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Abstract: This article describes an accurate procedure for computing the mean first passage times of a finite
irreducible Markov chain and a Markov renewal process. The method is a refinement to the Kohlas, Zeit fur
Oper Res, 30, 197-207, (1986) procedure. The technique is numerically stable in that it doesn’t involve subtrac-
tions. Algebraic expressions for the special cases of one, two, three and four states are derived. A consequence
of the procedure is that the stationary distribution of the embedded Markov chain does not need to be derived
in advance but can be found accurately from the derived mean first passage times. MatLab is utilized to carry
out the computations, using some test problems from the literature.
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1 Introduction

A variety of techniques have been developed for computing stationary distributions and mean first passage
times (MFPTs) of Markov chains (MCs). In this paper we focus primarily on the accurate computation of these
key properties based upon the well known state reduction procedures of Grassman, Taksar and Heyman (the
GTH algorithm) [4], or the equivalent Sheskin [15] procedure, that were developed primarily for the compu-
tation of the stationary distributions of irreducible MCs. The stability of the procedure is the result of the
observation that no subtractions need be carried out. This is discussed in Section 2. Kohlas [13] developed
a related procedure for the computation of the MFPTs, based mainly on considering the computation of the
mean times to absorption, by showing that the computations were more naturally focused on considering the
underlying model as a Markov renewal process (MRP) rather than as a MC. We delve into these procedures in
more detail after first summarizing, in Section 3, the key properties of MRPs. In Section 4 we work through the
ideas of the Kohlas algorithm and give a general procedure for computing the mean passage times between
any two states rather than consider mean times to absorption, as in Kohlas [13]. We explore in some detail,
in Sections 5 to 8, procedures for the special cases of particular finite state spaces of one, two, three and four
states, obtaining expressions for the MFPTs, some of which that have previously been given in the literature.
We see that the Kohlas procedure is not ideal for the global derivation of the MFPT matrix but we develop in
Section 9 a modification of the Kohlas procedure, an Extended GTH procedure, that will lead to expressions
for the MFPTs using effectively the same calculations as in the GTH algorithm. In the final section we explore
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some calculations, using MatLab, of the key properties for some ill conditioned transition matrices that have
previously been considered as test problems in the literature.

Note, that due to space considerations, we do not explore other procedures for finding MFPTs. We leave
this for a further paper where we compare the procedure of this paper with the well known approaches of
Kemeny and Snell [12] and others, for example, in Meyer [14], Stewart [16], Hunter [9] and Dayar and Akar [3]
as well as some new perturbation procedures under development by the author. This also enables us to make
additional comparisons using the test problems of this paper to validate the stability of this new procedure.

2 Computation of the stationary probabilities

Q%\II\I_)1 p(N)(C)

pg\ll\f_)gr)T p(N)

{X(N), k> O} with state space Sy = {1, 2, ..., N} of N states.

Let PN — [pg\f)} = { ] be the N x N transition matrix associated with an irreducible MC

Let p(N)(r)T (pg\’,\’)l,p%\’)z, .. ,p%"}v 1) and p(N)(C)T (P(1N1)v’ e ,p%v)l N) be 1 x (N - 1) row vectors with
r and ¢ denoting, respectively, row and column elements of the probabilities, with the superscript Ndenoting
that they are from the N-th row or N-th column of the P) matrix and the subscript N — 1 that they are vectors
of length N - 1. Similarly, we use the superscript N in the sub-matrices Q(N ) to denote that they are sub-
matrices of the transition matrix PN associated with an N-state MC and the subscript N -1 to denote that
the matrix is of order (N - 1) x (N — 1).

Lete®™T = (1,1,...,1) bean 1 x N vector and Iy be the N x N identity matrix.

In the procedures that we consider for finding stationary distributions and the MFPTs of MCs, we start
with an N-state MC { X }(N ) k> O} and reduce the state space by one state at a time. Once we get to two states
we expand the state space one state at a time until we return to the final set of N states. We concentrate on
the sequential state reduction process at first by starting with N states 1, 2, ..., N and initially reducing the
state spaceto1,2,...,N - 1.

For simplicity, when there is no ambiguity, we write pgv ) simply as pj;,

Note that Q(N) is not stochastic, since

PN _ { oW, p%v)gc)} [e(Nl)] {Q(N) e 1)+p(N)(c)} {e(Nl)}

p%V)gr)T P 1 pMOT -1 M) 1
implying that
Q(N) (N—1)+p(N)(C) eV-1) 1)
and that
p(N_)(r)T (N-1) p%\),. )

Let #MT = (n(lN), a7, n%\')) be the stationary probability vector of the N-state MC {Xg(N), k> O}

with transition matrix PY) so that

AT _ 0T p) )
Let pW-DT — (p(N 1),p(2N n pw_ 1)) (n(lN),n(zN), .. .,ng\l,v_)l) so that AT = (p(N‘l)T,ng\IIV)) From (3),

(N) (N)(C)
MT _ (N-DT W\ _ (~v-1T - | Qy Py
I = (P » Ty ) = (P s Ty ) [ (N)(r)T p(N) }

Py1
N-DT A(N N (N(NT (N-D)T (N N)_(N
- (B TQ, + IR0, P VTR0 00
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implying that
p(N-1)TQ§\1]v_)1 + H%V)pg\z;/_)gr)r - p-u1 %)
and
pN-DTRIE) | 00,00 _ 0 )

Equations (2) and (5) imply that

N-1

N-1) ()

W@ 2 Pi Piy
N-1 _ i=1

(N-1)T
TN P P _ ©)
N p(N)(r)Te(N) N-1 ™) ’
N > Py
i
expressing n%v) in terms of p(lN -, p(zN DL, pg\llv_’ll) and the transition probabilities associated with P®V,

Further, from equations (4) and (6),

(N-1T (N) PE\I/V )gc)p%v )Y)T T
_ Iy« — — A= N7 | =0". ’
p N-1 QN—] p%vfg')Te(N‘l) ( )
Let
(N)(€) 3y (N)(N) T
pv-1 _ o), Phor Pyt ®

o1t .
pg\ll\l_)gr)Te(N—l)

Note that PN~ is a stochastic matrix with N — 1 states, since from (1), PN-DeWN-1 Qg\’,\f)le(N‘l) +

pg\lj\i)ic)pg\l;l)gr)Te(N—l)/pg\ll\l)gr)Te(N—l) _ e(N—l) _ pg\ll\i)ic) " pg\l;l)gc) _ e(N—l).

Let {X;(N Dk O} be the MC that has PV~ as its transition matrix. Note also that pg\l,\f)gc)pg;’)gm is an
(N-1)x(N-1) matrix whose (i, j)-th element is p%)p%), so that if we write PV = [pf}m} with POV-1 = [pg\”l)}
then, from (8),

(N).,(N)
WN-1) _ () Din Py;j
bij 7 =Dy S(N)

1<i<sN-1,1<j<N-1; )

N-1
where S(V) = 1 - pM = 3 p%\]{) = pMTeN-1 since PV is a stochastic matrix.
=1

Note the computation of the quantities S(N) can be carried out without any subtraction.
We can interpret the transition probabilities pf}N U in the MC {X;(N D k> O} on the state space Sy_1 as

the transition probability from state i to j of the MC {X§(N ) k> O} on Sy restricted to Sy_1, i.e. the “censored”
MC. ( See also pg. 17, Bini, Latouche and Meini [2]).
For (i,j) € Sy_1 x Sy_1 it is possible to jump directly from i to j with probability pg.v). Alternatively, it
is possible to jump from i to j via state N, being held at state N for ¢t steps, (t = 0, 1, 2, ...) followed by a
S ) LW N) (N N N) (N
5 (v0)') oy - p0w (1- i) - PP IS0,
iz
leading to the general expression (9) for pgv 1. Note that there is a connection between equation (9) and
Schur complementation. This is discussed in Bini, Latouche and Meini, (pg 17 [2]).
Note that if the MC {XE(N ) k> 0} with state space Sy is irreducible (i.e. each state j can be reached from

one-step jump to j from N, with probability p%) (

state i in a finite number of k steps) then the MC {X;(N Dk 0} with state space Sy_; is also irreducible since
there will still be a path from state j that can be reached from state i in either the same k steps, if avoiding
state N, or in a fewer number of steps if passing through N in the original MC {X;(N ) k> O}.
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Further, from (7) and (8), p®¥-DT (I No1 - PV ‘1)> = 07, so that p™~VT satisfies the property required for a

stationary probability vector of the irreducible MC {X §<N ’1), k> O} on Sy_; with transition matrix PNV, and
hence

(N-1)T

P = ey AT, (10)
where 7""D7Te"1) = 1, implying that cy_; = p™DTe™D.
N-1
Note that CN-1 = Z nEN) =1- 7-[5\1,\[) Thus
i=1
(N) (N) (N)
aN-0T _ (n(lel) ﬂ(ZN—l) ﬂ%\, 1)) p(N nr (nl , T ""’”N—1)
’ 1 (N-1D)Ta(N-1) ) s
p e 1-my
and hence
V-1 _ (N) o)
_ : ) B
T - ﬂ(N) Ni:l - 1<isN-1. (11
m

Thus we have reduced the state space from N to N — 1 with the resulting MC {X}{N k> 0} having a
stationary distribution { i 1)} that is a scaled version of the first N — 1 components of the stationary distri-
bution of the MC {X%N), k> 0} with N states, as given by (11).

Let us define the stationary probability vector of the MC X}(N), k> O} asatl = (1, 7a, ..., my) = AT,
As we continue to reduce the state space to Sp(n =1, 2, ..., N - 1) it is clear, from an extension of (11), that

n
AT - (n({'), 71(2"), e, rrﬁl")) = kn (111, M2, ..., 7In) Where ky, = 1/2711-. (12)
i=1
i.e. the stationary probabilities of the MC {X;(N), k= O} on S, are scaled versions of the first n stationary

probabilities of the MC {XE{N), k> o} on Sy.
Let us now consider expanding the state space from Sy_; to Sy. Note that, from (11),

nEN) = (1 n(N)) rrl(.N"l) = CN,lngN_l), 1<i<sN-1. (13)
i.e. the first N — 1 terms of n(N ) are a multiple of ﬂl(-N - Further, from (6) and definition of S(N),
N NZ (-1,
. i=1
Iy =CN-1—————— 14
b N N-1 S(N) ( )

From (13) and (14), the constant cy_; is determined from the fact that Z n(N) 1, and the stationary
i=1
distribution for the MC on Sy can be determined from the MC on Sy_; yielding

Z ﬂ(N Dp®
a®T = ey n,(lN—l),“. 7N-1) =1

NS (15)

leading to a procedure for determining the stationary distribution on the expanded state space.
The reduction process continues until we reach the state space S, = {1, 2} when we obtain the irreducible
(2) (2)
stochastic matrix P = [p 121 p (122) associated with the MC {XE(Z), k= 0}.
p! 21 Pn
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The stationary probability vector of this MC is given by At27 = (n(z) n(z)) .

The second stationary equation is 72 = 72p?) + 7$'p{2) implying 7 (1 ( p(2)> aPp,

(2

(2) (2)
: @_-@_ Pz __@P12 __@P2
ie. My =M 2y TG =T gy (16)
P> P31
Note that S(2) = 1 - p(z) = Zp(z) (221) = p@WWTel,
Since from (12), 727 = ( (12), (22)) = k; (111, 115), we have from (16) by dividing by k, that
(2)
p b1y
= 1
T = S(2) (17)
We now proceed with increasing the state space using the process described above.
Observe that from (12) with n = 3, and (15) with N = 3,
(3)T (3) -3 -(3) (2) ()2”52)(3)
IT_ (B3 B -3)) _ _ 2 (2 i=1
t = (7-[1 y 157, 113 ) k3 (ﬂlaHZ’ﬂ3) C |y, 7, 5(3)
implying ng (E n(z) (3)) (E p(3)> (2) (p%) / S(B)) + n(zz) (p(233) / S(3)), and hence by scaling
3) 3)
p bi3 D3
18
B=Mg3) T2 53) (18)
leading in general, forn = 2,..., N, to
Z ﬂngz) n-1 p(n)
— — mn 1
=55 ) S(n) (19)
Z pm i=1

N N
Thus if 1; = krywithr; = 1then Y " m; =1 = k= 1/> r; withry = (Z rlp(")> /S(n),(n=2,...,N),

i-1 i=1

N
implying m; =r;/ > rn,i=1,2,...,N.
n=1
We summarize the procedure as follows.

Theorem 1:

Given a finite irreducible MC {X(N) k> O} with state space Sy = {1,2,..., N} and transition matrix
P - [p(N )} its stationary probabilities { v )} can be computed as follows:
1. Compute, successively forn=N,N-1,...,3, pf]" D2 pf]") +pfﬁ)pﬁg)/8(n) 1<isn-1,1<jsn-1;
where S(n) = Z p(”)

2. Set r{ = 1 and compute successively for n = ,N,rmm = <Z rlp(”)) /S(n).

N
3. Compute, fori=1,2,...,N, HSN) =r;/ (Z r,->.
j=1
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This is a formal derivation of the Grassman, Taksar and Heyman (GTH) algorithm [4] or the equivalent
Sheskin State Reduction procedure [15] for finding the stationary distribution of an irreducible finite MC. The
procedure is numerically stable and accurate in that no subtractions need be carried out.

Note that, as a result of equation (12), the stationary distribution for the derived MC {X;{"), k> 0} with

n
transition probability matrix P™ = {pfln)} on the reduced state space Sn, is given as ﬂl(.") =r;/ (Z r]-> , 1=
j=1

1,2,...,n

3 Markov renewal processes

We give a brief review of some of the key properties of Markov renewal processes. We refer the reader to
Section 2.2 of [9] where the following general concepts and notation are presented.

We consider a MRP {(Xn, Tn) , n = 0}, with state space S = {1, 2, ..., N} and semi-Markov kernel Q(¢t) =
[Qll(t)i| , Where Ql](t) = P{Xn+1 =j, Tpny1 —Tn < t|Xn = 1}, (l,]) e S.

{Xn}, (n = 0), tracks the states successively visited and T}, is the time of the n-th transition.

Observe that Q;j (+o0) = P {Xp41 = j|Xn = i}, so that {Xn} is a MC, the embedded MC, with transition
matrix P = [p,-j} where p;; = Qjj (+o0). Further, we can express Q;j(t) as Q;;(t) = p;;Fj;(t) where F;(f) =
P{Tpi1 — Tn < t|Xn =i, Xps1 = j}. Thus Fj(t) is the distribution function of the “holding time” Ty.; — Tn in
state X, until transition into state X,,; given that the MRP makes a transition from X, to X,1.

Let }li]' = f tini(t) so that }li]' = pl]E [Tn+1 - Tn‘Xn = i, Xn+1 = ]]

0

We assume that the embedded MC {Xn, n = 0} isirreducible and hence has a stationary distribution {nj } s
(j € S) and associated stationary probability vector 1”7 = (711, 11, . .., 7Iy).

LetN = [yl-,-} then, (equation (2.10) [9]), the MFPT matrix M = {m,-,-} of the MRP {(Xn, Tn), n = 0} satisfies
the equation

(I- P)M = NE - PM,, (20)
where M, = [6i,-m,~j} = diag(myy, ..., myy), (With §;; = 1 when i = j and O otherwise).

N
Let u = Ne so that NE = Nee” = pe”. If u™ = (uq, pia, . .., py) then p; = 3~ yj.
=1

Observe that u; = E[Tn+1 — Tn|Xn = i], the “expected holding time starting in state i”. We introduce one
further piece of notation. The “mean asymptotic increment”, for the MRP is given by A; = A’ u, i.e. the “ex-
pected holding time under stationary conditions”. From Section 5.2 of [9], My = A; (IT;)"! where IT = en”
implying that

Note that when T,,; = Tn + 1, the MRP {(Xn, Tn), n = 0} reduces to a discrete time MC {Xn, n = 0} with
Mij = Dij, uj =1, foralliand A; = 1. Thus y = e and NE = eel = E.

4 Computation of the Mean First Passage Times

We seek a computational procedure that will enable us to calculate all the MFPTs times in a MC.
As Kohlas [13] pointed out in his pioneering paper, it is more natural to consider the Markov renewal
setting. Let us define My, = [m,-]}, (1 <i<n,1<j< n)asthe MFPT matrix of the MRP { (XE(") T,((")) Lk = O}

with n-states, transition matrix P™ and mean holding time vector u("). From (20), the matrix My, satisfies

(1w = P™) My = g7 - PO (), (22)
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Note that for the MC {X;(N), k= 0} starting with N states, y™7T = ™7 = (1,1, ..., 1).
Let us partition M, as

M, m™©
My = n n-1 23
= i »

where M,,_1 = {mi]-],(l <isn-1,1<j<sn-1), qu"_)gr)T = (Mp1, Mp2,..., mn,n_l)andm;'l)g"'ﬁ =(M1n, Man,
ey mn—l,n)-
Define p(")T = (y(ln), .. .,ygﬂ)l,y;")) = (p;’?f,y%")) where p;@f = (y(ln), ... ,yﬁl’?l). We partition P™ =
Q(n) p(n)(C)
n-1 n-1 | so that block multiplication of (22) yields
o i)
e

g ] ]y W] o o] o o ]

L ] L I ) B P L I R
Hence
(1,1) Block:
(11 = Q%) ) Moot = pPOMPOT = DT - Q) (My1), - (24)
(1,2) Block:
(11 = Q% ) mi% — manp( = %) — manp (. (25)
(2,1) Block:
DMy 1+ (1 pR) m] = DT T (o, ). 26)
(2,2) Block:
-0 m{ + (1 - p%’h)) Man = U3 — P Man. @7)
From (26),
m;n—)gr)T -1 ® {pf{’_)Y)T (My-q = (Mn-1)4) + lr‘gzn)e(n_l)T}
(1-P)
and, using (2),
T o (BT (M s~y ) DT @)

IO g(n-1)

Substitute into (24)

(n)(€)j3(M(NT (n)(c) (n)(€)55(M(NT
I, -Q® — Pt Pnot Mo s = y(") + ngn)pnn—lc e DT [ g Pt Pnot (My1)
n-1 n-1 pigl”_)grne(”‘l) n-1 n-1 p;"_)gr)Te("‘l) n-1 pgln_)gr)Te(n_l) n-1)q -

Thus, using the expression for PV as derived earlier (cf. equation (8)),

H(n)P(n)(C)
(In—l - P(n_l)) My = p" D VT pr U, 1), wherep™ ™V = ) + £h oL (29)

p et
This is of similar form to the n-state case as given by (22) but with the state space reduced ton - 1 and a
changed form for "1,
This leads to the following structural result.
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Theorem 2:

Let { (X;{"), T,({")) Lk = O} be a MRP with state space Sp = {1, 2,...,n},(n=2,..., N), transition matrix
(n)T

pm - [pgf‘)} MFPT matrix M, = {mij}, (1 <i<n,1<j< n),and vector of mean holding times u
(y(l"), cees ;151")1, ]151")) then M, satisfies equation (22), i.e. (In - P(”)) My = y(")e(")T—P(”) (Mn)g, or, in element

form

(")+prz)mk1, (1<isn,1<j<n). (30)
k#j
Then, under the state reduction process as carried out under the GTH algorithm, { (Xg("‘l), T,(("‘l)> J k= 0}
is also a MRP with state space S,-1 = {1,2,...,n -1}, transition matrix pin-1) _ [pg?‘l)}, and MFPT ma-
trix M1 = {m,-j], (1 <i<n-1,1<j < n-1), which satisfies equation (29) i.e. (In,l —P("‘l)) My =

pVe(-DT _ pn=D (a1, 1) . where the transition probabilities p(" U are given by

(n),(n)
(n) pm pn]

(n-1) . .
pi =py+ S l<isn-1,1<jsn-1, €3]
and the elements of the mean holding time vector p"~D7 = (],4(1”’1), cees y;" 11)) are given by

(1) _ ), piouy

;i =U; S <isn-1, (32)

where S(n) = pﬁl")g’)Te("‘l) Zp(") 1-pn.

Note that equation (31) i 1s 1dent1ca1 to format of the transition probabilities as used in the GTH algorithm
with the derivation given by equations (8) and (9) with N replaced by n. The expression for the elemental
expressions for the mean holding times (32) follows from (29).

Thus for the reduced MRP { (XE{"'“ T,(("'l)) ko> 0} the MFPTs my;, (1 <i<n-1,1 < j < n—1) areidentical

to those of the same pairs of states as in the original MRP { (XS(”) T,E’”) , k = 0 ;. This means that we can reduce
the state space by successive steps retaining the same MFPTs for the reduced state space in the upper block
of My although the mean holding times in the states are modified, as given by equation (32).

Upon increasing the state space from S,_; to Sy, as in the GTH algorithm, we wish to find an expression
for the elements of M, given M,,_; = [m,-]}, (1<i<sn-1,1<j<n-1). Thus, from (23), we need to find

expressions for m;'l)gc), mglri)(')T and my
From the properties of MCs and MRPs the following results for the mean recurrence times mnn, can be

deduced:

Theorem 3:
AP ) _ TN _ N (N ()
(1) mpn = W where A{Y =A™ ™ = "m0, (33)
k=1
)l( n) r
2) Mnn = ﬁwhere A = 7Ty Zn(") (), (34)

3) In the MC setting for {X%N), k= 0} Mnn = 1/n(N). (35)
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Proof:

Starting with a MRP { (X}(N), T}(N)) ko> 0} on the state space Sy = {1,2,..., N}, equation (21) im-
plies that my; = AM /7™, where AN = a7, leading to (33) for i = n and also to equation (34) since
{ (X(") T(")) k= 0} is also a MRP with mean increment A(l"). Equation (35) follows since, in the MC setting,
ny) 1 and A(N) =1.

Theorem 4:

Mun = uP + Zp(’}?mkn, n=2,...,N (36)

where mq; = y(ll)

Proof:

Equation (36) follows from an elemental expression of equation (27). The result for n = 1 follows from
equation (34) as 71" and hence AV = u{V,

Theorem 4 gives an additional useful computational procedure for my,. While it does require knowledge
ofthe m;, fori =1, 2,...,n-1, it avoids the calculation of the stationary distribution which is an advantage
in the Markov renewal setting. The computation of the m;,, for i < n requires some additional computational
effort as we shall see shortly.

With knowledge of the elements of M,,_; expressions for the elements of m(")(')T = (Mp1, Mp2, ..., My n-1)
can easily be deduced directly from equation (28).
Theorem 5:
n-1
uw+k2%p%mm
=1, k#j .
= s =1,...,n-1, 37
m") S(n) ] n ( )

where S(n) = 1 - p{¥) = Z p(")

Application of Theorem 5 requires retention of the elements p(") of the n™ row of P™,
It is a little more difficult to find the vector mgl”)gc) = (M1n, Man, ..., Mp_1,n)-
From (25),

(1ot - Q2 ) mi2%?) = 2. (38)

-1
Even though (In_l - Qﬁl”_)l) exists we use the reduction procedure used above by eliminating m,_1,»

from m;"_)g"')T and replacing it in the expressions for the elements mi,, may, ..., My_2 . The following theo-
rem enables us to develop expressions for the m;, fori < n.

Theorem 6:

(@ my, = (")+Zp(z)mkn,'= ,...,n-1,n=2,...,N. (39)

(b) my, =V (t”)+2q(”’)mkn, <i<tsn-1,n=2,...,N. (40)
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(t-1,n) _ (t,n) qg,n)qggn) :
where g, = qy +ﬁ,1,k=1,...,t—1,t=2,...,n—1; (41)
— 4y
. (n-1,n) _ (n) _ _
with  q;; =py,Lk=1,...,n-1,n=2,...,N, (42)
q(t,n)v(t,n)
and vl(.’"l’")=v§t’")+"7(in), i=1,...,t-1,t=2,...,n-1, (43)
1-qy
with vE""l’") =y§"), i=1,...,n-1;n=2,...,N. (44)
(1,n)
(o) my S T n=2,...,N (45)
n R(l,n), ’ ) )
where R(i,n)=1-¢%",i=1,...,n-1;n=2,...,N. (46)

1]

. i-1 .
Vgl’") + Z QE;;n)mkn

k= .
d my, = R(il’n) ,i=2,...,n-1;n=2,...,N. (47)

Proof:

(a) Expression (39) is equation (38) in element form, using equations (42) and (44).
(b) In the first instance when t = n — 1, expression (40) is identical to (39).

Now from equation (39) express my_1,, in terms of the my,, map, ..., My_2 , Obtaining
n-2
"lgln,)l + kz pg,n,)]_’kmkn
Mpy-1,n = =1(n) . (48)
1- pn—l,n—l

Substitute expression (47) for m,_1 , n in each of the m;,, (i = 1,. .., n - 2), expressions given by (39) to
obtain, using equations (44) and (45),

(n ., n-2 (n) () (n-1,n),,(n-1,n)
_ (n) pi,n—l"ln—l (n) pi,n—lpn—l,k _ (n-1,n) qi,n—l Vn—l
min—{ui +1(n)}+2{l’ik+1m) Mo =\ Vi T T i
_pn—l,n—l k=1 _pn—l,n—l - qn—l,n—l

n-2 q(.n—l,n)q(nfl,n) n-2
+ {qu—l,n) T "”‘1(”_"1"'11;"} Myy = vl(_n—z,n) + Z qu—z,n)mkn’ l<i<n-2,
k=1 T-Gp 1 k=1

establishing that equation (40) is true for t = n - 2.
We now use a proof by induction. Assume that equation (40) is truefort =s < n - 1.

S s-1
Thus msn = V& + > qgsk’")mkn, implying that msp, = (v?»") +3 qS{"’)mkn) / (1 - qgf;”)).
k=1 k=1

Substitution in equation (40) when t = s, yields, using equations (41) and (43), that

sm) q(s,n)v(s,n) s-1 (s.m) q(s,n)q(s,n) (-0 s-1 ( )

_ s,n i S s,n i k _ (s-1),n s-1,n

min—{vi +W_M}+Z{qi,< +“_&m}mkn—vi +Zqik Minp.
1-qss k=1 1-qss k=1

This implies that equation (40) is true for t = s — 1. Since equation (40) is true for t = n - 1, (by equa-
tion (39)) and hence by induction itis truefort=n-2,n-3,...,2, 1.
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(c) From equation (40) wheni=t=1, mq, = Vb q(l’")mln leading to equation (45) with the notation
q 1 11
of equation (46).
(d) From equation (40), when i = t = 2, my, = v(zz’”) + q(zzl’")mln + q(zzz’")mm so that

Mon = (v(zs’") + q(zzl’")mln) / (1 - q(zzz’")), leading to equation (47) when i = 2.

In general, fori = 2, ..., n - 1 equation (47) follows directly from equation (40) when t = i.

Equations (45) and (47) enable successive derivation of my,, May, . .. , Mp_3 nMn_1,n following repeated
recursion of equation (47) withi=1,2,...,n-1.

In the calculations expressed by equation (47) it would be advantageous if we could express R(i, n) as a
sum of terms, with no subtraction, as was the case for the S(n).

Note when i = n - 1, equation (47) is equivalent to equation (39) since qfl'l"ll’;(") = pfq"_)l’ . and vgn"l’") = yﬁ")

n-2 n-2
yielding my,_1,, = <VE[":11’") +> qﬁl"ff,;(”)mkn> /R(n-1,n) = <H$,",)1 + 3 pfq”,)l,kmkn> / (1 - qf{l’f,’n",)l), where
k=1 k=1

n
R(n-1,n)=1 —pgl"f)l,nfl = Z pgl”_)l’l., (since P™ is stochastic), a sum of terms.
j=1,j#n-1
n-3
When i = n -2 muz2n = (vi3™+ > 4" 2 my, ) [R(n -2, n), where ¢" 2" = g s

(qﬁ"_‘zl,;f_)lq;"_‘ﬁ;(")) / (1 - qﬁ'_‘zf;{’_)z) - pﬁ,"_)z,k+(p§,"_)2,n_1pf1"_)1,k) / (1 - Pﬂ"_)l,n_l) andR(n-2, n) = 1-q"37, =
1- piunf)z,nfz - (pﬁln—)z,n—lpgln—)l,n—z) / (1 _pglnf)l,nfl> = ((1 _pgln—)l,n—l) (1 _p;@z,mz) _pﬁln—)z,n—lpgln—)l,n—Z) /
R(n-1,n)

It follows that the numerator of the expression for R(n-2, n) can also be expressed in terms not involving
any subtraction since 1 —p;"_)l,n_l = Z p;”_)l’j +pf1”7)1’nf2 and 1 —pg"_)z,n_z = Z p;”_)z’j +p$1"7)2’n71.

j=1,j#n-1,n-2 j=1,j#n-1,n-2

It is expected that it can be shown that the denominators of the expressions given by( 41), (43), (45)
and (46),i.e. R(t,n) =1 - qfﬁ’"), can all be expressed in terms not involving subtractions, as we were able to
show for the S(n).

The state reduction process can continue to a single state, n = 1, where from (30), my; = u
5 for a further discussion on this result).

We can however finish the state reduction process when we are left with n = 2 states. From (30), we have
four equations

(), (see Section

mpp = N(12) +P(122)m21, mpp = .“(12) +p(121)m12,

mpy = H(zz) +P(222)m21, maz = Il(zz) +p(221)m12,

o) (2 o) 2

that are easily solved to yield, using the observation that 1 - p77 = p35 and 1 - p33 = p37,
2 2),@) ,,@ 2) (2
N T O B e P e -
27 s monl| 2,2 @/,@\ ,,@ , .,
2t 22 M3 Ip3i P3Py, ) MK

Note, from equation (32) with n = 2, my; = (V) = @ + (p(fz)/S(z)) u?), where 5(2) = 1 - p'2 = p@,
leading to the expression for my, in (49).

Following the state reduction process to S, we now need to increase the state space to Sy through the
inclusion of successive additional states.

mi3
R M, o
From the process outlined in Theorem 2, M3 = My | my3 |, where the M, matrix is given
ms; M3 mss

by (49).
From Theorem 5, equation (37), m3; = (y(33) +p(332)m21) /S(3), m3; = (y(;) +p(331)m12> /S(3).
From Theorem 6, equation (45), my3 = v{"3)/R(1, 3).
From Theorem 6, equation (47), my3 = (v(zz’3) + q(22f3)m13) /R(2, 3).
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G) L3 €)]

From Theorem 4, equation (36), ms3 = My +p3imi3 +p3ymas. (Alternatively, from equation (34), ms3 =

3
(Z rrf) yf)) / ng”, but this expression requires derivation of the n?) from the first rq, r, and r3 terms of the
k=1

GTH procedure).
Thus
myy mi» V(11’3)/R(1, 3)
M; = may my) (V(ZZ’B) +p(231)m13) /R(2,3)| . (50)

(K +pRmar ) 15G) () +P§Im12 ) 1SB) 1+ pG)mas + pYmas

Thus the process can be progressed from M,_; to My using Theorems 4, 5 and 6.

5 SpecialcaseN =1

When the state reduction process results in a single state we in effect end up with a MRP { (X ;{1), T}(l)) Jk = O}
on the state space S; = {1}. In this case the embedded irreducible MC {X}{l), k= 0} leads simply to X}{l) =
1 for all k, having a single element transition matrix PV = [P(ff} = {1} Thus the stationary probability

distribution is 7 = 1.
Further the MRP reduces to the Renewal Process { T ;(1), k > 0} where the distribution of the time between

transitions, Q{Y(f) = FA() = P { T,(<1+)1 - T,(}) < t}. The mean state holding time u{" = E {T&)l - Tl((l)} . Since
1

r[(ll) = 1, the mean asymptotic increment A(ll) = y;’ implying that the mean recurrence time is simply mi1 =

u.

6 SpecialcaseN =2

We consider the MRP { (X}(z), T}P) Jk > 0} on the state space S, = {1,2} with embedded irreducible

MC {Xf), k> O} having a transition matrix P2 - {pf}z)} and mean state holding times ygz), i=1,2.

The state reduction procedure implies 72p%) = 7Pp?), so that the stationary probabilities for the

MC {X}(z), k> O} are given by

2 2

@ _ P(zf @ _ P(u)

L Gy G LI M Y B P & (51)
p12 +p21 p12 +p21

For the N = 2 state situation, we have solved the matrix equation (22) when n = 2, in Section 4, in element
form leading to equation (49) for M,.

Note that from equation (37), withn=2,j=1,5(2) =1 - p(zzz) = p(zzl) , so that my; = y(zz) /S(2), consistent
with the expression for m,1 in equation (49).

Further, for n = 2, i = 1, equation (45) implies that m, = V(11,2)/ (1 - q(lll’z)) = y(lz)/R(l, 2) =
u?/ (1 - p(lzl)) = u?/p'd), consistent with the result for m;, in equation (49).

Note for the mean recurrence times, m;;, we have from the proof of Theorem 3 that m;; = /1(12)/ rrl(.z) where
AP = aPu? + mPu.

The mean asymptotic increment is given by A% = 7@y + 7?u? - (p(zzl) p@ + pQu? ) / (P(lzz) +pQ) ),
implying that my, = A2 /7 = @ + (p(lzz) / p(zzl)) u? = 4tV as already deduced for the N = 1 case.

Further, m,; = AP /7 = (p(zzl) / p(lzz)) p? + ul?), as given by equation (49).
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When the MRP reduces to an irreducible MC, the stationary probabilities are as in equation (51), but the

asymptotic mean increment is given by }l(lz) = 1, since y(lz) = ,u(zz) = 1, implying that M, = {Z“ 212} =
21 22
1+ (p(z)/p(2)> 1/p?
12(2) 21 (2)12 @)\ |8 is well known (Hunter, Ex 7.3.4 [10]).
1/p3i 1+ (p21/p12>

7 SpecialcaseN =3

We examine the MRP { (Xf), Tf)) Jko> O} on the state space S3 = {1, 2, 3} with embedded irreducible

MC {Xf), k> 0} having a transition matrix P = {pfﬂ and mean state holding times }153), i=1,2,3.
Firstly the stationary probabilities for the MC can be found from the state reduction process. From (15),

> 72p0)

i Pi3
3T _ (3 3 3)) _ (2) (2) i=1
T —(nl,nz,n3>—c2 ”1’”2’1W

where it = p/ (p3 +p3 ), 78 = b3/ (P2 + %),

Let us introduce some notation that has previously been used in the literature that will simplify the ex-
pressions.

_ 03,0 3),,3 3,3 1. — ,3),0 3),,3 3),3) 1. — ,3),0 3),,3 3),,3

Define 4, = p§)pSY) +pPIpS) + PRS2 = pOp§) + PP +pPP). A3 = P3P Q) + PP +pp )
and A = A + A, + As.

Now from (31) and (32) pgjz) = pg]?) +pg)pg3j)/5(3), (i,j) € {1,2} where S(3) = 1 - p%) = p(331) +p(332), and
p? =y + yPpB/S(3), (1 <1 < 2). Note that p'2 = 4,/ (p(331) +p(332)),p(221) = A/ (p(;l) +p(332)>.

Further

7 = 41 - e
3) 3) 3) 3) (3),,3) (3),,3) ’
(p12 +p21) (p31 +p32) +tDPi3P3; T P33P31
) = 42 - e,
(3 (3) (3) (3) (3),,3) (3),,3)
(plz +p21) <p31 +p32) +tP13P3; tP33P3;
i 7?p®
= 43 — cn®
S 3 3 3 3 3.3 3).3 30
G (b2 +68) (P +0S2) + PP + PP
implying that
n§3)=%,i=1,2,3. (52)
Using the facts, derived from the above observations,
R(2,3)=1-¢%Y =1-p%) =p) +pY),
(3),,3)
bLp A
R(1,3)=1- q(111,3) =1 _p(131) _F12 (231) _ 5 3 5
1-p55 P73 +DP33
(2,3),,(2,3) 3),,3)
@3 _,06 a3_ 3, %2 V2" _ e, PLk
V2 THL VT TN ey M T e 6
- 45 P31 tPy3
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and using the simplifications that A;p) + 4,p$) = 45 (p(;l) + p(332)),p(233)p(332) +4 = (p(231) +p(233)) (p(;l) +p(332)),
PP + 4, = (p(132) +p(133)) (p(;l) +p(332)) and p@)p®) + 45 = (p(132) +p(133)) (p(231) +p(233)) we express all the
elemental expressions of the M3 matrix for the MFPTs in terms of the pgf) and the yl(.3). This leads to

2+ 200D+ 25pY) 8y () +p8) WP+ POU) 182 ((p9) 4 99) D + PN ) 113
M= | (P52 P2) 0+ D) 1 (a9 + AP+ 259 11 (p29 + (62 +012) ) 1
PR + (P9 +pD) 1) 181 (09 + (P +02) 1S) 122 (A0k + 2208 + 2541 185

(53)
Note that the expression for m33 can also be deduced from either equation (34) or (36). Note also that from

the properties of MRPs, m;; = A(f)/ n§3). The diagonal elements of (53) are consistent with this observation
since, using (52), the mean asymptotic increment is given by

Ap? + 2,4 + 43§

A = P + 7P+ 7Pu i

For the MC case, y?) =1, 2, 3. Substituting and simplifying (53) yields

A/, (b2 + 2+ 122 (P2 + 08 +p%)) /5
Ms = | (P9 + P} +p§)) 124 A/4, P +p3 +pY) 145 . (54)
P50+ 0) 10 (P + 0 415 I 415

These results are equivalent to those given in Example 3.2 of [11] where it is shown that the MC, with the
transition matrix P = {pf}”} , is irreducible (and hence a stationary distribution exists) if and only if A; > 0O,

A, > 0, A3 > 0 with stationary distribution given as in (52) and MFPT matrix is given by (54).

8 SpecialcaseN = 4

We examine the MRP { (XE{“), T,(f)) k> O} on the state space S, = {1, 2, 3, 4} with embedded irreducible

MC {X;:‘), k > O} having a transition matrix P = {pf}“)} and mean state holding times ygl‘), i=1,2,3,4.

We extend the M3 matrix, using Theorem 5, equation (37) for the m,; terms, Theorem 6, equation (47)
for the m;, terms and Theorem 4, equation (36) for the my,. This leads to the pattern of the calculations that
need to be carried out in the boundary column and row.

1,4
mi1 miz mis3 Wi JIR(1, 4)
2,4 2,4

my1 My mas3 v 4 g )m14) /R(2, 4)

M, =
3.4 3.4 3.4
ms1 ms; mss3 (V(3 Vg% may + q(34 )mz4> /R(3, 4)
@, @) (4) @), %) (4) ), (4 (4)
My +Dy; M21+P,3M31 Uy D Ma+PD3M3y Py +P, 1 Mi3+p,, Mo3 (4) (4) (4) (4)
S@) S@) S@) My " Py Mis + Py Moy + Py3Msy

The determination of the terms in the fourth column require careful computation.
Firstly we express the required MFPTs in terms of the initial transition probabilities, the pg.‘) computing
successively:

qgj?"‘) =p§]f‘), i=1,2,3,j=1,2,3,

(3,4) ,(3,4) (4),,(4)
esn _ 6o, 953 95w PPy
G T4t G P T !

—4q33 ~ P33
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@) pﬁ‘%?) ( 0) p‘z?p‘s‘?)
2,4) (2,4 4) (4 pi; t D1 + ="
o _ ou, 45 05" ( @) p(13)p(31)> + < 2 2y

dir T4 oo _ |\Put 0) @
1-4q% 1- @) , pS9pSY
437 D33 1- (pz2 + %@j

Further R(i, 4) = 1 - ql(.::’l‘), i=1,2,3so that
RG3,4) = 1-p% = p§Y + Sy + b,
pOp® (P %) (P +pS0) + P (P52 + P52 + (P + P2 ) P2

@ @, @, @
1-p33 P31 tP3; tP3y

@@ @, @
2,4) ,(2,4) @), (%) (p(f‘z) - p%ﬁi?) (P(zl‘f - ?fpé} >
RO 4)=1—-gl® -1 _ @5 _ 917 "q37 " _ 1-(p®_ Pi3P31 | P33 b33
(1,4) = 911 " = diq 8 15T @ @ @ ’
Y 1 —Ds33 1- p(4) _ Py3P3;
22 1pf

R(2,4)=1-q%" =1-pfY -

1-q3;

Also v3Y = ygl‘), i=1,2,3, and, from equation (43),

i

(3,4),,3,4) (4),,4)

yew 6w I3V w P g,

i i 1- (3,4) 1 1- (4), >
q33 D33

(4),(4) @), (4)
(2,4),(2.,4) @), (4) <P(142) + plilfpéf) (F(24) + bale )
e s 9 Ve (@ PisHsT ) P33 P33
1 1 (2,4) M1 0] @) (@) ’
1-p 1- (p® 4 PP
22 1—p(“)
33

1-43;

We obtain, after simplification,

(1 _ q(222,4)) v(12,4) + q(122,4)v(22,4)

T =g (1-a3Y) - e R

(P8 (1-259) + pS9p )] maa + 18 (1-p9) + u$ P3|
e (1-%) (1-p%) - P09 |
M3y = P(341)W14 +p§‘2mza + ,u(;‘)

(4) (4) (4)
P31 + P35 P34

These expressions can be simplified upon substitution of the terms above, but the numerators and de-
nominators are not particularly simple expressions.

N
My = ~% where

D4
4), (4 4) (4 4, (4 4), (4
N (1@ P3PS\ (L, PO | (w, PSPSY (L , P
L A @ | (M @ P1 @ | (F2 @
1-p33 1-p3; 1-p3; 1-p3;

4).,(4 (4),,(4 (4),,(4) 4) (4

Dis=|[1-p®_ p13)p31) 1-p® _ pz3)P3z) + [ p@ 4 P13P32 @, qza)qn)
u= 7P @ Py @ P12 w | (P @ |-

1-p33 1-p33 1-p33 1-p33

9 Algorithms for the computation of the matrix of MFPTs

From the special cases considered in Sections 5 to 8, we have typically extended the calculations for the
elements of M, from the matrix M,_; by appending the elements m;, (i = 1,...,n - 1), mpn and my;
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(G = 1,...,n - 1). However by exploring these calculations in more depth it is apparent that an recursive
process for computing the m;; elements for the original My matrix can be constructed through three separate
different procedures corresponding to the three casesi < j, i = j, and i > j. We can separate these three cases

as follows, using the notation developed earlier, viz., pf)”), yf"), S(n), as given by equations (31) and (32),
(t-1,n)

4q;
tions (43) and (44), and R(i, n) = 1 — ql(.::’"), as given by equation (46).

with qg"l’") = pg') as given by equations (41) and (42), vgt L with vg"’l’") = yl(.") as given by equa-

Theorem 7:

The elements of the MFPT matrix My = [mij} (i=1,...,N,j=1,2,...,N) for the MRP { (X(N),
T,((N)) Lk o> O} with state space Sy = {1, 2, ..., N}, transition matrix P™) = {p(m} and vector of mean holding

times y(N T 2 (y(lN ), Ceey y(N )) can be expressed as follows, where we use the notation

(l) Z Pfi)mkj
k=1,k#j

(a) m,-}-= S(l) ,(i=3,...,N;j=1,...,i—1), (55)

>
with mpq = 5(22) (56)
(b) u® 4 Z pOmy, (i=2,...,N), (57)
with — myy = plV. (58)

.. -1 ..

9+ 5 almy
© my= I’Q‘zilj) ,(i=2,3,...,N-1;j=i+1,...,N), (59)
Wew)

with  myj = R(ll ik (i=2,3,...,N). (60)

Proof:

The expressions in (a) are when the indices i > j, in (b) when i = j and in (c) when i < j. Equation (55) fol-
lows from (37) and (56) from (49); equation (57) from (36) and (58) from (36); equation (59) and (60) from (47).

The general procedure described by Theorem 7 is difficult to program, for a general state space, using
MatLab. In particular the computation for the m;; when j > i demands additional computations. Typically

the elements of P™ = {p(")} an n x n stochastic matrix, are easily found by the GTH algorithm. However in

order to compute the q(t %0 requires first identifying the starting elements of Q;” D2 [qf]” Ln

(n)}
[p” (n-1)x(n-1)
1 columns of P™_ The reduction through the sequence of GTH reduction procedures leads from Qﬁ{"l) =

(n-1, ”)} - Q2 - [ (n-2, ")} .. to eventually arrive at Q& = { @, ")] and finall
{q” (n-1)x(n-1) & %j (n-2)x(n-2) Y Qi %ij 2x2 v

at Qg) = [qfll ")] . Because of the truncation of P("), for each n, to start with Qg,""l), this process has to be
1x1

} (n-1)x(n-1)
i.e. the elements are from the sub-stochastic matrix found from the first n — 1 rows and n —

implemented for each valueofn=N,N-1,..., 2.
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Thus the GTH algorithmic reduction has to be carried out a number of times, as in the following grid,
PM M . = QM — QW followed by PN — QD D | Q1| leading successively
to PG Q(3) Q(B) and finally to P¥ — Q. From the 1n1t1a1 (N - 1) GTH algorithmic procedures for the
pU"), followed by (N - 1) matrix reductions to start with the initial q(" L there are a further (N-2) + (N -3) +

.+ 1 reductions for a total N(N — 1)/2 separate GTH procedures. For the original GTH procedure for finding
the stationary probabilities we only needed retention of the p(") and pgl']’.) boundary terms of the P™ matrices,
whereas for the MFPT’s we need to retain additional elements of the P™ leading to the QE”) matrices.

In the computation of the R(i,n) = 1 - q(1 )
subtraction is required. This is due to the fact that the sum of the elements in the last row of the Ql(.") matrix
do not sum to 1, as in the P matrices.

The qgi’") terms only arise in the computation of the MFPTs m;; when i < j, whereas the pg?) are all that
is needed to compute the m;; when i > j and these probabilities are all that is needed to compute the mean
holding times y(")

The above observations lead to the following as a general technique for finding all the elements of M
for the case of a given MRP. Since we effectively use the computations of the GTH procedure, we call this the
“Extended GTH” (EGTH) algorithm.

expressions we have no easy technique to ensure that no

EGTH Algorithm

Step 1(i): Start with PV = [p(.N)} carry out the GTH algorithm by calculating successively, for n = N, N -

1,...,2, p(" N p51")+pfg)pn])/5(n) 1<i<n-1,1<j<n-1,whereS(n) = Zpg]’) (Note that we only have
j=1

to retain thepgz)(l <isn-1) andp;';.)(l < j £ n-1),i.e. the n-th row and n-th column of PWforn=2,...,N,
as in the GTH algorithm.)
Step 1(ii): Start with the mean holding time vector u™7T = (y(N), My yﬁ@”) and calculate

successively forn=N,N-1,...,2, yE"’l) = y(”) + y(")p(")/S(n), l<isn-1.
Step 1(iii): Calculate the N x 1 column vector m{(P™ = (m;;), where my; = pV, my; = p?/5(2), and for

i=3,...,N,my = ( @ 4 ZP(kal) /S(0).

This gives the entries of the first column of M = [m,-j] Ji.e. mg\})(N ) where M = (mg\})(’v ) mﬁ)w )L, m%v)(N ))

with m(l)(N)T = (Mmy1, Maq, ..., Mpq).

The steps that follow are based on the observation that by starting with pW ), which we define as P(N)(1),
we are able to find expressions for mg\})(N ), the first column of M, giving the MFPTs to state 1 from all the other
states. Successively we permute the elements of PW) 50 as to do this for each of the states 2,...,N.For state
2 we can do this by moving the elements of first column of P%V ) to after the N-th column, followed by moving
the first row to the last row, to obtain a new transition matrix pNQ),

bnu D12 DPi1,N-1 Di,N
pzz oo
p® = pNM® _
DPN-1,1 DPN-1,2 DPN-1,N-1 DPN-1,N
DPn1 DPn2 ***DPN,N-1 DNN
b12 ***P1,N-1 P1N b1

b2 ***P2,N-1 Don b2

PN-1,2°**PN-1,N-1 DN-1,N PN-11
DPn2 PN.N-1 PN,N DPnN1
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P22"*P2,N-1 D2N P21
- PN-1.2 *** DN-1,N-1 PN-1,N DPN-1,1| = pV@)
b2 =+ DNN-1  DNN PN1
b1z ©tr D1N-1 PN P11

There are a variety of ways we can do this. Here are three such ways:

(i) Let eiT =(0,0,...,1,0,...,0)bethe i-th elementary row vector with 1in the i-th position and 0 elsewhere
and e; is the i-th elementary column vector.

Let R(lN) = [ey,€1,...,ey_1]and C(lN) =[e,,..., ey, e;]. Then PM@ - R(IN)P(N)(l)C(lN).

(i) PM@(mod(row + N = 2, N) + 1, mod(col + N = 2, N) + 1) = PN @ (row, col). This can be done in stages
if necessary with say the row shift followed by the column shift.

(iii) In MatLab use the “circshift” operator with PM®@ = circshift(PND | [-1, -1])

Step2: Fork=2,3,4,...,N-1,N.

(i) Repeat Step 1(i) but with PN = pN® ywhere pMK) - R(lN )P(N)(k‘l)C(lN) with PV = p™ (Comment: This
step leads to the appropriate pl(.z) and pf{]’.) elements.)

(i) Repeat Step 1(ii) but with g™ = pNM® where pWOT = yMNE=DT ) yith MW = Y™ (Comment:
This step leads to the appropriate yg”) elements. In the case of a MC no permutation of the elements is re-
quired, since ygN) =1foralli.)

(iii) Repeat Step 1(iii) to calculate the N x 1 column vector ﬁl%‘)w ) where rhg\’,()(N )

(Mg Mici fos + + + > MNKs M -+ + s M1 1)
Step 3: Combine the results of the Steps 1(iii) and 2(iii) to find M as follows.
Let M = (mg\})(N ), rh%)(N )L, ﬁ‘lg\],\[)(N )) and reorder the elements of M to obtain M = (mg\})w ) m%)(N ),

m%v)(N )). This can be carried out in MatLab by noting that for each row and column entry, M(mod(row +
col-2,N)+1, col)= M(row, col).

While this EGTH procedure requires N repetitions of the above procedure, one would have to carry N
auxiliary sets of calculations to determine the vgt’"), as in Theorem 7, as well as retaining more calculations
enroute to the derivation of the matrix M.

Another key observation is that the EGTH algorithm, as outlined above, retains the calculation accuracy
with no subtractions being involved.

Note also that we do not compute the stationary probabilities in determining the MFPTs. In the MC setting
they would typically be found using the basic GTH algorithm. However in this setting the stationary proba-
bilities can also be found directly as the inverse of the m;;, alleviating the necessity of any prior calculation.
For example in the MC setting, the initial holding times are ygN ) = 1, we have from the first step in the EGTH
algorithm that my; = y(ll) giving an alternative derivation of 77; as m; = 1/ y(ll). Once again, no subtraction
operation need be performed.

10 The Test Problems

The following test problems were introduced by Harrod & Plemmons [5] and have been considered by others
in different contexts. They were initially introduced as poorly conditioned examples for computing the sta-
tionary distribution of the underlying irreducible MC. While the dimensions of the state space are relatively
small, the test problems lead to some computational difficulties.
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TP1: (As modified by Heyman and Reeves [8])

1 6 0 3 0 0
5 .5 0 0 0 O
5 2 0 0 3 0
0 .7 0 .2 0 .1
1 0 .8 0 0 .1
.4 0 .4 0 0 .2
TP2: (See also Benzi [1])
[ .85 0 .149  .0009 0 .00005 0 .00005 |
1 .65 .249 0 .0009 .00005 O  .00005
1 .8 .09996 .0003 0 0 .0001 0
0 .0004 0 7 .2995 0 .0001 0
.0005 0 .0004  .399 .6 .0001 0 0
0 .00005 0 0 .00005 .6 2499 .15
.00003 0 .00003 .00004 0 1 .8 .0999
| o .00005 0 0 .00005 .1999 .25 .55
TP3:
0.999999 1.0E-07 2.0E-07 3.0E-07 4.0E-07
0.4 0.3 0 0 0.3
5.0E - 07 0 0.999999 0 5.0E - 07
5.0E - 07 0 0 0.999999 5.0E - 07

2.0E-07 3.0E-07 1.0E-07 4.0E-07 0.999999

TP4 and variants:
TP41: € = 1.0E - 01; TP42: £ = 1.0E - 03; TP43: ¢ = 1.0E - 05; TP44: ¢ = 1.0E — 07

d1-¢

O O O O m
o
o

MU OOOoOoOo
NN NNROOOOO

OO 00O WNNIEW
OO OO0 OO RN R R
OO 0000 uINININ
CO0OO0O0OO0 L mhE MW

[u=y

I

™

CoOO0OoOmMa ™ iv
NiIe OO ooo
WO MNwNOOOO

SV I

We carry out all the calculations using the academic version of MatLab (R2015b, 64bit on a MacBook Air).
We first calculate the MFPT matrix M for each of the given test problems, using the EGTH algorithm, under
double precision. See Appendix 1 for the relevant MatLab code. (In Appendix 2, which appears only in the
arXiv.com version of this paper, we present the accurate calculations for all the MFPTs for these test problems,
as such results do not appear in the literature. We also give expressions for the relevant stationary probability
vectors.)

We compute, for each test problem, with specified transition matrix, the following errors for the MFPT
matrix, M = [m,-j] , given by the EGTH calculation, under both double and single precision: Minimum absolute

, Maximum absolute error = max , and the

1<ism, 1<jsm

error = min
1<ism, 1sjsm

M — > Py — 1 Mg — > DMy — 1
k# k#j

m m
overall residual error = >~ >
i=1j=1

Mij = > PixMy — 1
k#j
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Table 1: Errors for the MFPTs (Double Precision).

Test Problem  Min Abs Error Max Absolute Error Residual Error
TP1 0 1.1369E-13 2.9177E-13
TP2 0 3.6380E-12 2.7776E-11
TP3 0 1.8626E-09 2.7940E-09
TP41 0 1.4211E-14 2.7337E-13
TP42 0 1.8190E-12 1.9142E-11
TP43 0 1.1642E-10 1.5717E-09
TP44 0 7.4506E-09 1.4156E-07

Table 2: Errors for the MFPTs (Single Precision).

Test Problem  Min Abs Error Max Absolute Error Residual Error
TP1 0 6.1035E-05 1.6773E-04
TP2 0 1.9531E-03 1.3889E-02
TP3 0 0.5000 3.0757
TP41 0 7.6294E-06 1.0628E-04
TP42 0 4.8828E-04 0.0050
TP43 0 0.0860 0.7809
TP44 0 5 85.8835

These errors are given in Tables 1 and 2 below.

The test problems have been used as examples for testing various different algorithms for computing M,
the matrix of MFPTs. In particular Heyman and O’Leary [7] considered five different procedures for computing
the fundamental matrix Z, the group inverses A* and M (since these are all interconnected). Further Heyman
and Reeves [8] also considered four different techniques for M with their most accurate procedure based upon
a state reduction procedure. We do not go into details of the procedures that they used but they compared the
accuracy of the procedures by evaluating the number of accurate digits. The most accurate procedure in [7]
was based upon using an LU factorization and normalization related to a state reduction procedure. In [8]
the comparable procedure was also a state reduction procedure. The double precision result was used as the
“true” result and the single precision result as the “computed” result. The number of accurate digits was
defined as the overall average of - log; res"lt"';‘;;ru";f:i:“""““"" . Each of these two papers presented the results
in figures and no actual numerical results were tabulated. We computed this statistic for each the seven test
problems achieving the following results:

Table 3: Average number of accurate digits.

TP 1 7.3504"
TP 2 7.2928
TP3 7.3526
TP 41 7.3681
TP 42 7.4157
TP 43 7.4296
TP 44 7.3321

*Note that for TP1 the MFPT from state 2 to state 1, is 2.00 for both the accurate and computed results so
that the accurate digit quantity is infinite. The average in this case is taken over the remaining 35 possible
pairs of states.
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Considering the results of Heyman and O’Leary [7] and Heyman and Reeves [8], it is obvious that no
procedure that they considered has any improvement over the results of this paper. Heyman and O’Leary have
values between 6 and 7 for their favoured algorithm while Heyman and Reeves favoured algorithm appears
to have values in the range of 7.2 to 7.4. Thus, the algorithm given in this paper produces results that have not
been achieved in the past.

Using the computations for the MFPT matrix M, as calculated using the EGTH algorithm, we compute
the elements of the stationary distributions as the reciprocal of the diagonal elements. We calculate the
following errors for the stationary distribution, both in single and double precision: Minimum absolute

m m
error = 1r21<1r}l mT; - > m;pjj|, maximum absolute error = {l;l]ilﬁ 71— m;p;j|, and the overall residual error
= i=1 sjs i=1
m m
= Y |mj - > m;p;j|, where the m; are given by the calculations. We also compute the overall residual error
j=1 i=1

when the stationary distribution is computed using the standard GTH algorithms. These calculations are
given in Table 4 and 5.

Table 4: Errors for the Stationary distributions under double precision.

Test Problem  EGTH Min Abs Error EGTH Max Abs Error EGTH Residual Error GTH Residual Error

TP1 0 1.1102E-16 1.4485E-16 7.1124E-17
TP2 0 2.7756E-17 7.6328E-17 2.0817E-17
TP3 0 1.3878E-17 1.3878E-17 1.3878E-17
TP41 0 2.7756E-17 1.1102E-16 1.1796E-16
TP42 0 2.7756E-17 8.3267E-17 1.0408E-16
TP43 0 2.7756E-17 1.6653E-16 1.0408E-16
TP44 0 2.7756E-17 1.1102E-16 1.0408E-16

Table 5: Errors for the Stationary distributions under single precision.

Test Problem  EGTH Min Abs Error EGTH Max Abs Error EGTH Residual Error GTH Residual Error

TP1 6.7218E-10 2.3568E-08 5.4538E-08 1.2080E-08
TP2 2.1102E-09 1.1569E-08 5.5893E-08 4.9913E-08
TP3 8.8180E-15 1.4567E-08 2.6965E-08 2.7865E-08
TP41 2.5098E-09 2.4648E-08 7.3546E-08 7.0168E-08
TP42 9.4676E-10 1.4745E-08 6.5571E-08 7.0168E-08
TP43 1.5393E-09 1.16931E-08 5.4947E-08 6.2717E-08
TP44 1.0553E-09 1.7522E-08 7.9552E-08 7.0168E-08

As can be expected the errors for computing the stationary distributions using the well established GTH
algorithm are very comparable with the EGTH procedure of this paper giving only a marginal reduction but
in some isolated cases a slightly improved result.

In order to make comparisons in the case of the stationary distribution calculations that appear in the
literature we also compare the errors between performing the calculations for both the EGTH and the original
GTH algorithms in double and single precision as follows. Let 5 and 7t be the stationary distributions as
computed under single and double precision. As used in Harrod and Plemmons [5], the residual error is,
in effect, the residual error computed as above under single precision, i.e, || L — wZP||;. The relative error is
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m
computedas > |7T5 j=Tp ,-| . We also compute the minimum absolute error min |ms ; - 7p j| and the maximum
= ’ ’ 1sj<m ’ ’
Jj=1
absolute error max |ms ; - mp j|.
1<jsm

Table 6: Differences between single and double precision computations of the stationary distributions.

Test Problem  ETGH Min Abs Error EGTH Max Absolute EGTH Relative Error GTH Relative Error

Error
TP1 2.3546E-10 1.7982E-08 4.0117E-08 3.8463E-08
TP2 7.0444E-10 2.8857E-08 8.5618E-08 5.1491E-08
TP3 4.2533E-15 1.8365E-08 4.8544E-08 4.0007E-08
TP41 7.0264E-10 1.6013E-08 6.7861E-08 4.5877E-08
TP42 7.0264E-10 1.1836E-08 4,9242E-08 4.5877E-08
TP43 7.0264E-10 1.1836E-08 5.5331E-08 4.5877E-08
TP44 1.0380E-10 1.3945E-08 6.8623E-08 4.5877E-08

We make the following observations in respect to each test problem.
TP1: The original transition matrix was given as:

2 0 0 6 0 O O 0 o0 .2
0 .1 0 0 6 0 3 0 0 O
0 .1 0 0 0 O 0o .8 0 .1
0 0 6 0 3 0 O O 0 1
o 5 0 0 5 0 0 0 o0 o
o 5 0 0 .2 0 0O O 3 o0
o 0 0 0 .7 0 .2 0 0 a1
1 0 9 0 0 0 0O O 0 O
0 .1 0 0 0 8 0 O 0 .1
LO .4 0 0 O 4 O O 0 .2

Harrod and Plemmons [5] gave the exact solution for the solution of the stationary probabilities using
some direct methods, however the transition matrix above is not irreducible, and consequently some of the
entries of the stationary probability vector should have been zero. Heyman [6] commented that the GTH al-
gorithm determines that states 1, 3, 4 and 8 are transient, although this is transparent from an examination
of the transition graph. Heyman showed that the GTH algorithm, under single precision, on the above tran-
sition matrix produces 6 significant decimal digits (while some alternatives produce only 5) and showed that
GTHRE = 4.5E - 08. These were compared with a range of procedures considered by Harrod and Plemmons
(1984) that yielded MINRE = 6.9E - 08, MAXRE = 3.7E - 08.

As was done in Heyman and Reeves [8], we discard the transient states. With the state space S =
{2,5,6,7,9,10} we consider the irreducible transition matrix as stated. Using the MatLab single preci-
sion our residual error (1.2080E - 08) was an improvement over those stated above.

TP2: Harrod and Plemmons [5], stated the exact solution for the stationary distribution to 9 significant fig-
ures and showed that the smallest relative error they could achieve was of the order of 9.9E-07. Heyman [6],
claimed that the GTH algorithm produces 6 significant decimal digits with a residual error of 9.64E - 08.
Comparable to the figure of 8.56F — 08 that we have achieved. Under double precision we have been able to
achieve 14 significant figures.

TP3: Harrod and Plemmons [5], give the exact solution for the stationary distribution to 9 significant
figures and using a variety of procedures obtain the smallest residual error of the order of 3.0E - 08. Heyman,
using the GTH algorithm, produces 6 significant decimal digits with alternatives giving only 1 or 2. He obtains
aresidual error of 3.1E - 08 for the GTH algorithm. We have improved this to 14 significant figures, once again
with improved accuracy achieving a residual error of 1.4E - 17.
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TP4: In Harrod and Plemmons [5] the original matrices were not stochastic. Heyman [6] corrected this
to ensure stochasticity and showed that the stationary distributions of the MCs with these four transition
matrices are all the same. He showed that the residual error for the GTH algorithm, under single precision,
is 1.38E - 07 for all the four test problems, whereas we achieve accuracy within the range 5.49E — 08 to
7.96E - 08.

All in all, the extraction of the stationary distribution as a byproduct of our EGTH algorithm gives com-
parable accuracy similar to that previously obtained.

In a sequel to this paper we explore some other techniques for computing the MFPTs for these matrices.
The results of this paper are required as a benchmark in order to carry out comparisons of accuracy of the
alternative procedures.
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the MatLab coding as part of her BSc(Hons) dissertation at Auckland University of Technology.

The author although wishes to thank the referees for their comments and recommendations, especially
in respect to notation, that has improved the paper.

References

[1] Benzi, M. A direct projection method for Markov chains. Linear Algebra Appl, 386, (2004), 27—-49.

[2] Bini, D. A., Latouche, G. and Meini B. Numerical Methods for Structured Markov Chains, Oxford University Press, New York.
(2005).

[3] Dayar, T. and Akar, N. Computing the moments of first passage times to a subset of states in Markov chains. SIAM | Matrix

Anal Appl, 27, (2005), 396-412.

Grassman, W.K., Taksar, M.l., and Heyman, D.P. Regenerative analysis and steady state distributions for Markov chains. Oper

Res, 33, (1985), 1107-1116.

[5] Harrod, W.). and Plemmons, R.J. Comparison of some direct methods for computing stationary distributions of Markov chains.

SIAM ] Sci Stat Comput, 5, (1984), 463-479.

Heyman, D.P. Further comparisons of direct methods for computing stationary distributions of Markov chains. SIAM J Algebra

Discr, 8, (1987), 226-232.

Heyman, D.P.and O’Leary, D.P. What is fundamental for Markov chains: First Passage Times, Fundamental matrices, and Group

Generalized Inverses, Computations with Markov Chains, Chap 10, 151-161, Ed W.]. Stewart, Springer. New York, (1995).

Heyman, D.P. and Reeves, A. Numerical solutions of linear equations arising in Markov chain models. ORSA / Comp, 1, (1989),

52-60.

Hunter, J.J. Generalized inverses and their application to applied probability problems. Linear Algebra Appl, 46, (1982), 157—

198.

[10] Hunter, J.J. Mathematical Techniques of Applied Probability, Volume 2, Discrete Time Models: Techniques and Applications,
Academic, New York. (1983).

[11] Hunter, ).). Mixing times with applications to Markov chains, Linear Algebra Appl, 417, (2006), 108-123.

[12] Kemeny, ). G. and Snell, ). L. Finite Markov chains, Springer- Verlag, New York (1983), (Original version, Princeton University
Press, Princeton (1960).)

[13] Kohlas, ). Numerical computation of mean passage times and absorption probabilities in Markov and semi-Markov models.
Zeit Oper Res, 30, (1986), 197-207.

[14] Meyer. C. D.Jr. The role of the group generalized inverse in the theory of Markov chains. SIAM Rev, 17, (1975), 443-464.

[15] Sheskin, T.J. A Markov partitioning algorithm for computing steady state probabilities. Oper Res, 33, (1985), 228-235.

[16] Stewart, W. ). Introduction to the Numerical Solution of Markov chains. Princeton University Press, Princeton. (1994).

[4

[6

[7

[8

[9

Appendix 1: MatLab Code for calculations

The code below is an implementation of the EGTH algorithm for the MFPTs and the stationary distribution in
the Markov chain setting. Minor modifications can be implemented for the MRP situation.
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clear all
format long
m:
™ =
e=ones(m,1);
et=ones(1,m);
S=ones(1,m);
E=ones(m,m);
mu=zeros(m,m);
mu(:,m)=1;
PP=TM;
M=zeros(m,m);
P=TM;
for k=1:m
for n=m:-1:2
S(1,n)=sum(PP(n,1:n-1));
fori=1:n-1
forj=1:n-1
PP(i,j)=PP(i,j)+PP(i,n)*PP(n,j)/S(1,n);
end
mu(i,n-1)=mu(i,n)+mu(n,n)*PP(i,n)/S(1,n);
end
end
M(1,k)=(PP(2,1)*mu(1,2)+PP(1,2)*mu(2,2))/PP(2,1);
for n=2:m
mm=0;
fori=2:n-1
mm=mm-+PP(n,i)*M(i,k);
end
M(n,k)=(mm+mu(n,n))/S(1,n);
end
for col=1:m
for row=1:m
P_new(mod(row+m-2,m)+1, mod(col+m-2,m)+1)=P(row,col);
end
end
P=P_new;
PP=P;
end
for col=1:m
for row=1:m
M_EGTH(mod(row+col-2,m)+1,col)=M(row,col);
end
end
M_EGTH
D=diag(diag(M_EGTH));
Pl=eye(m)/D;
pit=et*PI
deltaSD=pit-pit*TM;
MINSD=min(abs(deltaSD))
MAXESD=max(abs(deltaSD))

DE GRUYTER OPEN
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RESD=sum(abs(deltaSD))
MError=M_EGTH-(P*(M_EGTH-D))-E
MinErrorM_EGTH=min(min(abs(MError)))
MaxErrorM_EGTH=max(max(abs(MError)))
REM_EGTH=sum(sum(abs(MError)))
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