciding base points (see
Fig. 1.3, for example). The minimum cut through the cost then defines the
base points of stixels, as represented as a set of row indices {b1, b2, . . . , bNcol

}
where Ncol is the number of columns of the image domain, and (x, bx) de-
notes the image coordinates of a base point in column x.
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2.2.2 Ground manifold

For the monocular case, various monocular features have been exploited as
cues for ground manifold estimation such as colour [60, 80], intensity [81],
shape [41], boundary [42], or vanishing points [54, 62].

For the stereo-vision case, the ground plane may be estimated by using
normal vectors in disparity space [46, 69]. Urban environments feature com-
plex surroundings in which the ground plane is limited by large or just rel-
atively flat obstacles, such as cars or curbs [40]. Ground plane methods rely
on single frame measurements, suffer from sensor noise and depth artefacts,
which lead to increased deviations from correct estimations.

A temporally filtered ground plane estimation method, using dense dis-
parity images (from stereo vision), is proposed in [40]. Stereo vision supports
ground manifold estimation techniques by providing y-disparity analysis,
object-related disparity analysis [96], or occupancy-grid generation [11, 16,
71].

In [78], a ground-plane method is proposed using omnidirectional im-
ages. Such images support in the discussed application purely vision-based
robot navigation in indoor environments; the system employs naive Bayes
classifiers for fusing multiple visual cues and features generated from hetero-
geneous segmentation schemes. The considered schemes maintain separate
appearance models, and initiates seeds for floor and obstacle regions.

At this stage the ground manifold can be formed as a disparity map
where the disparity of the estimated ground pixels can be stored at pixel
locations. A variety of methods have been proposed in literature to obtain
ground disparities. Some methods directly work on raw data, such as im-
age intensities, disparities, or 3D points, while others apply data projections
to reduce the dimensionality of the raw data. These direct methods and
projection-based methods are reviewed in this section.

Plane fitting

In a typical road scene, the ground manifold is the dominating surface that
lower-bounds other objects in the scene. In this case, the manifold can be
identified by finding the best-fit 3D surface given a set of 3D points.
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When the ground manifold is assumed to be flat, the estimation can be
approached by means of 3D plane fitting. In the case that the 3D points are
derived from a disparity map, the fitting can be done directly in the image-
disparity space. This is shown as follows.

Consider a plane a0X + a1Y + a2Z + a3 = 0 in 3D Euclidean space with
plane coefficients a0, . . . , a3 ∈ R. A point (X,Y, Z) in 3D space is mapped
onto an image pixel (x, y) following the pinhole model:

x = fx ·
X

Z
+ xc, y = fy ·

Y

Z
+ yc (2.3)

where (fx, fy) are the focal lengths, and (xc, yc) is the principal point.
Two calibrated and horizontally rectified pinhole cameras introduce a

disparity space, where every pixel (x, y) in the (say) left image is mapped
to (x− d, y) in the right image via d ∈ [0, dmax), the disparity value bounded
by dmax. The disparity-to-depth conversion follows (2.1). By first substitut-
ing (2.3) into the plane equation, resulting in

a0 ·
Z

fx
(x− xc) + a1 ·

Z

fy
(y − yc) + a2Z + a3 = 0 (2.4)

and then (2.1) into (2.4) producing

a0 ·
x− xc
fx

+ a1 ·
y − yc
fy

+ a2 + a3
d

bfx
= 0 (2.5)

the plane in the Euclidean space is now modelled in the image-disparity
space as another plane:

a′0x+ a′1y + a′2d+ a′3 = 0 (2.6)

in terms of a′0 = (bfy)a0, a′1 = (bfx)a1, a′2 = fya3 and a′3 = (bfxfy)a2 −
(bfyxc + bfxyc). This way the road plane can be found without any need of
back-projecting a disparity map into the 3D Euclidean space [23].

Line fitting

When the height of a road manifold does not change significantly along the
image’s x-axis, the plane model reduces to a line:

d = −a
′
1

a′2
y − a′3

a′2
= my + b (2.7)
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which turns road-manifold estimation into a line-fitting problem of seeking
the best-fit line model (m, b).

A computational efficient way to find the best-fit line is to use the his-
togram of the y-disparity or row-disparity map that models the distribution of
(y, d) in 2D space (as introduced above).

In [47, 55], a Hough transform is used to detect the road manifold in
form of a straight line in the y-disparity map. A more efficient and noise-
resistant approach is to locate the dominating line following a stochastic pro-
cess known as random sample consensus (RANSAC) [61]. The process first se-
lects two bins randomly from the histogram, and a line hypothesis is solved
(m̂, b̂). As values in the map define a density distribution, fitness of the hy-
pothesis can be determined by summing up all the entries in Vy(d) (see 2.2)
that are considered to be on the line up to a tolerable deviation (i.e. the in-
liers).

Such a process is repeated for a finite number of iterations and the hy-
pothesis achieving the highest fitness is considered to be the dominating line.
As the precision of a line hypothesis is limited by the grid resolution, one
may optionally perform a weighted line fitting based on the inliers to further
improve the estimation.

2.2.3 Top-point calculation

The height of obstacles, which sit on the ground manifold, is obtained by
seeking an ideal segmentation between foreground and background disparities.
The goal of the stage is to find top points t1, t2, . . . , tNcol

that together with
those base points found at the previous stage define the span of obstacles in
a column-wise manner.

In [73] the height-of-obstacle calculation begins with selecting member-
ship votes. Briefly, the membership values rely on the selection of every dis-
parity of each column from the disparity for its member to the foreground
obstacle. A membership value can be positive if it does not exceed the max-
imum distance of the expected obstacle disparity; otherwise it will be nega-
tive.

The Boolean membership vote brings the challenge to identify a thresh-
old value for the distance; if this value is too large then all disparities will
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be chosen from the foreground membership, and vice-versa. Therefore, the
application of Boolean membership in continuous variation is a better alter-
native with an exponential function of the form

M(x, y) =

{
21−δ2(x,y) − 1, if y < bx

0, otherwise
(2.8)

where

δ(x, y) =
dx −D(x, y)

dx − Z−1 (Z(dx) +4Z)
(2.9)

with dx = D(x, bx) the disparity of an obstacle’s base point in column x,
Z as the disparity-to-depth conversion function, and 4Z as a defined soft
constraint range in depth.

The approximated Boolean function is illustrated by Fig. 2.7, and an ex-
ample of evaluated membership values are shown in Fig. 2.8.

The next step is to decide the boundary between foreground and back-
ground votes from the membership function. For this purpose, the cost im-
age is computed as follows:

C(x, y) =

{∑y−1
j=1 M(x, j)−

∑bx
j=yM(x, j), if y < bx

∞, otherwise
(2.10)

Figure 2.7: Exponential membership function (blue) adopted to approximate
the Boolean membership (red). The width of the function is determined by
∆Z in (2.9).
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Figure 2.8: Evaluated membership of pixels in background (black) and fore-
ground (white) classes. For pixels below the base points the membership
value is undefined (grey).

A minimum cut that divides the cost image into upper and lower parts is
then found using, say, a dynamic programming technique, while maintain-
ing a smoothness constraint (see [73] for an example). The cut defines the
top points {t1, t2, . . . , tNcol

}.
A visualisation of the cost image used for the height segmentation is il-

lustrated in Fig. 1.3. As can be seen, there are lower costs which show a high
likelihood for performing a foreground-background separation.

2.2.4 Stixel extraction

By combining base points b1, b2, . . . , bNcol
found in Section 2.2.2 and top-

points t1, t2, . . . , tNcol
found in Section 2.2.3, the stixels are extracted. A col-

umn grouping technique proposed in [11, 76] is carried out. Given w ∈ Z+,
a predefined width of stixel, every w neighbouring columns are grouped
across the whole image, resulting in bNcol

w c non-overlapping stixels (see Fig. 2.9).
For the i-th stixel we have a set ofw base pointsBi = {bxi , bxi+1, ..., bxi+w−1}

and a set of w top points Ti = {txi , txi+1, ..., txi+w−1}where xi = (i− 1)w+ 1.
The rectangle spanned from column x = xi to x = xi + w − 1 and row
y = min(Ti) to y = max(Bi) defines the scope of a stixel in the image do-
main. Instead of using only base points’ disparities, all the disparities within
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the scope are integrated to yield a more robust estimate of the stixel’s depth
zi, by means of a histogram-based regression technique proposed in [11].

Stixel detection is also a way of ground manifold estimation; all the base
points of stixels can act as interpolation points for ground-obstacle segmen-
tation using geometry data with the aim of improving the accuracy. Besides
that, it clearly represents the height of the first obstacle facing the vehicle
along each viewing direction. A resulting stixel representation is illustrated
in Fig. 1.3. The colours of the stixels encode the distance to the ego-vehicle.
Red-scale colours represent closer objects while blue-scale colours represent
farther objects.

The accuracy of the extracted stixels is directly affected by the estimated
ground manifold. In the following section we provide more details about the
ground manifold estimation methods.

Figure 2.9: Visualisation of extracted stixels
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Figure 2.10: Visualisation of data model in multi-layer stixel, considering the
dense disparity map as the input, and detecting a certain ground slope and
horizon line, exemplary columns will be segmented into multiple stixels and
categorised into object, ground and sky categories.

2.3 Multilayer stixels

Single-layer, or first-layer stixels are extended by [73] into a model with mul-
tiple stixels in each column (see Fig. 2.10) using a unified probabilistic ap-
proach. This approach uses dynamic programming applied on y-disparities
to measure the occurrence of a certain class (i.e. object, sky, or ground) for
multiple stixels per column. The extended representation yields a highly
efficient modelling of scene objects in urban traffic environments [87]. It is
used as a complementary model for various autonomous driving applica-
tions such as object tracking, which demonstrate how the velocity of stixels
is tracked over a time-stamp [73].

A probabilistic method is carried out to assume that stixels in different
columns are independent. For a disparity map D of size Ncol × Nrow, each
column x defines segmentsLx describing classes in C = {g, o, s} (i.e. ground,
object, or sky). Let Nx ≤ Nrow be the total number of segments in column x.
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Formally,

L = {Lx : 1 ≤ x ≤ Ncol} ∈ L, with

Lx = {snx : 1 ≤ n ≤ Nx} (2.11)

for each column x, where L is a set of possible segmentations. A segment snx
is represented by

snx = {ybn, ytn, cn, fn(.)} (2.12)

with 1 ≤ ytn ≤ ybn ≤ Nrow (note: y-coordinates go downward; thus the
top coordinate ytn is less than, or equal to the bottom coordinate ybn), cn ∈
C, and function fn(.) is defined for y, with ytn ≤ y ≤ ybn, for the disparity
of segment sn at row y. The ground-based function is set to be equal to the
disparity gradient of the ground surface fg(y) = α − (yhorizon − y). The
assumed value for the sky function is fs(y) = 0. For an object function, we
have that fo(y) = µn (where µn is the mean disparity within sn).

Functions fn(.) are implemented based on data-terms defined for each
function, and they are verified based on prior-terms. This step is treated as a
typical maximum-a-posteriori (MAP) estimation problem. We aim to find the
most probable labelling in L:

L∗ = argmaxL∈LPr(L|D) (2.13)

where L ∈ L is an ordered list of Nx adjacent and non-overlapping stixel
segments sn.

2.4 Stixel applications

Although stixel implementation for traffic scene modelling was just intro-
duced less than 10 years ago, there is already a wide range of applications
used in the industry [30]. Basically, the stixel was introduced to serve as a
middle layer to represent obstacles more efficiently in robotics or the automo-
tive domain. The stixel representation has come as a precise successor of dif-
ferent object representations in 3-dimensional environments [19]. Previous
representations in this domain are typically either complicated (not practi-
cable) or very simple to use. For example, the box models are frequently
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Figure 2.11: Scene representation using ROADDNA [113].

used to represent vehicle or pedestrian tracking [97, 104], also, to represent
distances and object classification [67]. However, box models are being rigid
and incapable to track the contour of objects accurately (i.e. occlusion sce-
narios). Another approach could be defined by polygonal shapes [77], or
free-forms [17]. As indicated by [75], these models are considered to be
counter-intuitive. Another representation of obstacles is supported by intel-
ligent maps called as roadDNA [113] (see Fig.2.11). The main advantage of
these high-definition (HD) maps is to be understandable by machines, en-
able vehicle to locate themselves, and visualise small details of traffic envi-
ronment such as traffic signs, poles, and lane geometry. To build such repre-
sentation, building HD maps requires advance mapping capabilities.

Sophisticated representations introduce a solution for visualising the state
of an object, and to track non-stationary objects in a non-explicit grid. A dy-
namic 4D map is proposed by [36], and dynamic occupancy grids by [21]
which demand the usage of massive system resources (e.g. main memory),
and they are mathematically complex. Hence, considering that automotive
and robotics applications are complex in nature, we consider to use stixels for
several reasons. First, they bridge the gap between low-level (pixel based)
and high-level (semantic-based) vision. The level of details for a particular
object can be chosen freely by adjusting the width of stixels (small width
gives more details and vice versa). An example of stixel implementation in
the automotive domain is depicted in a virtual 3D view in Fig. 2.12. The
colour encodes distances from close (red) to far away (green). An appli-
cation of using stixel for pedestrian detection in street scenes is proposed
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Figure 2.12: Virtual 3D view of stixel representation in the automotive do-
main [90]. Left-top: Disparity map. Left-bottom: Resulting stixel representa-
tion (multi-layer). Right: The measured disparity and stixel representation is
provided in a 3D view.

by [14]. The method targeted high-speed performance without a depth map;
see Fig. 2.13. They adopted ground-plane detection by matching pixels in
left-right images.

The extended representation yields a highly efficient labelling and mod-
elling of scene objects in urban traffic environments [27, 87, 88]. It is used as a
complementary model for various autonomous driving applications such as
object tracking (see Fig. 2.14, which demonstrates how the velocity of stixels
is tracked over a timestamp [63, 76]).

Another application is object detection based on stixels, where stixel prop-
erties are employed to reduce classification assumptions; this significantly
supports fast object detection [20, 25]. The recognition performance and

Figure 2.13: Pedestrian-based stixel estimation; green lines indicate stix-
els [14].
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Figure 2.14: Examples of stixel applications. Top-left: Disparity map using
SGM [33, 45], the colours encode distances to obstacles; red-green is close-far
away. Top-right: Multi-layer stixels which demonstrate object boundaries [74]
Middle-left: Dynamic stixels where arrows point to the predicted position of
stixels within half-second time intervals [76] Middle-right: Multi-class scene
representation based on dynamic stixels [27]. The three moving objects are
represented in different colours cyan, magenta, and yellow. The static back-
ground is shown in black. Bottom-left : Cyclists detection using stixel rep-
resentation [58]. Bottom-right : Semantic stixel representation; colour codes
represent semantic classes for each given segment [86].

computational efficiency is significantly reduced when a stixel-based filter-
ing scheme is used (see Fig. 2.15). In [25] the prior knowledge about object
classes of interest is fused with 3D information given by stixels to accurately
focus processing on well-defined local regions; in this way initial object hy-
potheses will be established.

GPU-based acceleration for stixel calculation is presented by [43]; the
used stereo-matcher was based on GPU-acceleration of a dense stereo calcu-
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Figure 2.15: ROI captured through different techniques [25]. Top: ROI us-
ing monocular vision [26]. Middle: Stereo-based depth filtering [32]. Bottom:
Stixel-based filtering [25].

lation using semi-global matching (SGM). The ground manifold is estimated
by assuming a ground plane, and estimated by using a line fit in y-disparity
space (based on a Hough line transform) to estimate the road surface.

Stereo-based ground-truth for cyclist detection is proposed by [58] where
stixels were used to improve the detection process. The large annotated
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datasets were used to train and evaluate cyclist detectors using a stereo-
proposal-based fast R-CNN. Recently, joint stixel representations, combining
semantic data and depth, are proposed to integrate both categories in terms
of a joint optimised scene model [44, 86], as shown in Fig. 2.14.

2.5 Discussion

Ground-plane based analysis estimates a plane for road surfaces is still popu-
lar to detect road surface. Due to road-geometry variations, and difficulties
in recording those properly (e.g. weather, road conditions, or traffic den-
sity), there is also ongoing works to improve ground-manifold estimation
and stixels calculation [43, 56, 59, 84]. However, most of these models still
using ground-plane for detecting road-surface which is prone to errors as
road-geometry is not always perfect plane.

Rapid stixel-based analysis enhances stixel extraction by having lower com-
putational costs; authors in [14] proposed a direct stixel computation by
changing the parametrisation from the disparity space into a pixel-wise cost
volume for speed improvement. In [57], the authors use deep convolutional
neural networks for free-space detection using monocular vision, while ob-
stacle detection and stixel calculation is done by using stereo vision.

A fast stixel computation without using depth maps is proposed in [15].
It supports high-speed pedestrian detection (at the speed of 200 fps). In [15] a
pixel-wise cost volume is generated which can be used to estimate a ground
plane (i.e. the special linear case of a ground manifold). This introduces stixel
disparities that contribute to the identification of the height of a stixel. Rapid
stixel-based methods have some drawbacks. These methods suffer from low
depth accuracy, which in turn affects stixel extraction negatively. Besides, it
focuses on free-space separately from the obstacles.

Base-line stixel calculation applies membership-based methods [11, 73]. Briefly,
here a membership function describes how disparity values in one column
contribute to the voting, either in favour of an object located on top of the
ground manifold, or not. The selection process depends on an exponential
membership function rather than background subtraction [73]. Depending
merely on disparity map to calculate membership function is a challenging
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Figure 2.16: Example of a stixel world using the KITTI (binocular versus
trinocular) residential dataset. Top-left: Disparity map. Top-right: Synthe-
sized trinocular disparity map. Bottom-left: Stixel estimation using occu-
pancy mapping (red rectangles represent the missing stixel information).
Bottom-right: Proposed stixel estimation using the transitivity disparity error
(including recovered stixel information compared to the bottom-left image).

tasks because most of traffic scenes come with a variety of lighting condi-
tions.

Colour fusion models compute stixels by using stereo images (i.e. depth
cues) in combination with colour appearance. Such methods have been pre-
sented for stixel segmentation [83]; their implementation can be done by
using a low-level fusion of depth with image signals or semantic informa-
tion in free-space detection and stixels. Scharwächter et al. employed pixel
classification with random decision forests [87], while in [20] semantic infor-
mation via object detectors is used for a suitable set of classes. Yet another
method has been presented in [83] to improve stixels using low-level appear-
ance models in an on-line self-supervised framework.

In order to recover stixel segmentation, an adopted colour fusion model
for free-space detection might not be suitable due to the shortages high-
lighted in [101].

Stereo confidence-based methods, on the other hand, use confidence estima-
tion within the stereo-matching process to replace spurious disparity matches
by interpolating surrounding disparity values at these locations; see [16, 39,
72] for examples. In [72], the authors incorporate three confidence mea-
sures, namely the naı̈ve peak-ratio (PKRN), the maximum-likelihood mea-
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Figure 2.17: Example of a stixel world for a bad-weather situation. Top-left:
Ground-plane estimated by calculating a linear lower envelop (by using a
Hough transform) in y-disparity space; green illustrates the use of a Hough
transform. Top-right: Dynamic programming is used for ground-manifold
estimation as proposed in this study; blue illustrates the use of dynamic pro-
gramming graph-cut. Bottom-left: Stixels for the estimated ground plane.
Bottom-right: Stixels (via dynamic programming graph-cut) as proposed in
this study.

sure (MLM), and local curve (LC) information into stixel representations.
The stereo confidence measures use stereo confidence cues based on an ex-
tended Bayesian approach. In [39], the authors adopted an ensemble learn-
ing classifier to increase accuracy in stereo-error detection. In [16], histogram-
sensor models are explored to model on a real-world application using a
global formulation of 3D reconstruction through an occupancy grid.

Object detection models, where stixel properties are employed to reduce
classification assumptions, significantly support fast object detection [20].

Multiple-stixel segmentation with GPU-based acceleration is proposed by
authors in [43] for stixel calculation; the used stereo-matcher was based on
GPU-acceleration of a dense stereo calculation using SGM. The ground man-
ifold is estimated by assuming a ground plane, and estimated by using a line
fit in y-disparity space (i.e. a Hough line transform) to estimate road surface.

As identified earlier, degradation disparities lead to a lot of false positive
ground manifold detections which is interpreted as false-negative single-
layer stixels as well (since a stixel is build on the base-point). Figure 2.16,
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Figure 2.18: Example of stixel’s height segmentation. Top-left: Membership
votes for pixels estimated by using disparity information; foreground votes
in white, background votes in black, and neutral votes in gray. Top-right:
Membership votes estimated by fusing disparity and colour-based saliency
information (as proposed in this study). Bottom-left: Stixels for the mem-
bership vote shown top-left. Bottom-right: Stixels for the membership vote
shown top-right.

bottom-left, shows an example. Hence, our study aims at producing a confi-
dence indicator for ground function and obstacle detection by employing,
e.g., trinocular vision. To this end, this study applies a confidence map,
which can vote for consistent disparity values to be undertaken during ground-
manifold estimation.

Nevertheless, for optimising stixel representation for challenging datasets
we need to efficiently leverage ground manifold information (see Fig. 2.17).
In multi-ocular systems, a disparity map is calculated and the correspond-
ing y-disparity map [55] is computed by accumulating pixels with the same
disparity value on a horizontal row of the disparity map. It is challenging to
ensure the monotonicity of the curve detected in y-disparity space.

One solution to this problem is to find a representation that ensures mono-
tonicity of curve detection in y-disparity space. To gain more accuracy and
to satisfy our requirements, we consider a dynamic programming approach
for finding maximum-length line segments in the y-disparity space, defining
a piecewise linear curve as our envelop function.

Traffic scenarios may define a challenge for this base-line stixel calcula-
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tion process due to several reasons. Stixels require a disparity signal of good
quality, but this often decreases in cases of occlusions or image regions with
little texture information [7]. This leads to an immediate negative effect on
height detection due to resulting noise in the membership map. Challenging
lighting conditions may play a disturbing role when portraying foreground
disparities in a membership map, causing, e.g. that foreground pixels are
considered to be part of the background.

A saliency map [9] is a possible way for identifying visual boundaries of
objects in colour images; map calculation involves calculating saliency of
each pixel with reference to its neighbourhood in terms of lightness and
colour properties [9]. We study the fusion of disparity membership with
a saliency map towards improved height calculation of stixels. Figure 2.18

Figure 2.19: Example of multi-layer stixel segmentation. Top: Base-line ap-
proach using binocular stereo only. Bottom: Proposed multi-layer stixel using
transitivity disparity analysis
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shows results for base-line stixel calculation and a method proposed in this
thesis.

The base-line stixel calculation may lead to more erroneous results; see
Fig. 2.18, bottom-left. The figure already illustrates that the proposed method
improves results in general (without being perfect). Also including a saliency
map ensures improved consistency of foreground pixels and also helps to
reduce false-positives.

Finally, for multi-layer stixel estimation, each stixel carries important but
noisy information, and it is challenging to decide for each stixel to which ob-
ject it belongs to (see Fig. 2.19). By revising the problem of stixel generation
into a segmentation problem, we follow the proposed model defined in [73].
In this study, we extend the concept by paying attention to missing or faulty
disparities especially in the sky and ground regions based on a defined con-
fidence map derived from multi-ocular vision or employing LiDAR sensors.
The extension is required since we are interested in semantic segmentation,
and this step supports the labelling efficiently.

2.6 Summary

The reviewed studies are focused on certain types of camera configurations
and road manifolds. For example, binocular vision and plane detection are
widely used to estimate stixels, yet some of the studied traffic scenes show
clearly non-planar ground manifolds, and are challenging, e.g. reflected in
low qualities of disparity signals. Improvement may start with improving
the quality of disparity signals by using different sensors, and by empow-
ering the ground-manifold information. Moreover, an efficient and low-cost
architecture approach is required for ensuring applicability in mobile sys-
tems.





Chapter 3

Ground Manifold Modelling

This chapter highlights the role of ground manifold modelling for the next genera-
tion of intelligent autonomous driving. Existing ground manifold methods, using
single disparity maps, still suffer from noise and inconsistency, and false-detection
rates for obstacles in challenging datasets. We present a novel method for stixel con-
struction using a calibrated collinear trinocular vision system. Furthermore, we aim
at improving binocular-based ground manifold estimation; we apply cuts through a
given y-disparity matrix along columns to achieve a minimal cost specified by the
matrix itself while maintaining desired smoothness; the minimisation is based on
the Viterbi algorithm, a dynamic programming technique. - Parts of this chapter is
published in [1, 5, 6, 7].

3.1 Impact of ground-manifold models

A ground manifold may be encoded as a disparity map GD where GD(x, y)

stores the disparity of the ground at pixel location (x, y). LetD be the dispar-
ity map computed by stereo matching, pixel (x, y) is considered to be above
the ground manifold if D(x, y) > GD(x, y) + ε, where ε > 0 defines a tolerance
margin.

A variety of methods has been proposed in literature [6, 7, 8, 12, 55] to
obtain map GD. As we have seen in the previous chapter, some ground
estimation methods work directly on raw data (i.e. low-level image). Raw
data include image intensities, 3D points, and disparities. Other methods
apply data projections to reduce the dimensionality of the raw data. In this
chapter we see a potential opportunity to obtain ground manifolds based on
either one of two models.
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The first represents polynomial fitting as a popular data fitting model
to be applied in y-disparity space. We are expecting in certain situations
that road surfaces are not perfectly planar. Hence, we have addressed ear-
lier the question “to which degree the piecewise linear curve detection in
y-disparities can affect stixel detections”. Furthermore, the occupancy polar
grid or x-disparities (contrary to y-disparities) have been proposed in [11] for
constructing stixels. The free-space calculation depends here on a graph-cut
applied on the occupancy grid supported by dynamic programming (DP).
This structure has several shortcomings highlighted in [76]. Besides,“the po-
lar occupancy grid requires a high computational effort” [73].

Therefore, we propose a method that applies graph-cut to detect piece-
wise linear curve segments in the y-disparity map. Based on first-order dif-
ferentiation of the y-disparity map, we applied a novel graph-cut technique
and enforce monotonicity to ensure a piecewise linear curve, also detected
under challenging circumstances.

There is ongoing current work to improve ground-manifold estimation
and stixel calculations elsewhere; see, for example, [43, 56, 84, 85]. However,
the used model for ground-manifolds in these efforts is still the ground plane
which is prone (as demonstrated by us) to errors as the road geometry is not
always perfectly planar.

3.1.1 Curve fitting

Road-manifold fitting methods as presented in Section 2.2.2 can only han-
dle planar road surfaces [95]. For a non-flat road geometry, the y-disparity
map shows a curved distribution of pixel disparities. In [55], such a curve is
approximated by a piecewise linear function, which is estimated as a lower
envelope formed by straight lines corresponding to the k-strongest peaks in
the Hough space, with k ≥ 1 being a chosen parameter.

In more recent work [7, 91], the approximating curve is modelled by a
2nd order polynomial function or 3rd order B-spline. Adopting the polyno-
mial model, the ground manifold estimation problem is solved by finding
the coefficients of a polynomial f(y) of degree n that best fits the curve in the
y-disparity map:

d = f(y) = any
n + an−1y

n−1 + . . .+ a1y + a0 (3.1)
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Fig. 3.1: Stixel world. Top-left: Ground manifold estimated via occupancy
grid (i.e. a plane). Top-right: Polynomial fitting (with n = 2) of a ground
manifold. Bottom-left: Stixels via occupancy grid which do not fit to obstacles
in terms of distances. Bottom-right: Stixels via polynomial fitting (with n =

2). Green (see top-left) illustrates a ground plane, and purple (see top-right) a
possibly curved ground manifold (by polynomial fitting).

where a0, a1, . . . , an are the coefficients, and the degree n > 1 is selected
according to accuracy requirements for the algorithm. For impacts of planar
versus polynomial ground manifold approximations on stixel calculations,
see Fig. 3.1.

Similar to the line-fitting technique, the fitness of a curve is defined by
summing up all the curve’s containing entries in V [8].

In order to generate the coefficients of the polynomial according to the
degree specified, we need to compute a least-square polynomial for a given
set of data. Following the least-square principle, we obtain the parameters
a0, a1, . . . , an, which minimise the total square error:

E(a0, a1, . . . , an) =
m∑
i=1

[yi − P (xi)]
2 (3.2)

where m ≥ n is the number of samples. The optimal coefficients can be
solved linearly.

The generated polynomial P (x) fits given data in general better than just
a fitted straight line; and this would impact of detection result (see Fig. 3.1).

The final step, calculating base-points b1, b2, . . ., bNcol
of stixels for row

y, is now straightforward. Consider a pixel with a given disparity, thus also
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Figure 3.2: Demonstration of y-disparity-based ground-manifold modelling.
First column: Line fitting. Second column: Polynomial-based curve fitting.
Third column: Graph-cut-based curve fitting. Fourth column: Graph-cut-based
curve fitting with enforced monotonicity.

with a defined depth, in row y. The projection ray of this pixel intersects the
ground manifold at a particular point in 3-dimensional (3D) camera space.

3.1.2 Dynamic programming and graph cut

Curve models with higher degrees provide flexibility to model a road mani-
fold in y-disparity space. The degree of freedom is still limited by the adopted
parametric model (see Fig. 3.2). Furthermore, curve models do not guaran-
tee monotonicity that is often desired, as the depth of a road manifold does
in general not increase as the row index goes from y to y + 1 (i.e. downward
in the image).

Following a discrete formulation, the curve fitting process is essentially
a graph cut problem, which aims at finding a set of quantised disparities
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Figure 3.3: L1 asymmetric Potts model

d = {d1, d2, . . . , dNcol
} that minimises a cost function subject to smoothness

constraints.

Such a cut d divides the y-disparity map into left and right parts (see
Fig. 3.3).

To find the lower bound of the road manifold, the cost function can be
defined by using a first-order derivative Vy of the y-disparity map V (i.e.
along row y); see [5]:

E(d) =

Ncol∑
i=1

Vy(y, di) + γ

Ncol∑
i=2

Θ(di−1, di) (3.3)

where γ ≥ 0 defines a penalty for Θ, the smoothness function.

The value of γ depends on the scale of the data term. To ensure the mono-
tonicity of a cut, the smoothness term can be specified by an asymmetric L1
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Figure 3.4: Result of piecewise linear approximation for challenging datasets
- frame 178 of Seq. 8. Top: Stereo pair of 6D vision bad weather dataset. Bot-
tom, left to right: y-disparity map; straight line (red) detected on the right-side
using Hough line; first-order differentiation of y-disparity image (proposed
in this study); curve (blue) detected using dynamic programming graph-cut
(our method).

Potts model:

Θ(di, dj) =

{
∞, if di > dj

dj − di, otherwise
(3.4)

The result of the piecewise linear curve detection using graph-cut, compared
to line fitting, is provided in Fig. 3.4. The result shows the successful detec-
tion if using the proposed graph-cut in a very challenging scenario where ac-
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Figure 3.5: Graph-cut mechanism on y-disparity map

tivated window wipers are shown in the right image. Based on dynamic pro-
gramming, an optimal cut can be obtained using the Viterbi algorithm [100].
An exemplary illustration of the implementation of graph-cut on y-disparity
space is provided in Fig. 3.5.

3.2 Extension of trinocular vision

The idea of the y-disparity space can be generalised to a multiocular camera
set-up. As disparity spaces, derived from different stereo pairs, are not con-
sistent to each other, the disparities have to be converted first into a universal
representation (e.g. by using inverse-depth) as shown in Fig. 3.6. Alterna-
tively, one of the disparity spaces may be chosen as a reference such that all
the disparities can be transformed and integrated appropriately.

The trinocular vision or (third-eye technique) can come with different
steps as the number of views is increased so all three cameras need to be
carefully calibrated with respect to others. Besides, the memory manage-
ment needs to be more efficient to allow more data and more parallel pro-
cessing in pipeline while serving client application. It also leads to various
types of applications as depicted in Fig. 3.7.

Illustrated by Fig. 3.8, geometric rectifications and synchronisation are
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Figure 3.6: Third eye (trinocular) configuration

considered to be challenging steps in trinoncular vision. Rectification is en-
sured by using parameters calibrated from (say) 75 views with partial occlu-
sions. Note the flickering of lights, which is one good evidence that all three
cameras are successfully synchronised by the trigger box. Note also that the
epipolar lines are well aligned after rectification.

In [7], a trinocular implementation is proposed for a generalisation of the
y-disparity map for three binocular stereo pairs defined by three cameras;
Figure 3.9 shows a trinocular data example from the KITTI road dataset [35].
Our extension is based on transitivity error analysis in disparity space (TED) as
introduced in [18]. The approach is briefly described as follows.

Consider left-to-right stereo-pair matching. A disparity map D : Ω →
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Figure 3.7: Third eye (trinocular) steps and applications

[0, dmax] maps each pixel location (x, y) ∈ Ω from the left image domain Ω

into a pixel location (x−D(x, y), y) in the right image. A disparity map
defines therefore a warping functionM : Ω→ R as follows:

φ(M, D)(x, y) =M (x−D(x, y), y) (3.5)

Figure 3.8: Synchronised and calibrated sequence - Wuhan dataset
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Figure 3.9: Trinocular confidence and free space. Top row and middle-left:
Trinocular stereo pair from the KITTI road dataset. Middle right: TED-based
disparity. Bottom left: Confidence indicator in which red and blue pixels in-
dicate high and low confidence values, respectively. Bottom right: Calculated
free-space (using y-disparity, confidence map, and polynomial curve fitting).

Given a collinearm-camera configuration, there arem(m−1)/2 left-right
stereo pairs, for m ≥ 2. The warping function φ can be used to construct the
concatenation of any two disparity maps, following

τ(Dij , Djk)(x, y) = Dij(x, y) + φ(Djk, Dij)(x, y) (3.6)

where 1 ≤ i, j, k ≤ m. This concatenation defines the TED-based disparities
and will improve the coverage of valid disparities as shown in Fig. 3.10.

A TED-based error measure can now be defined as

dik,ijk(x, y) = ‖τ(Dij , Djk)(x, y)−Dik(x, y)‖ (3.7)

with respect to camera sequence (i, j, k). Function dik,ijk measures the dif-
ference between an explicitly computed disparity map Dik and the concate-
nated one, i.e. τ(Dij , Djk).

For m = 3 (trinocular case) and for applying TED when building a y-
disparity map with respect to a camera pair, say camera pair (0, 2), a trinocu-
lar confidence measure is defined:

Γ(x, y) =
1

1 + ‖τ(D01, D12)(x, y)−D02(x, y)‖
(3.8)
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Figure 3.10: Disparity coverage in Wuhan dataset. Disparity map from cam-
era 0 and camera 1 (top-left). Disparity map from camera 0 and camera 2
(top-right). TED-based disparities (bottom).

and a TED-weighted y-disparity map is constructed as follows:

V (y, d) =
∑

1≤x≤Ncol ∧ Q(D01(x,y))=d

Γ(x, y) (3.9)

Here, elements with higher TED-based confidence become more influential
in the weighted y-disparity map, which can then be processed using again
the described line fitting, curve fitting, or dynamic programming techniques.
When a weighted sum of trinocular confidence values is applied, this will
enforce candidates in y-disparity map with higher TED-based confidence to
become more prominent; see Fig. 3.11.

3.3 Experimental results

We implemented the stixel construction process for four different disparity-
based ground-manifold models as introduced above.1 The base-line stixel
method is implemented by mapping disparities into occupancy grids. Such a

1Implementation is in MATLAB R2017A.
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scheme suffers from the shortcomings highlighted in [73]. We compare with
four models as discussed above: plane-fit and line-fit [23], poly-fit [6], and
graph-cut [5]; all are mainly dependent on the y-disparity space. This brings
numerous advantages for ground-manifold detection. It is stated in [73] that
working with original image coordinates, identified by the y-disparity space,
is more practical when including probabilistic densities into the used model.

Using the y-disparity space suppresses additional quantisation artefacts,

Figure 3.11: Demonstration of y-disparity using trinocular vision. Left:
Common cardinality-based y-disparity map. Middle: Novel TED-based y-
disparity map. Right: Detected curve using polynomial fitting.
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which is an arising problem when mapping measurements in Euclidean space
into a grid or voxel space. Line or curve models are (still) dominant when us-
ing the y-disparity space for ground-surface estimation [85], thus also (still)
dominating current stixel calculations [43, 56, 84, 102].

Following [5], the number of missing stixels is used as an indicator for
showing robustness when using the graph-cut approach. In this study we ex-
tended the idea of using the graph-cut approach by including one more cam-
era (i.e. a trinocular set-up) utilising the confidence map derived from TED.
Furthermore, the experimental evaluation reported in this study is more
comprehensive than in [5] by also using LiDAR data and a number of sta-
tistical measures (more details later).

The computation of our disparity maps is based on the Computer Vi-
sion System Toolbox by calling a wrapped semi-global block matcher from
the OpenCV 3.1.0 library. In this section we report about the evaluation
of detected stixels when applying one of those listed four ground-manifold
models, and also when deciding either for binocular or trinocular recording,
tested on 3, 861 frames. The evaluation is done using two widely-adopted
datasets in the field, namely Daimler’s 6D Vision Dataset [72, 89, 106] and
the KITTI Vision Benchmark Suite [35, 110].

3.3.1 Different ground manifold models on 6D vision dataset

We evaluate the performance of stixel extraction for the following four ground
manifold models: plane-fitting, line-fitting, polynomial-fitting, and graph-
cut. The extracted stixels are verified on binocular stereo-image sequences
downloaded from Daimler’s 6D Vision website [72].

We applied the verification to all the twelve sequences which consist
of 2, 988 10-bit gray-scale stereo frames. The first six sequences are from
the GOOD WEATHER category, which present fairly good driving conditions
with different illuminations, a variety of road views, shades, and colour-
ings. The other six sequences from the BAD WEATHER category present
more challenging conditions such as rain drops, operating wind-shield wipers,
and limited visibility as shown in Fig. 3.12.

Previous literature states that the evaluation of stixels is challenging due
to the lack of preceding frames of annotated road images and stixel ground
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truth [83]. In our work we compare extracted stixels with labelled frames
provided by the dataset, and calculate a number of statistical measures. The
positive predictive value (PPV), also known as precision, is calculated as

PPV =
TP

TP + FP
(3.10)

where TP and FP denote the numbers of true positives and false positives, re-
spectively. The true positive rate (TPR), also known as the recall rate, is defined
as

TPR =
TP

P
(3.11)

where P = TP + FN is the number of positive pixels in the ground truth.
We also calculated the accuracy (ACC) following

ACC =
TP + TN

TP + TN + FP + FN
(3.12)

where TN and FN denote the numbers of true negative and false negative
pixels.

For those true positive pixels, we further evaluate the deviation of the dis-
parities of the corresponding stixels against the ground truth. The provided
ground truth include the top-points, base-points, and disparity value. The
root-mean-squares of the errors (RMSE) are also listed in Table 3.2. These
results are tabulated in Table 3.1 and Table 3.2, with the best true positive
rate and smaller RMSE rate in each sequence marked in bold. It is found
that all the models show low positive predictive values, ranging from 0.12

to 0.53. Further investigation reveals that the reason is due to a lot more
false-positive. In many cases, a detected stixel is not annotated in the test
sequence. Although stixel ground truth was provided, they were annotated
using a corridor2 instead of the free-space, as it was observed during our
experiments. An example is shown in Fig. 3.13.

We therefore use the recall rate (TPR) as the major index to evaluate the
ground-manifold models.

The four tested models perform similar for the GOOD WEATHER cate-
gory. The best recall rate average is achieved for the graph-cut model, which

2The corridor is a subset of the free-space, and it denotes the region where the ego-vehicle
is expected to drive in [48, 93, 105].



3.3. Experimental results 55

Table 3.1: Evaluation of stixel extraction (PPV and TPR) on Daimler’s 6D-
VISION dataset using various ground manifold modelling methods.

Sequence
Plane-fit Line-fit Poly-fit Graph-cut

PPV TPR PPV TPR PPV TPR PPV TPR
Seq. 1 0.44 0.69 0.42 0.63 0.41 0.63 0.40 0.64
Seq. 2 0.12 0.62 0.14 0.74 0.13 0.74 0.14 0.74
Seq. 3 0.47 0.74 0.50 0.74 0.49 0.68 0.50 0.74
Seq. 4 0.47 0.89 0.51 0.91 0.53 0.91 0.52 0.91
Seq. 5 0.22 0.94 0.23 0.95 0.23 0.89 0.23 0.92
Seq. 6 0.34 0.94 0.37 0.95 0.37 0.90 0.37 0.95
Average 0.34 0.80 0.36 0.82 0.36 0.79 0.36 0.82

Seq. 7 0.28 0.47 0.28 0.43 0.27 0.43 0.29 0.46
Seq. 8 0.23 0.80 0.24 0.81 0.25 0.82 0.26 0.83
Seq. 9 0.23 0.41 0.23 0.26 0.22 0.32 0.26 0.44
Seq. 10 0.26 0.76 0.25 0.65 0.28 0.78 0.28 0.84
Seq. 11 0.28 0.76 0.31 0.74 0.31 0.78 0.32 0.81
Seq. 12 0.27 0.58 0.25 0.34 0.28 0.50 0.29 0.63
Average 0.26 0.63 0.26 0.54 0.27 0.60 0.28 0.67

is just 2% better than the worst case - the plane-fit model. An overall accu-
racy around 0.86 is consistently found among all models, and the RMSE in
disparities is between 2.18 to 2.28 pixels.

In the BAD WEATHER category (as shown in Fig. 3.14 and Fig. 3.15),
however, distinctive results are found. In five out of six tested sequences,
the graph-cut model achieves the best recall rate, which is 30% better than
the worst rates in some extreme cases (Sequences 10 and 12); the graph-cut
model is here followed by the poly-fit, plane-fit, and line-fit models. As
shown in Figure 3.14, the resulting ground manifold using graph-cut in y-
disparity is robust enough with the existing of wind-shield wipers. In gen-
eral it is observed that the ground manifold cannot be effectively modelled
by the line-fit method due to severely corrupted disparity maps under bad
weather conditions.

An overall accuracy of about 0.88 is consistently found among all the



56 3. Ground Manifold Modelling

Figure 3.12: Demonstration of using graph-cut approach in challenging rep-
resentation of y-disparity map. Top: stereo pair, and middle: noisy disparity
map. Bottom: “complex” representation of y-disparity map and correspond-
ing piecewise linear detected (blue-line) using our novel graph-cut approach.

models, and the RMSE in disparities is between 3.60 to 3.54 pixels.

We also profiled the run-time for each model and show the average pro-
cessing time per frame in Table 3.3. The line-fit, poly-fit, and graph-cut mod-
els show similar computational time costs with a difference of not more than
5 milliseconds. The poly-fit yields the fastest approach for GOOD WEATHER

because it is insensitive to slope changes which widely exist in Sequence 1
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Table 3.2: Evaluation of stixel extraction (ACC and RMSE) using various
ground manifold modelling on the Daimler 6D-VISION dataset.

Sequence
Plane-fit Line-fit Poly-fit Graph-cut

ACC RMSE ACC RMSE ACC RMSE ACC RMSE
Seq. 1 0.92 1.66 0.92 1.52 0.92 1.51 0.92 1.49
Seq. 2 0.82 2.33 0.82 2.03 0.81 1.99 0.82 2.05
Seq. 3 0.82 2.45 0.83 2.46 0.83 2.69 0.83 2.53
Seq. 4 0.89 3.06 0.91 3.03 0.91 3.02 0.91 3.05
Seq. 5 0.80 2.20 0.80 2.15 0.81 2.40 0.81 2.18
Seq. 6 0.84 1.99 0.86 1.85 0.86 1.91 0.86 1.85
Average 0.85 2.28 0.86 2.18 0.86 2.25 0.86 2.19

Seq. 7 0.89 3.36 0.90 3.36 0.89 3.44 0.90 3.41
Seq. 8 0.87 4.12 0.88 3.93 0.89 4.02 0.89 3.92
Seq. 9 0.88 3.86 0.90 3.70 0.90 3.66 0.89 3.58
Seq. 10 0.81 2.90 0.82 2.91 0.82 2.82 0.82 2.82
Seq. 11 0.83 4.62 0.85 4.22 0.85 4.19 0.85 4.22
Seq. 12 0.91 3.62 0.92 3.54 0.92 3.53 0.91 3.29
Average 0.87 3.75 0.88 3.60 0.88 3.61 0.88 3.54

Table 3.3: Run-time profiling for stixel extraction using various ground-
manifold models on the Daimler 6D-VISION dataset

Category Plane-fit Line-fit Poly-fit Graph-cut
GOOD WEATHER 0.356 s 0.327 s 0.326 s 0.332 s
BAD WEATHER 0.452 s 0.411 s 0.418 s 0.418 s

(see Fig. 3.13). The plane-fit model is found to be most time consuming due
to the iterative RANSAC process over a large amount of 3D data.

In terms of efficiency and detection rate, the performance is measured by
the number of false-positive stixel detections per frame. This is done by the
following processes:

(1) Generate the stixel map which forms the stixel distances as shown in
Fig. 3.15.
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Figure 3.13: Annotated ground truth (top) and extracted stixels (bottom) of
the first frame of Sequence 1 from the 6D Vision dataset. The ramp on the
right and the car are not annotated by the ground truth but detected by stixel
implementation (poly-fit).

(2) Given integer w > 0 as a predefined width of stixels, neighbouring w

columns are grouped across the whole image, resulting in bTS = Ncol
w c non-

overlapping stixels in the whole frame. Hence, the comparison of the total
number of stixels TS and of the number of resulting stixels RSi in frame i
form the error measurement using the root-mean-square error computed by:

ERMS(n) =

√∑n
i=1 (TS −RSi)

2

n
(3.13)

where n represents the number of frames.
Errors for the three methods are plotted in Figs. 3.16 and 3.17. Seq. 8 and

Seq. 9 measurements show that the stixel estimation using graph-cut has a
smaller number of missing stixels compared to the line fitting technique or
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Figure 3.14: Top-left: Left image with window wiper. Top-right: Frame num-
ber 142 of Sequence 11 (bad weather) from the 6D Vision dataset. Bottom-
left: The ground-manifold detection using binocular graph-cut. Bottom-right:
Disparity map for this challenging scene.

the plane mapping. Figure 3.15, for example, shows the accuracy of the pro-
posed method to detect the piecewise linear curve in the y-disparity image.
Confirmed by the results obtained from Fig. 3.4 and by visual evaluation,
the line fitting method “favours” the line on the right side in most cases and
fails to detect the ground manifold. This scenario was repeated several times
in Seq. 8. This identifies the line fitting method a being weak to resist bad
weather situations. Furthermore, it has been found that the processing time
for calculation free-space is significantly reduced when graph-cut is taken
into account. In summary, experimental analysis illustrates improved ro-
bustness of the proposed graph-cut method across the chosen dataset. Chal-
lenging weather, or low-texture road surfaces are in particular cases where
our method is more robust.

3.3.2 Comprehensive evaluation on KITTI dataset

We evaluate the quality of stixels not only for the selected four ground-
manifold models, but also for binocular versus trinocular recording, using
the trinocular data provided on the KITTI Vision Benchmark Suite [35]. Re-
garding previously stated challenges in evaluating stixels using the KITTI
dataset [83] it is agreed that ground truth evaluation is a laborious work. Be-
sides, the annotated ground truth provided by this dataset for road might be
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Figure 3.15: Qualitative results using the 6D vision bad weather dataset First
row: Stixel map. Second row: Stixels estimated using graph-cut. Third row:
Stixels estimated using a line-fitting estimation. Fourth row: Stixels estimated
using plane mapping.

unsuitable for stixel detection purposes. For example, as shown in Fig. 3.18,
the corridor was annotated instead of road manifold [31]. There is a high pos-
sibility of false positive error for stixel detection if these labels (384 frames)
is prepared for training, learning features, or performing classification pur-
poses. Because the end of road detection area (i.e. base-points) indicates the
beginning of stixels.

We address those by making use of the Velodyne high-definition 3D laser
scanner data provided by the KITTI dataset. We use those range data as a
ground-truth reference to evaluate the distance values assigned to the ex-
tracted stixels. This comprises of several processes:

1. Generate a disparity map from extracted stixels. The map contains
valid disparities only for pixels belonging to a stixel. The map is then
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Figure 3.16: Error rates illustrate the number of missing stixels using the 6D
vision bad weather dataset -Seq. 8.

Figure 3.17: The error rates illustrate the number of missing stixels using the
6D vision bad weather dataset - Seq. 9.

converted into a depth map following Eq. (2.1).

2. Project LiDAR points into image coordinates. Figure 3.19 shows some
example LiDAR point projections. The projections associate a subset of
LiDAR range data to the extracted stixels.

3. For each associated LiDAR point, its depth is compared with the stixel
depth map. The signed difference is then used to evaluate the perfor-



62 3. Ground Manifold Modelling

mance of the stixel extraction process.

4. As the extracted stixels are in rectangular shape with reduced spatial
resolution, it is often found close to edges of a stixel that background
LiDAR points are wrongly assigned to a stixel. To exclude such outliers
from the evaluation, we ensure a zero-mean for the error distribution
of each model. Then, we discard LiDAR points that are outside the in-
terval [−0.5σ,+0.5σ] of all the range data associated to the same stixel
before calculating the mode (note: not the mean) and the standard de-
viation.

We selected 873 trinocular stereo frames from the ROAD, RESIDENTIAL, and
CITY categories, which include cars, cyclists, pedestrians, trees, and traffic
signals. The test sequences are listed in Table 3.4, also called for short A , B,
and C in the following tables. Qualitative results are listed in Table 3.5 using

Table 3.4: Selected test sequences from the KITTI dataset

Category Tag Sequence Frames
ROAD A 2011 09 26 drive 0032 390
RESIDENTIAL B 2011 09 26 drive 0035 137
CITY C 2011 09 26 drive 0091 346

a binocular configuration. We also use frames captured by the third camera
to conduct additional tests on binocular versus trinocular stixels Table 3.6.

Figure 3.18: Ground truth annotation for ROAD in KITTI.
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Bold numbers indicate the best case per group, and coloured numbers are
the best case over all the seven models. Note that the plane-fit model is not of
relevance here. As illustrated, a negative value means that laser points are in
front of the stixels. Instead of using mean, we have used mode as an indicator
to interpret signed distance error. Furthermore, as there are many non-flat
objects present in the scene, and many background points are covered by the
extracted stixels, we expect to see large standard deviation values.

For the ROAD sequence, the trinocular line-fit model achieves the low-
est rate of a LiDAR-stixel error of −5.3cm, which is 55.5% better than the
worst case yielded by the plane-fit model −11.6 cm. The main reason for
this achievement is due to open-road scenarios which normally correspond
closely to a straight-line in y-disparity space supplemented by the confidence
measure using TED. This is slightly different compared to trinocular poly
and graph-cut which achieve −6.5 and −6.2cm respectively.

In the RESIDENTIAL sequence, the used data show cars parked on the
side of the road, houses, and road junctions. Based on the experiments, more
obstacles (impacting the y-disparity map) make identifying a curve (using
line-fitting or poly-fitting) more complicated. For this sequence, the trinocu-
lar graph-cut model has superior performance with a lowest mean LiDAR-

Figure 3.19: Extracted stixels (colour-coded by depth) and LiDAR points
marked by white and red dots. Points hitting any extracted stixel are shown
in red and used to evaluate the accuracy of the extraction process.
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Table 3.5: LiDAR-based qualitative evaluation [cm] of ground manifold
modelling using KITTI dataset (binocular configuration).

Sequence

Binocular stereo
Plane-fit Line-fit Poly-fit Graph-cut

Mode Std.dev. Mode Std. dev. Mode Std. dev. Mode Std. dev.
A -11.6 49.9 -6.6 54.9 -10.2 53.0 -9.5 54.2
B -14.4 54.1 -11.8 53.5 -12.5 54.1 -10.9 52.0
C -5.1 47.4 -4.0 48.7 -3.5 50.2 -3.8 50.5

Table 3.6: LiDAR-based qualitative evaluation [cm] of ground manifold
modelling using KITTI dataset (Trinocular configuration).

Sequence

Trinocular stereo
Line-fit Poly-fit Graph-cut

Mode Std.dev. Mode Std. dev. Mode Std. dev.
A -5.3 56.5 -6.5 55.5 -6.2 55.7
B -12.9 53.8 13.0 53.7 -10.2 52.9
C -4.2 48.5 -3.8 49.6 -3.9 50.1

stixel error of−10.2 cm. The disparity map relatively suffers from low-depth
in this dataset due to lighting conditions accompanied with many pedes-
trians and buildings in the scenes. The performance of graph-cut is better
suited for cases where there are irregular changes in a piecewise linear curve.

On the other hand, the binocular poly-fitting model provides the low-
est mean LiDAR-stixel error of −3.5 cm for the CITY sequence as there are a
number of non-flat objects in this sequence. This defines only a slight differ-
ence compared to the other techniques.

In addition to the statistics for the LiDAR-stixel error, we also calculate
the improvement by the use of the third camera applying TED-weighted y-
disparities (see Section 3.2) as input for ground-manifold modelling.

As illustrated in Table 3.5, the trinocular graph-cut approach covers more
valid disparities compared to others, and appears to be insensitive to weather
changes. It outperforms the trinocular polynomial or line-fit methods re-
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Table 3.7: Improvement rate with trinocular ground manifold modelling us-
ing KITTI dataset

Sequence
Line-fit Poly-fit Graph-cut

Mode Improve Mode Improve Mode Improve
A -5.3 19.7% -6.5 36.3% -6.2 34.8%
B -12.9 -10.2% -13.0 -4.0% -10.2 6.4%
C -4.2 -5.0% -3.8 -8.6% -3.9 -2.6%

Table 3.8: Average number of stixels extracted per frame in the tested KITTI
sequences

Sequence
Binocular stereo Trinocular stereo

Plane-fit Line-fit Poly-fit Graph-cut Line-fit Poly-fit Graph-cut
A 32.6 32.2 33.8 34.2 35.0 35.3 34.8
B 69.1 27.3 24.3 29.1 29.7 26.7 28.7
C 66.9 71.0 69.5 70.7 71.7 71.0 70.6

garding robustness. The improvement rate is obvious for the ROAD and RES-
IDENTIAL sequences when using the graph-cut model. We notice that using
trinocular cameras, the performance of poly-fit and line-fit decreases for RES-
IDENTIAL. This occurs because disparity values fluctuate roughly at the end
of the data sequence (Frame 100 and onwards) because of having a round-
about in the shown scenes. There are some values missing between D01 and
D12 and this is reflected in values Γ(x, y) since they are derived from these
maps. The graph-cut model pays more attention to the disparity values, and
using a penalisation scheme is thus still able to recover the most relevant
values compared to the ground manifold. The graph-cut model yields the
highest improvement for ROAD and RESIDENTIAL with the trinocular con-
figuration, and it still has promising results. This shows that, with such an
extension, we can have a robust ground-manifold detection, resulting in ac-
curate stixel estimation.

Finally, we summarise in Table 3.8 the average number of stixels ex-
tracted per frame using binocular and trinocular vision-based ground man-
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ifold models. As shown, the binocular plane-fit performs best on the RESI-
DENTIAL sequence with an average of 69.1% stixels detected. On the ROAD

sequence, the trinocular polynomial-fit method yields the best result with an
average of 35.3% stixels detected. The line-fit model achieved the best result
on the CITY sequence with an average of 71.7% stixels detected per frame.

3.4 Summary

This chapter presented an in-depth analysis for binocular and trinocular vision-
based stixel calculations using four ground-manifold models across two chal-
lenging datasets. For a comprehensive comparison, we provided an insight
into the accuracy of extracted stixels on long-run sequences (for a total of
3, 861 frames); we also provided a brief run-time profiling to illustrate the
performance of these models. The main objective of the reported research
was to present an analysis on adopting a low-cost architecture (ground-mani-
fold estimation method) for reducing false-positives in stixel estimations.
Also, we extended the graph-cut model for a trinocular configuration which
yields obvious and robust improvements compared to other models.

In our analysis we covered the number of cameras required and the road
profile for obtaining accurate stixels. Experiments show for the binocular
case that the graph-cut model (using dynamic programming) presents a pro-
mising technique to ensure accuracy of stixels for 6D vision and KITTI data-
sets. The number of true-positives is large when the graph-cut model is used
as a minimisation method for calculating a y-disparity cut; see results for
the 6D vision dataset for the GOOD WEATHER as well as the BAD WEATHER

categories. As illustrated, the polynomial-fit model shows the fastest run-
time for GOOD WEATHER, while the line-fit model achieves the fastest run-
time for BAD WEATHER.

In order to evaluate the effects for the KITTI dataset, a comprehensive
study was conducted not only for comparing ground-manifold models but
also bi- versus trinocular recording. Results show that the number of gen-
erated stixels highly increases when using trinocular line fitting for ROAD

sequences, and binocular poly-fitting for CITY sequences; finally, trinocu-
lar graph-cut proved to be the best alternative on RESIDENTIAL sequences.



3.4. Summary 67

Having especially challenging scenes in mind, altogether we recommend the
trinocular graph-cut approach.





Chapter 4

Stix-Fusion: Data Fusion Towards Efficiency

This chapter informs about two methods to improve stixel accuracy. The first one is
a stereo-based method towards robust identification of obstacle heights using stixels.
The second method is a monocular-based approach but guided by LiDAR sensors to
enhance obstacle representation using stixels. The aim is to ensure a very low false
detection rate for obstacle detection in video data recorded in vehicles. Basically, the
given frames are either segmented into ground manifold or obstacles (approximated
by stixels). To robustly estimate the obstacle height, our methods improve the height
of stixels by fusing colour information, represented by a saliency map, with disparity
information, represented by a membership map. We also show more efficient and
robust 3D point representations, even if only integrating monocular vision into the
LiDAR-based approach for generating monocular stixels. - Parts of this chapter is
published in [4, 2].

4.1 Height segmentation improvement

The main idea is to reduce background-versus-foreground errors by distin-
guishing the foreground from the background more efficiently, for reducing
false-positive stixels per image.

4.1.1 Saliency map calculation

For identifying salient objects, a saliency map Sm for input image I is estab-
lished. Following [9], a scalar image I is subjected to a Gaussian filter Gσ at
the first stage for removing fine texture details as well as artefacts or noise
(σ needs to be chosen according to given data); Iµ represents the mean in a
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small neighbourhood:

Sm(x, y) =| Iµ(x, y)− I ? Gσ(x, y) | (4.1)

In the case of colour images I, we choose to apply Gσ in the Lab colour space
for individual L, a, and b channels. The final saliency map is then computed
by combining channel-specific saliency maps using the pixel-wise Euclidean
norm as follows:

Sm(x, y) = ‖Iµ(x, y)− I ?Gσ(x, y)‖2 (4.2)

where Iµ is the mean image feature vector, and ‖.‖2 is the L2 norm. For the
sake of simplicity, we consider the Otsu binarization algorithm for the final
step of region segmentation. See Fig. 4.1, second row, for an example. An Il-
lustration of proposed fusion toward stixel height segmentation is provided
in Fig. 4.2.

4.1.2 Membership vote calculation

The height of an obstacle, which “sits” on the ground manifold, is obtained
by seeking an ideal separation between foreground and background dispar-
ities. We briefly recall the method as defined in [11].

The estimation of top-points t1, t2, . . ., tNcols of stixels, for row y, begins
with selecting membership votes for pixels (“Does a pixel belongs to back-
ground or foreground?”). Afterwards, a benefit image is produced and used
for an approximate calculation of those top-points [73].

The membership values rely on the selection of a disparity in a column
with respect to the other disparities in this column for defining, or not defin-
ing a foreground obstacle. The membership value is positive if it does not
exceed the maximum distance of the expected obstacle disparity; otherwise
negative. [11] suggests the following exponential membership function:

Md(x, y) = 21−ε(x,y) − 1 (4.3)

where

ε(x, y) =

[
D(x, y)− dx

∆Dx

]2

(4.4)
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Fig. 4.1: Stixel world for an example of the KITTI residential dataset. 1st
row, left: Disparity map. 1st row, right: Calculated area of ground manifold.
2nd row, left: Salient region segmentation. 2nd row, right: Base-points, visu-
alised for salient regions. 3rd row, left: Proposed fused membership; white
for foreground and gray for background. 3rd row, right: Benefit image. 4th
row, left: Height segmentation. Red dots are used for detected top points. 4th
row, right: Extracted stixels of ‘substantial’ height above ground manifold.

where dx is the disparity at base point bx (i.e. the intersection point with
ground manifold in column x), and ∆Dx is a computed parameter which
determines the difference between the disparity obtained from the ground
manifold vector and the disparity corresponding to the depth value (see
Fig. 4.3). We improve height estimation by extending the disparity mem-
bership of [73] by introducing fused membership votes as follows:

Mf (x, y) = Md(x, y) + λ · Sm(x, y) (4.5)

Values of λ ≥ 0 do have impacts on results, so we use λ = 1.
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Figure 4.2: Illustration of proposed fusion towards more accurate member-
ship votes. Green circles show missing height of object, while the green ar-
rows depict corrected height of stixels due to fused membership votes.

Figure 4.3: Illustration of membership map.

4.1.3 Benefit image calculation

Following the base-line method, (now modified) membership values gener-
ate the benefit image:

Cx,y = Σbx
i=yMf (x, i)− Σy−1

i=1Mf (x, i) (4.6)

(Note that Row 1 is the topmost row in the image.) The given equation in-
dicates that when Cmax occurs, there is a high likelihood for a height cut (i.e.
top-point tx identified) via foreground and background separation (column-
wise maximum). This height cut is performed for each column x at row ymax
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Figure 4.4: Benefit image, where bright pixels present perfect cut between
background and foreground.

where the maximum value occurs. Each column supposed be reach at row
ymax when positive membership votes lie below (foreground) and the most
negative membership values lie above ymax.

In other words, the benefit image is used for calculating top-pixels (x, ymax)

which maximise the benefit. See Fig. 4.1, 3rd row, right. The colour encod-
ing indicates the height costs where pink colour indicate high possibility of
segmentation to separate foreground from background.

4.2 Monocular single stixels: LiDAR guided

Incorporating remote sensing (e.g., LiDAR) adds benefits to autonomous
cars if it provides depth information at high accuracy. A high market growth
is expected for LiDAR technologies for the next few years. Firms already
advertise low-cost LiDAR sensors [108, 109]. Various approaches for stixel
estimation have been investigated by mainly involving bi- or trinocular vi-
sion, since depth can be obtained from stereo cameras at low cost. A failure
of disparity estimation on obstacle or low-textured road surfaces still causes
concerns [95]. Unstable results caused by challenging imaging conditions
(represented by illumination, colour, or texture) may be resolved by also us-
ing sensors (such as LiDAR) which are reliable under such conditions. As
a result, this may lead to improved disparity maps. Yet, LiDAR points are
sparse and there must be an optimised interpolation approach that would
support us in our endeavour to obtain a dense depth map (see Fig. 4.5), and
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later a dense stixel representation. This research proposes monocular stixels
guided by LiDAR data for verified stixel positions.

The proposed method aims at including LiDAR data in the estimation of
monocular stixels. To do this, we first extract a disparity map from a distance
map assuming a hypothetical second camera at an assumed base distance b
(see also Fig. 4.6). Then we do the following:

• Project 3D LiDAR points into the 2D image plane (point projection).
The results improved by discarding points outside the camera plane
(noisy points) and the remaining points are sorted according to their
position in pixel units, in order to speed up the search process.

• Construct a dense distance map from sparse LiDAR points using colour
and texture information.

• Convert the distance map into a disparity map based on the camera
matrix (we simply use focal length f and base distance b as reported
for the used KITTI data.

Figure 4.5: Top: Dense disparity map (supporting a dense depth map). Bot-
tom: Sparse 3D points measured by a LiDAR sensor.
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Figure 4.6: Illustration of the proposed steps using monocular guided Li-
DAR.

• Construct stixels based on this “monocular disparity” map following
the common procedure as for binocular vision.

4.2.1 Point-projection phase

The provided calibrated data (images and LiDAR points) in the KITTI dataset
are the input used to obtain the dense map. This study uses the spatial re-
lationship between 3D points projected into the image plane to construct a
dense map. As described by [35], the Velodyne HDL-64E S2 is employed in
the KITTI dataset which has 0.09 degree angular resolution and 2 cm distance
accuracy. It is efficient and able to collect around 1.3 million points/second.
Scans are stored as floating points with [x, y, z] coordinates in which x, y, z
represent forward, to the left, and upward directions, respectively, using:

Kcam
velo = [Rcam

velo |tcam
velo ] (4.7)

where Rcam
velo ∈ R3×3 is the rotation matrix, and tcam

velo ∈ R3×1 is the translation
vector, in both cases of a Velodyne sensor into the camera pose.
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Detailed information regarding LiDAR and camera calibration, data align-
ment, and the calibration matrices can be found in [35], and intrinsic and
extrinsic parameters are given in [34]. A 3D point in LiDAR coordinates Pr
= [x, y, z, 1]> is projected into a point in camera coordinates Ps = [x, y, z, 1]>,
based on:

Ps = Kcam
velo Pr (4.8)

Every point Ps is then rectified to match the image plane using a rectification
matrix Krec:  x

y

1

 = Krec Ps (4.9)

Considering the projected LiDAR points in pixel coordinates (x, y), as given
by (4.9), some operations are performed prior to the interpolation stage (de-
scribed in the following section). The points outside the camera plane are
discarded, and the remaining points are sorted according to their position in
pixel units, in order to speed-up the search process. Finally, the points are re-
arranged into a new space that combines the coordinates in pixel units (x, y)

and the range r, such that a point P is represented by P = [x, y, r]>.

4.2.2 Interpolation phase

The point clouds, provided by LiDAR, are sparse and in some cases noisy,
and thus an interpolation method is required to derive a smooth (filtered)
“dense” distance map. The interpolation process carried out is a combination
of methods proposed by [24, 79] which both focused on colour and texture
information. Basically, these methods present a solution to sparse data by
merging 3D points with information from RGB images. The assumption is
based on the idea that pixels in a connected region, having similar texture in
the camera image in their neighbourhood, will have identical depth values.

Furthermore, [79] generates a [0-255] normalised depth map image from
LiDAR data. This situation does not work for us since the stixel calcula-
tion requires a real depth, not a [0-255] normalised depth map. Points P =

[x, y, r]> represent a calibrated set of 3D sparse LiDAR points projected into
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the image plane, as described in the previous phase. In order to derive the
distance (or range) map R at a given position (x, y), we can calculate this
map by a weighted fusion of the range values rk of the sparse points P in a
window Wp centred at position p = (x, y), as follows:

R(p) =
∑
k∈Wp

ωk · rk (4.10)

The window Wp is of size 11 × 11 in our experiments.
Even for the fixed-size window, the number k of points in Wp varies and

depends on the 3D-cloud’s sparsity. A similar mechanism is applied to a
bilateral filter when interpolating low-resolution images; each weight ωk is
computed by two factors:

• a pixel distance function d2(p, q) (here: assumed to be the Euclidean
distance in pixel units) between the window’s central point p = (x, y)

and the considered k points q = (i, j) within the window Wp, and

• a confidence weighting term κ(r) which is determined as a function
of the measured distance r. In some cases (e.g., uncertainty in sensor
data), κ(r) decreases linearly corresponding to the range value, penal-
ising 3D points in direct relation to their distance from the LiDAR. The
κ(r) values are normalised by the maximum range value rk in Wp; see
[24, 79].

Hence, the 2D spatial neighbourhood filter is re-written as:

R(p) =
∑
q∈Wp

d2(p, q) · κ(rq) · rq (4.11)

From the distance map, the calculation of the disparity map is as follows:

D(p) = f · b

R(p)
(4.12)

where f is the focal length and b is the (assumed) camera baseline; here we
use b = 0.54 m as in the KITTI data.

To construct a single layer stixel, we adopt the process outlined in [1,
11] but use the disparity map D that is derived from monocular vision (see
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Figure 4.7: Single-layer stixel estimation. Top row: Estimation using a dispar-
ity map resulting from stereo-matching (binocular). Bottom row: Estimation
using a depth map incorporating a LiDAR sensor (monocular).

Fig. 4.7. The disparity map D would be more accurate since we are fusing
multiple sensors’ information. As detailed in [5], an optimisation approach
was proposed to minimise the cost of a cut in y-disparity space to identify
a piecewise linear curve. Following a discrete formulation, the curve fitting
process is essentially a graph-cut problem, which aims at finding a set of
quantised disparities d = {d1, d2, . . . , dNcol

} that minimises a cost function
subject to smoothness constraints. Such a cut d divides the y-disparity map
(row-wise) into left and right parts. To find the lower bound of the road
manifold, the cost function (i.e., error or energy E) can be defined by using a
first-order derivative Vy of the y-disparity map V (i.e., along row y) [5]:

E(d) =

Ncol∑
i=1

Vy(y, di) + γ

Ncol∑
i=2

Θ(di−1, di) (4.13)

where γ ≥ 0 defines a penalty for Θ, the smoothness function, and V (y, d)

represents the number of pixels sharing the same disparity of d in the y-
th row of the disparity map D derived from LiDAR in 4.12. The value of
γ depends on the scale of the data term. To ensure the monotonicity of a
cut, the smoothness term can be specified by an asymmetric L1 Potts model
(more details in [5]).
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4.3 Experimental results

The accuracy of the proposed methods reported in this chapter (saliency map
fusion and monocular plus LiDAR fusion) will be assessed against base-line
stixel reported in [11]. The ground model used for the two proposed meth-
ods in this chapter is based on graph-cut dynamic programming which is
proposed and reported in the previous chapter and also reported in [7]. The
main reason behind this selection is due to successful and significant results
achieved in various datasets.

The datasets included for the evaluation in this chapter is KITTI dataset
and relevant information provided in Table 4.1. The KITTI dataset [35], that
includes diverse collections of traffic scenes, was used for the experiment.
Totally 1,231 stereo images from the residential, and road datasets which show
cars, pedestrians, trees, and traffic signals were selected. We aimed at hav-
ing a wide diversity of challenging traffic situations including different light-
ing conditions, different road views, shades, and colourings. A SGM stereo
matcher was adopted for disparity calculation [45], without any further pre-
or post-processing of disparity values. SGM matchers prove to be dominated
in computer-vision-based driver assistance systems, and this is because of its
robust capabilities to perform 3D reconstruction [73].

For evaluation purposes, stixel-LiDAR depth was used as ground truth,
as suggested in [7]. All stixels, in every frame, are evaluated individually.
This comprises of several processes as discussed in [7]. We address current
obstacles to evaluate extracted stixels in KITTI dataset which include the lack
of preceding frames of annotated road images, or lack of stixel ground truth.
Besides, it is hard to evaluate the quality of the 3D reconstruction based on
manually observed disparity images. Furthermore, the accuracy needs to

Table 4.1: Selected test sequences from the KITTI dataset

Category Sequence Tag Frames
ROAD (OPEN-ROAD) 2011 09 26 drive 0015 A 297
RESIDENTIAL (URBAN) 2011 09 26 drive 0035 B 131
RESIDENTIAL (SUBURB) 2011 09 26 drive 0036 C 803
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be evaluated and verified in terms of reference robust sensors to ensure the
safety and quality demand by driver assistance systems.

Hence, our objective is to automate this process to enable a more accurate
verification and validation on a large dataset covering diverse traffic scene
sequences.

Since 3D laser scanners are accurate as reference sensors, we utilise the
Velodyne LiDAR data obtained by a 3D laser scanner which are publicly
available [35]. All stixels in every frame are evaluated individually. To find
the efficiency of our proposed stixels fusion methods in terms of distance
error, we compare the performance of Velodyne LiDAR data with base-line,
saliency map fusion and monocular plus LiDAR fusion stixels. This com-
prises of several processes:

1. Generate a stixel map which forms the stixel distances as shown in
Fig. 4.8.

2. Project LiDAR points (Xj , Yj , Zj) into image coordinates (uj , vj). Such
an example LiDAR point projection is illustrated in Fig. 4.8. The pro-
jections are used to build a LiDAR-stixel correspondence function βij ,
where βij = 1 if LiDAR point j hits stixel i, otherwise βij = 0.

3. The degree of correspondence of these images verifies the accuracy of
the estimated stixels. Hence, the comparison of LiDAR depths with
corresponding stixel depths form the error measurement using the root-
mean-square computed by

RMSE =

√∑Nstx
i=1

∑Npts
j=1 βij(zi − Zj)

2

Nhit
(4.14)

where Nstx and Npts represent the number of stixels and LiDAR points, re-
spectively, and Nhit is the number of non-zero elements in β.

It is worth to mention that stixel map generated in monocular plus Li-
DAR approach is formed based on the interpolated LiDAR points. When
we obtained the dense “monocular disparity” it is convolved from sparse
points and information from RGB images. Hence, this convolved disparity
map (or so-called monocular plus LiDAR) is used to build stixel map and for
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Figure 4.8: Qualitative results using KITTI residential (first column) or road
(second column) data. 1st row: Stixel map. 2nd row: LiDAR projections. 3rd
row: Stixels estimated using base-line method. 4th row: Stixels estimated
using proposed saliency fusion. 5th row: Stixels estimated using proposed
LiDAR and monocular.

evaluation process we do not compare LiDAR against LiDAR. Instead, we
obtain the stixel map from the interpolated LiDAR points and we compare it
against the raw sparse points.

Mean distance differences are summarised in Table 4.2 and run-time pro-
filing is also provided in Table 4.3. Error rates are plotted in Fig. 4.9, Fig. 4.10,
and Fig. 4.11 for road and residential data for the three methods across 1,231
frames. As shown in these figures the error rate was significantly reduced
using the two proposed methods compared to base-line.
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By visual evaluation, the base-line method has some limitations on iden-
tify foreground objects independently in the membership map. This was
reflected on the speed sign pole and the van height shown in Figure 4.8. This
problem occurred several times in both tested datasets with different type
of objects. This shows the resulting stixels, using fused membership votes,
are more accurate than for the original membership votes. The height was
clearly improved by the fused membership using saliency map (see Fig. 4.8).
On the other hand, the monocular plus LiDAR was providing a good ad-
vantage for a long-run sequences and low false-positive rate using the data
provided in KITTI dataset.

Data provided for road and residential are different in terms of road
structure. In open-road we noticed there are a plenty of moving vehicles
with very limited number of pedestrians. While in residential itself also dif-
fers since category C (suburb) provides long-sequence so we expect to see
some structure that represent outside of city. The urban was recorded for
a small sequences and we noticed also there are a number of pedestrians
available in this category.

As we can observe from Fig. 4.10 the saliency fusion was providing ac-
curate results for residential (urban) from frame 1-100. It outperforms the
other two methods (base-line and monocular plus LiDAR). Still the base-

Figure 4.9: Error rates representing differences of distances between LiDAR
data and stixels for road data - open road (A).
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Figure 4.10: Error rates representing differences of distances between LiDAR
data and stixels for residential data - urban (B).

Figure 4.11: Error rates representing differences of distances between LiDAR
data and stixels for residential data - suburb (C).

line method shows high false-positive stixel detection and also low-accuracy
rate. This returns to many factors including the road surface which do not
fit to obstacles in terms of distances. It is very obvious that in category B the
saliency map improved around 18.07 % compared to the base-line method.
The mean error rate between stixel map and LiDAR for saliency map is 23.12
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cm, still achieving good result although at the end of the frame the error rate
was increasing. The main problem as investigated and looking into the frame
100-131 (end of category B) it is obvious that shiny reflection on road accom-
panied with road junction which exist at the end of the sequence plays a
major role because there was a number of missing stixels. Still with these cir-
cumstances the saliency fused membership map is showing improvements
compared to base-line method. A feature tracking could have added an ad-
vantage for saliency map. However, the monocular plus LiDAR still having
a low error rates for frame sequences mentioned above.

The pattern for open-road scenario (category A) looks similar with an
improvement has been made using saliency map. The saliency map shows
a successful identification of stixel height as provided in Fig. 4.8 (second col-
umn). The improvement rate recorded for saliency map is 24.6% and for
monocular plus LiDAR is 19.63% compared to base-line stixel method (see
Fig. 4.9). As observed the LiDAR up-sampling method had to match pixels
with sufficient LiDAR points in some situation when there is a shadow extra
processing is required (i.e. increasing the window size Wp for up-sampling).
On the other hand, there is very limited false-alarm stixel detected using
monocular plus LiDAR and monocular plus LiDAR was recorded as fastest
method among the other two as identified in Table 4.3 but the height still
limited by given range data.

The potential of monocular plus LiDAR was more revealed using long-
run sequences. As identified during the experiments there are good out-
come obtained by using such a sensor for constructing stixels in category (C).
This was also beneficial in terms of data processing. The monocular LiDAR
has achieved the fastest method in all datasets. The accuracy rate was very
close between monocular LiDAR and saliency map with a difference around
1.21%. The improvement rate achieved for monocular plus LiDAR for 803
frames is 5.97% compared to the base-line stixel method (see Fig. 4.11).

Overall, to optimise the balance between accuracy and processing time
when generating stixels then monocular plus LiDAR is recommended for
such condition. The monocular plus LiDAR presents the robustness for a
given point-cloud under long-run sequences. The accuracy and height of
objects was essential for any obstacle detection method. Therefore, saliency
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Table 4.2: Mean differences of distances between stixel maps and LiDAR data
(in cm)

Category A B C
Stixel calculation using base-line method 28.22 28.16 25.98
Use of saliency map fusion method 23.12 21.23 24.79
Use of LiDAR and monocular fusion 24.27 22.63 24.43

Table 4.3: Run-time profiling for single-layer stixels calculation on KITTI
dataset.

Category Monocular LiDAR Base-line Saliency fusion
A 1.16s 7.26s 14.38s
B 1.16s 7.33s 14.49s
C 1.18s 7.19s 12.38s

map considered to be the foremost stixel detection option especially to be
used for identifying stixel heights. The processing time shows this method
spent a massive amount of time to process stixels per frame, however, such
incidents can be overcome especially most of test vehicles are provided with
FPGAs.

4.4 Summary

This chapter proposed two methods for robust height calculation of stixels
using a fused-data strategy. The main advantage is to produce a low-cost
architecture for reducing false-positives in stixel estimations. The proposed
methods have been compared to the original base-line method. Experiments
show that the error rate was reduced (by 24.6% on the evaluated data ) by
the fused membership. Also, the error rate was decreased by 5.97% by fusing
range and optical data represented by monocular plus LiDAR.

The results demonstrate the potential of this novel method towards more
accurate obstacle surface detection and accurate height segmentation of traf-
fic scenes.





Chapter 5

Improvement of Multi-layer Stixels

The integration of a reliable confidence map for multi-layer stixels segmen-
tation can support the selection of prior and data terms; our confidence map
uses a calibrated collinear trinocular vision model. It is generated from three
conjugate synchronised stereo images for evaluating the consistency of dis-
parity values. The evaluation measure is referred to as transitivity error in
disparity space. Multi-layer stixels are commonly generated from a single
disparity map which make them merely dependent on the applied stereo
matcher. A multi-map fusion is proposed to achieve more reliable stixels
segmentation for disparity values. This chapter informs about a solution to
multi-layer stixels model based on the extension of multi-ocular framework
and monocular plus LiDAR proposed in Chapter 3 and 4, respectively. -
Parts of this chapter is published in [3, 2].

5.1 Multi-layer stixel model

Unfortunately, issues being a challenge for stereo matchers are widely ex-
isting in traffic scenes, thus more efforts are required to improve disparity
maps, also aiming at more reliable stixel segmentation (with minimising the
number of required parameters) for forming semantic objects. Each stixel
carries important but noisy information, and it is challenging to decide for
each stixel to which object it belongs to (see Fig. 5.1). The multi-layer model
improves the precision of the stixel world. Every column in a given disparity
image D is segmented into multiple vertical segments (see Fig. 5.2). Every
segment is assigned to one of the classes sky, ground, or object, using an inte-
grated model of data-term and prior-term.

By revising the problem of stixel generation into a segmentation prob-
lem, we follow the proposed model defined in [73]. In this work we extend
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Figure 5.1: Multi-layer segmentation concept.

the concept by paying attention to missing or faulty disparities especially
in the sky and ground regions based on a defined confidence map derived
from multi-ocular vision. The extension is required since we are interested
in semantic segmentation, and this step supports the labelling efficiently.

In Eq. (2.2), each element in the disparity map is considered equally. In
this work we propose to use a weighted sum of our trinocular confidence
values:

Vy(d) =
∑

1≤u≤Ncol ∧ int(δ(u,v))=d

Γ(u, v) (5.1)

Here, elements with higher TED-based confidence become more influential.
A result of confidence map and trinocular multi-layer stixels is provided in
Fig. 5.3.

The proposed functions fn(.) satisfy the following properties:

• Ground-based stixels are generated based on a proposed graph-cut
method, supported by the confidence map to enable a robust detec-
tion of ground. This enables us to determine the ground function fg(.)
(note: “g” instead of number n = 1) without depending on direct cam-
era parameters only (i.e. height and tilt). More details below.

• The assumed value for the sky function is fs(y) = 0 (note: “s” instead of
number n = Nx), for all y with 1 ≤ y ≤ yts.
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Figure 5.2: Overview of multi-layer stixel segmentation.

Figure 5.3: Trinocular confidence, ground manifold and multi-layer stixel.
Top row and middle row left: Trinocular stereo pair from the ROAD dataset
on KITTI. Middle right: TED-based confidence measure where red and blue
pixels indicate high and low confidence values, respectively. Bottom middle:
Calculated ground-manifold (using y-disparity, graph-cut, and confidence
map). Bottom right: Multi-layer stixels segmentation using the confidence
map.
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• For an object function, we have that fo(y) = µn (note: “o” instead of a
number n between 1 andNx) where µn is the mean disparity within sn.
We extend this function to enable transitivity error analysis to be used
for valid disparity coverage.

Functions fn(.) are implemented based on data-terms defined for each
function, and they are verified based on prior-terms. This step is treated as a
typical maximum-a-posteriori (MAP) estimation problem. We aim to find the
most probable labelling in L:

L∗ = argmaxL∈LPr(L|D) (5.2)

5.1.1 Data and prior terms

As a key contribution, we integrate the valid disparities, provided in Γ of
Eq. (5.1), to be used as a verified model for a valid disparity map. In order
to solve the L∗ segmentation problem more efficiently, we follow [73] by ap-
plying the Bayes’ theorem. This allows us to write the posterior probability
in Eq. (5.2) now as follows:

Pr(L|Γ) ≈ Pr(Γ|L) · Pr(L) (5.3)

The term Pr(L|Γ) embodies the result of the product of the conditional prob-
ability of Γ given L (data-term) and the prior probability Pr(L) of L.

Considering the data-term part, this implementation uses individual mea-
surements dx,y ∈ Γ as maturely independent. Furthermore, the TED-weighted
y-disparity map is used as an input for this model. All data within Γx is as-
sumed to be independent from all labels Lx, with x 6= x. As a result we
obtain:

Pr(L|Γ) ≈
Ncol∏
x=1

Pr(Γx|Lx) · Pr(Lx) (5.4)

In order to obtain fn(y), the data-term model uses the conditional proba-
bility density in Pr(Γx|Lx) to rate the likelihood of disparity (depth), given
labelling L:

Pr(Γx|Lx) =

Nx∏
n=1

ybn∏
y=ybn

Pr(dy|sn, y) (5.5)
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where

Pr(dy|sn, y) =

{
PrΓ(dy|sn, y) · (1− pcn), χ(dy) = 1

pcn , otherwise
(5.6)

The term PrΓ(dy|sn, y) represents the probability for a given disparity value
dy at row y given segment sn. The symbol χ is used as a flag to indicate if the
disparity value are within outliers or not. This means when χ(dy) = 1 if the
disparity dy at row y is valid (i.e. 0 ≤ dy ≤ 64) and 0 otherwise. For example,
the symbol pg (pcn) is the probability to observe a ground given that dy is
invalid. It is worth to mention that data-term model is a mixture model of
uniform distribution which is used to observe outliers and Gaussian distri-
bution that used to rate affinity of dy to sn [74].

The prior-term, encoded in Pr(Lx), models the real-world constrains.
Compared to the data-term Pr(Γx|Lx), it does not include direct dependen-
cies to the input data. It is interpreted as a set of cost-tables (i.e. a likelihood
instead of actual probabilities).

The prior-terms are evaluated based on a vertical probability shift, from
each segment to the segment above: Pr(sn|sn−1). The prior evaluation is
segment-wise for favouring some configurations of segmented neighbour-
hoods:

Pr(Lx) = Pr(s1) ·
Nx∏
n=2

Pr(sn|sn−1) (5.7)

5.1.2 Computational feasibility using dynamic programming

As we noticed, there are a lot of computational operations required for multi-
layer stixels and to classify each segment to a corresponding class. In more
detail, to seek optimal segmentation of a column in disparity map to be in-
clude ground, object, and sky a dynamic programming technique is per-
formed. We revised the base-line definition of dynamic programming in
multi-layer stixel by implementing ground function based on our graph-cut
dynamic programming algorithm which modifies the existing assumption of
the ground surface is presume to be linear up to horizon (see Fig. 5.4).

As happens with very similar scenarios (e.g. stereo matching), the dy-
namic programming [13] is performed to subdivide one massive problem
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into smaller pieces and store the solution in a memory structure to be par-
tially retrieved upon sub-problem occurred again. This will support our en-
deavour to calculate multi-layer stixel with efficient use of memory. In order
to say a problem is solved by dynamic programming, the problem need to
adhere to certain criteria which are:

• optimal substructure solution: as mentioned earlier a major problem
must be decomposed into subtasks. Each of those subtasks can be also
subsequently decomposed or solved optimally. Hence, when a recur-
sive definition of problem is provided, a minimisation cost need to be
calculated rather than maximum posteriori.

• discrete solution: for ensuring dynamic programming is fit for our pur-
pose, the definition of stixel segment sn = {ybn, ytn, c, fn(.)} needs to be
in discrete format.

The points mentioned above need to be further explained. To ensure op-
timal substructure solution, we simplify our description to illustrate compu-
tation of minimum cost by denoting a table entryCy at a row y that represent
the minimum aggregated cost for three cases: ground, object, and sky:

Cy = {Gy, Oy, Sy} (5.8)

Each case match-up the segmentation ending on a stixel of the corresponding
class C = {g, o, s}. The stixel at the end of the segmentation linked with each
minimum cost is given as:

gtb = {yb, yt, g}
otb = {yb, yt, o}
stb = {yb, yt, s}

(5.9)

For example, a given entry O15 it represents a segmentation that is type of
object with top point row coordinate 15. Moreover, we can also rate differ-
ent constellation of neighbouring segment by denoting c as model (priori)
cost. For example c(O25, s30

26) which means the model costs for integration
of segmentation ending with type object at top-point 25 next to another sky
segment from 26 to 30. It could be also expressed as single segment, for ex-
ample, c(g12

0 ) which means the model costs for first segment is marked as
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ground g12
0 . Referring to Eq. (5.8), at the beginning, we need to calculate

aggregated cost C for a segmentation of length one. This can be achieved by:

C0 = {G0, O0, S0}
= {g0

0 + c(g0
0), o0

0 + c(o0
0), s0

0 + c(s0
0)}

(5.10)

Hence, if we want to determine the segmentation from 0 to 1 then it can
either be a combined segment or utilise the previous solution (this achieves
our purpose for dynamic programming) such that:

C1 = {G1, O1, S1} (5.11)

where:

G1 = min


g1

0 + c(g1
0)

g1
1 + c(g1
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1 + c(g1

1, O
0) +O0

g1
1 + c(g1

1, S
0) + S0

O1 = min
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s1

0 + c(s1
0)

s1
1 + c(s1

1, G
0) +G0

s1
1 + c(s1
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0) +O0

s1
1 + c(s1

1, S
0) + S0

(5.12)
Following this solution, the entry of C2 can be decomposed to (if it’s not
combined with previous segments):

C2 = {G2, O2, S2} (5.13)
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where:

G2 = min
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(5.14)
As we can see, there is a recursive scheme followed for each entry. Thus, we
can generalise the calculation of aggregate cost in Eq. (5.8) to be elaborated
in:

Cy = {Gy, Oy, Sy}

Gy = min



gy0 + c(gy0)

gy1 + c(gy1 , G
0) +G0

gy1 + c(gy1 , O
0) +O0

gy1 + c(gy1 , S
0) + S0

...

gyy + c(gyy , Gy−1) +Gy−1

gyy + c(gyy , Oy−1) +Oy−1

gyy + c(gyy , Sy−1) + Sy−1

(5.15)

An exemplary path is provided for Gy in Fig. 5.4. We just show Gy so
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Figure 5.4: Illustration of exemplary y-disparity and cost table calculation.
Left: explain all assumed paths for the ground notion up to y = 2. Right:
fictitious y-disparity space which illustrate how dynamic programming is
optimally performed to cut segments. The black points show how real data
might be exist.

the other termsOy and Sy can follow the same scheme accordingly. The total
result for the three cases in cost table are provided in Fig. 5.5. In order to start
the backtracking procedure to seek the optimal final path for segmentation,
then Ch−1 need to be calculated. In this context, when we arrive at Ch−1

min =

min(Gh−1, Oh−1, Sh−1), that means that the process of optimal backtracking
will be initialised (see 5.1.3 for more details).

It is worth to mention that we can work on negative log-likelihood rather
than direct probability values (i.e. all multiplications operations are substi-
tuted by summations). This is beneficial for many reasons. First, it provides
more efficient implementation. Second, it reduces the malformed input af-
fects to the execution of the scheme [37]. The scheme means the data and
prior-term calculations so the problem remains untouched while optimising
it. Hence, in order to reflect on the cost table mentioned above the notation
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Figure 5.5: Illustration of cost table. Top: Sample of LEFT image. Bottom: Cost
table which shows cost for each case ground (red), object (green), sky (yellow).

oba is corresponding to the sum of all data costs related to object hypothesis
which is −

∑b
y=a log Pr(dy|sn, y). Using the same scheme applied to model

costs movement from one class label to another [i.e. c(oba, Oa−1)] which can
be represented in − log Pr(sn|sn−1).
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Finally, as we want to utilise dynamic programming in multi-layer stixel
segmentation. The provided data needed to be in discrete format. By revisit-
ing the sn = {ybn, ytn, cn, fn(.)}, we can ensure that ybn, ytn, cn ∈ {0, . . . , h−1} ⊂
N. However, fn(.) is identified based on disparity space (data-term) which
d ∈ R. This reminds us about a similar problem that occurred in stereo
matching when implemented using dynamic programming [68, 92, 99]. Ac-
cording to the working scheme in stereo matching, we will be able to discre-
tise the optimisation space to integer numbers by setting disparity steps [74].
There is a challenge in multi-layer stixels where we can not assess every
function fn explicitly. In this case, the processing time will be higher [73].
Therefore, we are not incorporating the optimisation step into fn. We have
followed the proposed scheme, identified in base-line multi-layer stixel [73],
by performing an explicit check on a well-selected function candidate. How-
ever, we will seek to incorporate confidence measures obtained from trinocu-
lar vision towards improving the accuracy of fn as will be discussed in 5.1.4.

5.1.3 Optimal path using backtracking

As we noticed the cost table is considered to be an essential component of
dynamic programming. The dimension of a cost table is identical to image
height (since we want to see position of cuts) and number of candidate la-
bels [74, 90]. Hence, the evaluation and computation of cost table is imple-
mented on h× 3 (size of cost table). We can optimise this scheme by creating
another table can be called as “marker table” (dimension is identical to cost
table) which can be used to backtracking step and lead to more efficiency
(see Fig. 5.6). The marker table include indices that can represent candidate
labels (type) and image row coordinates. Moreover, the indices can connect
different entries of the cost table. This will be beneficial to show sequence
of possible path optimisation for a segment. In this context, to seek the best
cut for a column, the marker and cost tables are calculated simultaneously.
Afterwards, the backtracking process is carried out from the top of cost table
through all elements to the bottom and this will show how optimum path is
extracted.

The mechanism to extract the optimum path is portrayed in Fig. 5.6. Ba-
sically, an example of 9 pixel height is provided to show how optimum path
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Figure 5.6: Illustration of cost and marker table for a sample image with
9 (virtual) pixels height. The coloured alphabet C represent the minimum
cost calculated for this cell. The row and column showing as pair indices
represent the type of label and top-point coordinate of that predecessor.

is extracted. For both tables (marker and cost) it consists of two elements
as an input: element A which represents the minimum cost (shown as colour
alphabet C) that could be identified for that cell, and element B pair of in-
dices represent information about preceding segment (two digits separated
by coma). As we can see in Fig. 5.6, the element B providing a rich details
about how to traverse through the cost table. It include the preceding label
type (0 for ground, 1 for object, 2 for sky) separated by a coma the second
index refers to the row that indicate top-point coordinate yt.
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As mentioned earlier, when the minimum cost is reached to Ch−1
min a back-

tracking step will be performed. In this example the minimum costs select
Csky8 , so the segment will be marked as sky. The row and column show-
ing as pair indices can be translated as the preceding segment information1

which means the label type and top-point coordinate yt. As shown in our
example, the indices points at object segment starting at row 6. Accordingly,
the other segments can be calculated in the same scheme until it reaches the
bottom row of cost table ending up with self-loop. In some cases it is help-
ful to indicate the position of yhor (i.e. horizon line), in which any sky cost
comes under this value need to be marked asmax or infinity because it is im-
possible to have sky segment positioned under ground segment. The same
scenario is used when ground segment comes above the yhor.

5.1.4 Increasing the robustness

The issue of how to use the particular candidate function fn(.) to collect the
data term costs for segment sn remained unanswered in the previous sec-
tions.

Assuming that the used measurement model is a composite of Gaussian
distributions only, the most favourable candidate would be the mean dispar-
ity value of all disparities within segment sn. The reason behind choosing
the mean is that it can produce the minimum variance [73].

The mean can be efficiently computed by using the following formula,
see [73]:

sum[y0] =
∑y0

y=1 χ(dy) · dy

valid[y0] =
∑y0

y=1 χ(dy)

(5.16)

Using these sums, the mean disparity within a range of yb to yt, and thus a
constant value for candidate function fn(.), is determined by

fn := mean(yb, yt) =
sum[yb]− sum[yt−1]

valid[yb]− valid[yt−1]
(5.17)

Experiments show that the mean is influenced by inliers and outliers
which contribute to the mean cost equally. Furthermore, as pointed out in

1The preceding segment means the one which indicates the current costs.
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Figure 5.7: Multi-layer stixel maps tested on KITTI data using depth ob-
tained from LiDAR. Top row: Red arrows depict current multi-layer stixel
problems (displacements in the representation). Bottom row: Examples when
using the proposed solution.

previous studies [51], disparity values are prone to difficult weather condi-
tions which weakens the confidence. As a result, we chose to incorporate
the TED-weighted y-disparity map. This serves as a robust alternative to a
base-line multi-layer stixel approach as this does not require any complex re-
organisation of the disparity data such as ordering. For obtaining an accurate
estimation of fn, we proposed to use TED-weighted dy as follows:

fn =

∑ybn
y=ytn

εy · dy∑ybn
y=ytn

εy
(5.18)

where

εy =
χ(dy)

1 + |dy − µ|
(5.19)

5.2 Monocular multi-layer stixel: LiDAR guided

An essential step in multi-layer stixel estimation is estimating the road sur-
face. As presented in [73], the road surface can be estimated directly from
camera parameters, however, this scheme might be infeasible when the pro-
vided dataset is missing some information about camera parameters (i.e.,
tilt angle). As shown in Fig. 5.7, the monocular stixel (first-row) is sup-
posed to be improved but there are a still a lot of false positives. These
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affect obstacle representation and road surface estimation. Using a point
cloud we need to estimate the road manifold from which we can derive a
3D rotation and translation matrix. Usually, converting a world coordinate
Pw = [Xw, Yw, Zw]> into an image plane coordinate requires geometric infor-
mation such as:

ε · [x, y, 1]> = K[R | t][Xw, Yw, Zw]> (5.20)

where x, y represent the image plane coordinates and ε is a depth scalar for
depth values > 0. We can remove [R | t] from the above equation since the
rotation matrix is an identity matrix and the translation vector is all zeros.
We can solve the above unknown parameters by applying matrix inversion:

1

ε
[Xw, Yw, Zw]> = K−1[x, y, 1]> (5.21)

We can represent the left side in (5.21) by a variable F . This equation can be
then re-written as:

F = K−1[x, y, 1]> (5.22)

To identify a pixel with world coordinates Xw, Yw, Zw, we need

[Xw, Yw, Zw]> = F · ε (5.23)

Then, we can use M-estimator sample consensus (MSAC) which fits a plane to a
cloud of points. The fitting process is applied only on inlier points that have
a maximum tolerable distance to the plane. The model can be verified in the
road plane equation to estimate the road plane coefficients:

a0Xw + a1Yw + a2Zw + a3 = 0 (5.24)

So far we just estimate the road plane coefficients. In order to find a known
world coordinate location in the depth map image, we use

F =
1

λ
[Xw, Yw, Zw]> (5.25)

where λ is the ground depth scalar to be calculated. That means

[Xw, Yw, Zw]> = [λF1, λF2, λF3]> (5.26)
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Figure 5.8: Top: Disparity map using monocular vision plus LiDAR. Bottom
Ground disparity.

By substituting Eq. (5.26) in Eq. (5.24), this results in:

a0λF1 + a1λF2 + a2λF3 + a3 = 0 (5.27)

The value of λ can be found by

λ =
−a3

a0F1 + a1F2 + a2F3
(5.28)

Finally, the ground disparity can be calculated:

GD = f · b

λF3
(5.29)

The generated ground disparity is demonstrated in Fig 5.8. For multi-layer
stixel construction, ground-based stixels are generated based on a ground
disparity map GD. This enables us to determine the ground function fg(·)
(note: “g” instead of number n = 1) and identify the road surface using a
single camera after resolving the displacement issue.

5.3 Experimental results

The quality of the proposed monocular and trinocular multi-layer stixel cal-
culation is evaluated using LiDAR data provided on the KITTI Vision Bench-
mark Suite [35]. Results of the proposed methods are compared to results
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of the base-line stixel detection method [73] and multi-layer based ground
plane (by Hough transform in y-disparity space) similar case provided by [43].
For naming convention, we give a short-cut for the four tested methods as
following: Binocular base-line (BB), Binocular ground plane (BGP), Trinocular
graph-cut (TGC), and Monocular LiDAR (ML).

The aim of the experiments is to analyse the accuracy of multi-layer stix-
els rather than the processing time (which is optimised for in-car applications
by parallel hardware such as FPGAs).

We aimed at having a wide diversity of challenging traffic situations,
including different lighting conditions, different road views, shades, and
colourings. We selected 1, 501 trinocular stereo frames from the ROAD, CAM-
PUS ,RESIDENTIAL, and CITY categories, which contain cars, cyclists, pedes-
trians, trees, and traffic signals. The test sequences are listed in Table 5.1.
For bi- and trinocular vision, we use uniformly the SGM stereo matcher for
disparity calculation [45], without any further pre- or post-processing of dis-
parity values.

Regarding previously stated challenges for evaluating stixels while using
the KITTI dataset [83], we address those by following [7], i.e. by making use
of the Velodyne high-definition 3D laser scanner data also provided in the
KITTI dataset. In short, we use those range data as a ground-truth reference
to evaluate the distance values assigned to extracted stixels.

Quantitative results are listed in Table 5.2 using a binocular, monocular
or trinocular configuration. Figure 5.9 illustrates qualitatively achieved re-
sults (also shown in Fig 5.10, Fig. 5.11, Fig. 5.12, Fig. 5.13, Fig. 5.14, Fig. 5.15).

Table 5.1: Selected test sequences from the KITTI dataset

Category Sequence Tag Frames
ROAD (OPEN-ROAD) 2011 09 26 drive 0015 A 297
ROAD (HIGHWAY) 2011 09 26 drive 0032 B 390
RESIDENTIAL (URBAN) 2011 09 26 drive 0035 C 131
CAMPUS 2011 09 26 drive 0038 D 110
CITY (BUSY) 2011 09 26 drive 0091 E 340
CITY (SHADOW) 2011 09 26 drive 0106 F 233
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Figure 5.9: Quantitative results using KITTI data; first column RESIDENTIAL,
and second column ROAD. First row: Stixel maps. Second row: Base-line
multi-layer stixels (BB) where ground manifold is estimated by using known
camera parameters. Third row: Multi-layer stixels estimated using binocular
ground plane (BGP). Fourth row: Multi-layer stixels estimated using trinocu-
lar graph cut (TGC). Fifth row: Multi-layer stixels estimated using monocular
plus LiDAR (ML).

The scenes provided in CITY or RESIDENTIAL data differ from ROAD data
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Table 5.2: LiDAR-based qualitative evaluation of different camera configura-
tion using KITTI data

Sequence
BB BGP TGC ML
µ σ µ σ µ σ µ σ

A 24.0 1.25 24.0 1.36 23.8 1.14 23.9 1.35
B 25.8 1.93 25.6 1.91 24.3 1.89 23.8 1.76
C 20.9 1.14 21.0 1.12 20.5 1.16 19.6 2.95
D 18.3 0.73 18.1 0.74 18.3 0.73 17.5 0.85
E 18.4 2.91 18.2 2.87 18.4 2.91 20.4 2.46
F 19.1 2.63 18.9 2.36 18.8 2.16 20.4 27.4

Figure 5.10: Error rates illustrate the mean of LiDAR-stixel distance error (in
cm) for the four approaches - category A

by also showing pedestrians, cyclists, and more buildings. Furthermore,
the sky class was limited in the two mentioned datasets due to the shown
urban scenes. As shown in Fig. 5.10, and Fig. 5.15, the error rate is the
lowest when using the TGC model in two categories ROAD(open-road) and
CITY(shadow), while ML model achieve the lowest error rate in RESIDEN-
TIAL (urban), ROAD(highway), and CAMPUS (see Fig. 5.11, Fig. 5.12, and
Fig. 5.13). BGP outperforms other methods in CITY category (busy) as shown
in Fig. 5.14.
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Figure 5.11: Error rates illustrate the mean of LiDAR-stixel distance error (in
cm) for the four approaches - B category

Figure 5.12: Error rates illustrate the mean of LiDAR-stixel distance error (in
cm) for the four approaches - category C

In the RESIDENTIAL sequence, the monocular LiDAR model achieves the
lowest mean of a LiDAR-stixel error of 19.6 cm, which is a 6.2% decrease
compared to the original method with 20.9 cm. The contents include cars
parked on side of road, houses, and road junctions. The three methods (BB,
BGP, and TGC) faced difficulties to identify the stixel at the road junction
which exist from frame 90 - 110. The tested vehicle position forms a major
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Figure 5.13: Error rates illustrate the mean of LiDAR-stixel distance error (in
cm) for the four approaches - category D

Figure 5.14: Error rates illustrate the mean of LiDAR-stixel distance error (in
cm) for the four approaches - category E

challenge for the stereo matchers and using LiDAR sensor can give more
details. However, sun-strike started to appear at the end of the sequence still
form a challenge for such sensors. As we can observe from Fig. 5.12 and
Fig. 5.16, the TGC method shows a robustness in such scenario (see Fig. 2.19
for comparison with baseline).

Yet, the ML method did not perform as good as TGC with respect to



108 5. Improvement of Multi-layer Stixels

Figure 5.15: Error rates illustrate the mean of LiDAR-stixel distance error (in
cm) for the four approaches - category F

Table 5.3: Average number of stixels extracted per frame in the tested KITTI
sequences

Sequence BB BGP TGC ML
A 1,142 1,102 567 213
B 1,196 242 970 256
C 1,204 213 902 306
D 643 996 630 319
E 569 975 567 281
F 1,178 280 624 316

open road scenarios as represented in category A (open road). The main rea-
son for this change is due to having valid disparities covered, and confidence
dealt fine with missing texture especially in the road surface. Results show
that TGC covers more valid disparities compared to others, and slightly out-
performs others, also regarding a smaller rate of false alarms as shown in
Fig. 5.9.

The situation changed for the highway sequences (category B) where the
mean of a LiDAR-stixel error yields close error rates between ML and TGC.
In such datasets with vehicles are moving the error percentage of ML method
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Figure 5.16: First-column: original images. Top-right: result of TGC imple-
mentation. Bottom-right: result of ML implementation

is 8.04%, comparatively similar to the base-line stixel model (BB). However,
the accuracy rate is dropped significantly from frame number 90-150. In
these frames outgoing and incoming lanes started to merge, and there is no
guardrail installed plus the open-road scenarios occurred again at the end of
the sequences. This scenario enable TGC to outperform ML in these frames

Figure 5.17: Multi-layer stixels (Top) and corresponding inverse perspective
mapping (Bottom). Left: Trinocular graph-cut approach. Right: Monocular +
LiDAR approach
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Table 5.4: LiDAR-based quantitative evaluation based on mean distance er-
ror [cm] of stixels using KITTI dataset (binocular and monocular configura-
tion).

Sequence

Single layer stixels Multi-layer stixels
Binocular Monocular Binocular Monocular
µ σ µ σ µ σ µ σ

A 28.2 1.25 24.2 1.25 24.0 1.25 23.9 1.35
B 26.0 1.95 26.1 1.94 25.8 1.93 23.8 1.76
C 28.0 1.31 21.2 1.15 29.8 1.14 19.6 2.95

particularly. In campus category (D), the gap is very obvious between ML
and the other tested methods. The main strength of ML is the ability to esti-
mate road surface more accurately than others using plane detection.

In both city categories, the ML method shows a higher number of false-
positive errors and high-error rate. This is due missing LiDAR points es-
pecially when objects become closer to the sensors and thus the uncertainty
will be higher(see Fig. 5.8). Through the observation of results, ML method
demonstrates an improved robustness across various categories (see Fig. 5.16).
Low texture and robust road surface detection are in particular cases where
ML method is more robust for multi-layer stixel segmentation. Taking into
account the run-time profile across different camera configurations. The ML
method outperforms binocular and trinocular vision across all categories
(see Table 5.5). The processing time was highly reduced and in some se-
quences ML maintain the accuracy as well. The binocular multi-layer stixels
used for run-time profiling is reported by BB.

Apart from the above mentioned measures, the number of segmented
stixels are still low when using the ML method (see Table 5.3) compared to
TGC. Based on the experiment analysis, the class segmentation (separating
objects from ground) is performed successfully, but the sky class is always
missing. This is due to the fact that LiDAR range does not cover such area.

Furthermore, the small stixels positioned above the horizon line are merged
with other neighbouring stixels and that was clear when projecting these
stixels to inverse perspective mapping (see Fig. 5.17). In this figure, we can
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see a few objects’ height are spanning and hiding a little details above the
horizon line.

To sum-up, we provide more extensive analysis by comparing single-
layer and multi-layer stixels using monocular and binocular vision. We plot
errors calculated by mean distance differences for three categories A, B, and
C as shown in Fig. 5.18 for road and residential data. The number of errors
is highly reduced when using the proposed monocular stixel approach (see
Table 5.4). Figure 5.18, for example, illustrates the accuracy of the proposed
monocular plus LiDAR method (multi-layer and single-layer) for challeng-
ing obstacle detection conditions.

Resulting stixels, using monocular+LiDAR multi-layer, are more accurate
than the original binocular ones. By visual evaluation, the original method
has some limitations in identifying road surfaces and objects independently
in the disparity map.

This problem occurred several times in tested categories. Thus, the Li-
DAR points play an essential role in providing an accurate disparity map,
and their use also minimises the processing time required to generate the
disparity map (see Table 5.5). This indicates an optimised balance between
disparity-map accuracy and processing time in terms of stixel estimation.
The limited number of LiDAR points acquired by the sensor define a limita-
tion in our method.

As we can observe from Fig. 5.18, the distance error in (category A) be-
tween proposed monocular and conventional binocular multi-layer was very
close; this also occurred in open-road scenarios with shadows.

5.4 Summary

This chapter presented a robust model for multi-layer stixel segmentation.
The stixels, constructed using TED-based disparities provided by trinocular
vision, were found to represent a better accuracy compared to conventional
binocular ones, especially when also using graph-cut ground-manifold ap-
proximation. The proposed method using trinocular multi-layer stixels demon-
strates the significance of confidence maps, which can vote for valid and
consistent disparity values. We also provided a monocular plus LiDAR ap-
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Figure 5.18: Error rates illustrate the mean of LiDAR-stixel distance error (in
cm) for the four approaches. The frame ranges [1-390], [391-688], and [689-
820] represent categories B, A and C, respectively.

Table 5.5: Run-time profiling for multi-layer stixels calculation on KITTI
dataset.

Category Monocular (ML) Binocular (BB) Trinocular (TGC)
A 23.3s 27.3s 27.1s
B 22.6s 26.9s 26.7s
C 22.7s 25.7s 26.6s
D 21.5s 24.1s 23.5s
E 21.6s 23.4s 23.1s
F 22.4s 25.3s 24.4s

proach to feed the multi-layer stixels with robust and accurate dense depth
map. Experimental analysis results were obtained based on 1,501 frames,
including various traffic scenes and conditions such as campus, road, city,
and residential data from KITTI. An important advantage of our work is to
demonstrate an improvement towards multi-layer stixel with accurate stixel
representation and reduce the processing time required (with maintaining
accuracy).



Chapter 6

Conclusions and Future Work

The application of driver assisting or driver-less systems are numerous with dif-
ferent techniques applied for traffic safety. Looking into the vision based application
of driver assistance, there are several methods applied to represent data more effi-
ciently and accurately. A 3D representation model called “stixel world” initiated
by the automotive industry is used to leverage disparity values to robust and more
understandable classes. Motivated by the unsolved issues represented by ground
plane models, height of stixels, challenging scenarios in multi-layer stixel, and lack
of stixel evaluation measurements, this thesis contributes to development of a com-
prehensive model that can be used in the development of real-time advance vision
based driver assistance system. Throughout the previous chapters we provided a
successful modification and improvement towards more accurate and real-time stix-
els detection using a sensor fusion technique.

This chapter reviews and summarises the main findings of this thesis and pro-
vides directions for future work in stixel model.

6.1 Conclusions

Within the scope identified in the thesis we presented a versatile framework
that can improve the “stixel world” model. We believe that “stixel world”
is still a young scheme that introduced less than 10 years ago. There are
some limitations identified and worked on to improve this model. In chapter
one we focused on related work in this domain which motivate us to carry
out this work. We found that the issue of annotated labels of stixel ground
truth can form a main obstacle towards evaluation and training purposes. It
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looks the annotation is a laborious task and it suffers from lack of accurate
statistical measurements due to confusion between corridor and free-space.
Moreover, the base-line approach is cascading occupancy grid and ground
plane detection and for this purpose we noticed there are numerous scenar-
ios available where road surface detection task was challenging due to bad
weather or road geometry. We also noticed unsolved problems in determin-
ing the height of stixel which was missing in current related work. Further-
more, due to noisy disparity map obtained from stereo matchers this lead us
to think about integrating a confidence map or fusing sensor data. All of the
mentioned issues motivated us to further investigate and explore the current
context of stixel world based on related work. Although the construction of
“stixel world” was not an easy mission due to industry related model and
there were limited or none implementation of such a model at the beginning
of this journey.

The related work and basic theory was introduced in chapter two which
discuss works on road surface and stixel extraction, both considered to be
crucial steps towards stixel calculation. The findings from this chapter are
summarised by seeing stixel model are focused on certain type of camera
configuration and road manifold. To be specific, binocular vision and plane
detection are widely used to estimate stixels, yet some of traffic scenes are
non-planer and challenging and this reflects the quality of disparity signal.
Hence, plans towards improving the quality of disparity signal by using dif-
ferent sensors and empowering the ground manifold information. We also
found “stixel world” applications are increasing and on high demand and
thus, a successful improvement for this model will advance these applica-
tions.

In this context, chapter three studies the first aspect of stixel model repre-
sented by improving ground manifold. We noticed many challenging traffic
scenes that require an adaptive ground manifold model to produce base-
points. Also, we expect ground surface are not planner all the times so
we have proposed to implement polynomial curve detection model in y-
disparity map to detect piecewise linear curve. During the experiments we
noticed such a model have successfully outperforms other selected model
when the ground manifold was not plane (as found in 6D vision dataset).
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On the other hand, challenging weather conditions have been studied
carefully to see a solution to incomplete piecewise linear curve. Sometimes
this scenarios happened as y-disparity shows noisy and missing data due
to stereo pair mismatch (i.e. because of wind shield wiper). Thus, an effi-
cient and low-cost architecture approach is proposed for ensuring the mono-
tonicity in the detected curve under challenging weather conditions. The
“graph-cut” is the proposed novel method to be applied in y-disparity map
and harness smoothness term to ensure the monotonicity in the detected
curve. Also, we extended the proposed models (polynomial and graph-cut)
models for a trinocular configuration which yields obvious and robust im-
provements compared to binocular configuration.

As a result, the number of true-positives is large when the graph-cut
model is used as a minimisation method for calculating a y-disparity cut. Re-
sults also indicate that the number of generated stixels highly increases when
using trinocular line fitting for ROAD sequences, and binocular poly-fitting
for CITY sequences; finally, trinocular graph-cut proved to be the best alter-
native on RESIDENTIAL sequences. Having especially challenging scenes in
mind, altogether we recommend the trinocular graph-cut approach.

Furthermore, an accurate and sufficient identification of stixels’ height is
necessary to give a clue of identified objects. In chapter four we addressed
this gap since it was not much covered in related work. In this regard we
proposed two methods dedicated for this purpose one is using colour in-
formation represented by saliency map and monocular plus LiDAR. The
fused map using saliency and membership maps show sufficient informa-
tion about the detected top-points of stixels. The monocular plus LiDAR data
demonstrate a good alternative in long-run sequences. Thus, the monocu-
lar plus LiDAR can be used a reliable real-time model for stixels detection.
Experimental results have supported the idea of this improvement and com-
pared to Velodyne HD LiDAR. For a comparison with CNN-based methods,
annotated ground truth would be required to illustrate the exact location of
each stixel.

Finally, improved multi-layer stixel segmentation methods are proposed
in chapter five to leverage stixel segments. The stixels, built using TED-based
disparities provided by trinocular vision, were found to represent a better ac-
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curacy compared to conventional binocular ones, especially when also using
graph-cut ground-manifold approximation. The second model presented in
this chapter is using LiDAR data as an input for multi-layer stixels with ro-
bust and accurate dense depth map. Experimental analysis results were ob-
tained based on a large datasets include scenes recorded in CAMPUS, ROAD,
CITY, AND RESIDENTIAL environments. A significant advantage of our work
is to present an improvement towards multi-layer stixel with accurate stixel
representation at the same time reducing the processing time required.

6.2 Future work

The current theme provided for stixels in this thesis is mainly focused on
vision-based driver assistance systems. However, there are many other ap-
plications where stixels can be applied such as marine navigation. Hence,
a direction for future work can take several aspects based on the required
application.

As the direct implementation of deep learning approach is infeasible due
to lack of annotated ground truth, we recommend to apply such a learn-
ing method in semantic segmentation where classes provided from semantic
can verify the geometric stixels with using additional sensors. Such a verifi-
cation might be helpful for multi-layer stixel where these classes can be di-
rectly linked to multiple segments. As we noticed in most experiments visual
odometry can support more accurate stixels because it can determine the ego
motion and this would add more information about the reconstructed scene
which greatly improve stixels position.



Appendix A

Appendix A: Comparative Study on
Free-space Detection

A.1 Overview

Autonomous on-road vehicles or vision-based driver assistance benefit from
free-space analysis. This section evaluates the accuracy of free-space detec-
tion in stereo and monocular vision on KITTI benchmark data. Such an eval-
uation of low-level computer vision algorithms is, for example, also neces-
sary as free-space analysis is recently becoming an important module for
designing vehicle test-beds. The content of this section is defined by com-
paring a designed monocular algorithm with a selected binocular algorithm
on long sequences of images, taken for different road profiles and lighting
conditions.

Furthermore, this section extends the detection of a lower envelop in a
y-disparity image, usually done by estimating a straight line, by using poly-
nomial curve fitting. To satisfy these needs, we compare the accuracy of free-
space estimation algorithms using either monocular or binocular (i.e. stereo)
vision using available ground truth. See Fig. A.1.

A.2 Free-space based on Binocular and Monocular Vi-
sion

Our system for free-space detection using monocular vision starts with crop-
ping a recorded frame into a defined ROI (region of interest) for faster calcu-
lation, as shown in Fig. A.1.

For edge detection we apply the simple Sobel operator due to its “unbi-
ased” definition. See Fig. A.1. Straight lines are now detected by an applica-
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tion of an optimised Hough transform. The transform is applied recursively,
using optimised (Otsu algorithm) threshold values until a predefined num-
ber of lines is found, or the threshold reaches its minimum. Finally, that
“dominant” pair of lines with the best correspondence in angular directions
is selected for specifying road contours (i.e. the free-space) in this monocular
vision approach. This defines a novel but computational simple method in
the wide spectrum of considered lane detection approaches [93]. See Fig. A.1.

Our system for free-space detection based on binocular vision uses poly-
nomial curve fitting for identifying the lower envelop in y-disparity space,
thus modifying the considered 3rd-order B-spline approximation studied
in [91]. Stereo-vision traffic images with multiple marked, or unmarked
lanes are available on the KITTI website [35], with a resolution of 1242× 375

pixels. We use those for testing. See Fig. A.2 for an example.

Semi-global matching is a commonly used stereo matching algorithm for
driver assistance systems. Our method for stereo-reconstruction uses rapid
semi-global matching on a CPU (rSGM) [94]. The strength behind rSGM is that
it implements low- and high-level parallelism without the need for explicit
synchronisation.

A dense disparity map can be computed by matching all pixels in one
image of a stereo pair with their correspondences in the other image; see
Fig. A.2. After the disparity map is computed, we have to compute the y-
disparity space. The corresponding y-disparity map is computed by accu-
mulating the pixels with the same disparity value on a horizontal row of the
disparity map.

Figure A.1: Comparison of free-space detection results. Left: Original image.
Middle: Free-space using monocular detection, as estimated in this paper.
Right: Free-space using binocular vision, as used in this paper. Green is used
for the monocular, and purple for the binocular vision case.



A.3. Results 119

Figure A.2: Free-space detection in binocular vision. Top row: Stereo pair
of the KITTI dataset (urban, multiple-lanes, marked). Middle left: Disparity
map using rSGM, visualized visualised with a gray-level key. Middle right:
Disparity map visualised with a colour key. Bottom left: Free-space (black
ground plane) approximated based on disparity. Bottom right: Free-space
visualised in original scene.

The y-disparity space is a row-based matrix which stores the disparity
values for every column from the disparity map.

A.3 Results

In this section, we evaluate the accuracy of free-space detection using either
the monocular or binocular (common ground-plane, and polynomial) ap-
proximated ground manifold instead. In both cases we use the same stereo
matcher. Our local processing platform is a standard PC with an Intel Core
i7-6700 Processor, 8M Cache, and 32 GB of RAM.

Both methods were tested using a dataset of 184 stereo pairs from KITTI [31].
For selecting our dataset, we aimed at having a wide diversity of challeng-
ing traffic situations including different lighting conditions, different road
views, shades, and colourings.

We adopt the pixel-based measurements as employed for the KITTI dataset [31]
with the proposed and implemented four error measures: precision, recall,
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accuracy, and the F-measure (the harmonic mean of recall and precision) cal-
culated for the birds-eye view (BEV) projection of a given image; see Fig. A.4,
A.5. This can be implemented by calculate the followings:

Precision =
TP

TP + FP
(A.1)

Recall =
TP

TP + FN
(A.2)

F−measure =
2(Precision · Recall)

Precision + Recall
(A.3)

Accuracy =
TP + TN

TP + FP + TN + FN
(A.4)

The definition of these criteria for free-space detection is also summarised in
Table A.1.

Two sets of comparative results are presented in Fig. A.4, A.5. As also
shown in Fig. A.3, and certainly not surprising, the free-space based on monoc-
ular vision failed to separate obstacles clearly from the road surface, and it
deteriorates when lane marks disappear. The performance of the monocular
free-space is likely to degrade on unmarked roads. Compared to that, the

Figure A.3: Classification results for challenging UU road area image using
bird’s-eye view. First-column: Ground truth image. Second-column: Poly-
nomial based free-space. Third-column: Ground plane free-space. Fourth-
column: Monocular free-space.
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Figure A.4: Ground disparity and occupancy grid results on KITTI datasets.
First row: An original image. Second row: visualisation of polynomial ground
manifold. Third row: visualisation of occupancy grid after background sub-
traction.

Table A.1: Definition of criterion
Ground truth

Occupied space Free-space

Result
Occupied space TN FN
Free-space FP TP

free-space based on polynomial improves in general. Although the process
was more complex to provide the free-space, the stereo-vision-based meth-
ods clearly outperform monocular free-space. See Table A.2.

The stereo-vision-based (poly and plane) free-space still suffers from some
noise especially for shady road conditions which lead to false detections; this
is also visible in the example shown in Fig. A.5. Disparity-based free space
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is sensitive to stereo matching errors within low-textured road surfaces or
low-contrast obstacles. Under such more difficult circumstances for stereo
vision, the performance of monocular free-space was actually very close to
that of stereo-vision-based free-space. See Table A.3.

Monocular free-space generates in general many false negatives, espe-

Figure A.5: Qualitative results of free-space on KITTI datasets. First row:
Monocular free-space detection for challenging UU, and UMM road. Second
row: Ground plane for challenging UU, and UMM road. Third row: Poly-
nomial ground manifold for challenging UU, and UMM road. Fourth row:
KITTI-provided ground truth for challenging UU, and UMM road.
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Table A.2: Results for urban unmarked lanes
Accuracy Recall F-measure Precision

Plane-based 0.68 0.73 0.31 0.43
Polynomial-based 0.76 0.85 0.47 0.61
Monocular free-space 0.65 0.65 0.49 0.39

cially on unmarked roads, as shown in Table A.2, with a reduced difference
in precision between both approaches. Having in mind that the free-space
is the navigable area for vehicles, accuracy is the more important factor for
driving safety. As expected, stereo vision can guarantee safety better than
monocular vision (for the considered methods), but monocular vision also
provides solutions which might be sufficient for a given context.

On the other hand, the use of a ground plane results in a lower detection
rate and a higher rate of false positives in urban unmarked areas due to many
obstacles, while the polynomial fitting method outperforms with a smaller
rate of false alarms. Under such more difficult circumstances, containing
strong noise, the method can consequently also lead to false alarms. For
urban marked multiple-lane situations, the polynomial fitting method shows
relatively close behaviour to the plane-based detection. See Table A.3.

We noticed that the border line of the ground plane may occasionally
be far away from the object, and this leads to an “early” detection of stix-
els although they are not apparent as obstacles in the occupancy grid. False
rendering also occurs because of digitisation errors when mapping measure-
ments into grid or voxel spaces. Furthermore, as experiments show, the
occupancy-grid mapping required more computation time for triangulation
or projection, estimated in average around 2.58 s per frame. The use of y-
disparity requires less computation time which was on average around 1.6 s

Table A.3: Result for multiple marked lanes
Accuracy Recall F-measure Precision

Plane-based 0.66 0.52 0.41 0.34
Polynomial-based 0.69 0.70 0.52 0.41
Monocular free-space 0.65 0.68 0.40 0.41
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per frame. Having in mind that the ground plane is the navigable area for
vehicles, accuracy is the most important factor for safe driving. As shown,
polynomial ground-manifold fitting can lead to a more promising safety than
just considering a plane (i.e. occupancy grid mapping) for the considered
methods.
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[87] Scharwächter, T., and Franke, U.: Low-level fusion of color, texture and depth
for robust road scene understanding. In Proc. Intelligent Vehicles Symp., 599–604,
2015.
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