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ABSTRACT
COVID-19 pandemic is an extreme event that created turmoil in stock markets
around the world. This unexpected circumstance poses a critical question of whether
the prevailing models can help predict the plummets of indices, hence the returns.
In this study, we aim to analyze and forecast the daily stock returns using various
generalized autoregressive conditional heteroscedastic (GARCH) models with in-
tertemporal capital asset pricing structure and innovation following (1) a mixture of
generalized Pareto and Gaussian distributions and (2) generalized error distribution
that can capture extreme events. We also employ the parallel griddy Gibbs (GG)
sampling, which is a Markov chain Monte Carlo method, to facilitate parameter es-
timation. Our simulation study shows that the GG estimation method outperforms
the benchmark quasi-maximum likelihood estimation method. We then proceed to
the empirical study of seven stock markets where the results from the in-sample
period before the COVID-19 pandemic justify the use of the proposed GARCH
models. The out-of-sample forecasts during the early COVID-19 period also show
satisfactory results.
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1. Introduction

It is widely known that stock markets are prone to shocks and the COVID-19 pandemic
is the most recent shock that generates the instantaneous risk that most markets faced
but to different degrees. Given the prevalent risk, having a suitable model to analyze
stock returns is a challenging task. The trade-off between risk and expected return of
a financial asset is a fundamental problem in financial econometrics as its functional
form is still debated in the literature. One of the leading models is the intertemporal
capital asset pricing model (ICAPM), which is originally introduced by Merton [36].

CONTACT Rewat Khanthaporn. Email: rewat.khanthaporn@aut.ac.nz, Corresponding Author: Nuttanan
Wichitaksorn. Email: nuttanan.wichitaksorn@aut.ac.nz. Department of Mathematical Sciences, Auckland Uni-

versity of Technology, Private Bag 92006, Auckland 1142, New Zealand.



The ICAPM is a linear function between the expected return and the variance of
the market portfolio’s return. Due to its simplicity, this model has been widely used
and remains crucial in financial econometrics. For instance, Bali & Engle [4] study
ICAPM with dynamic conditional correlations and determined daily intertemporal
relation between the expected return and risk of 30 stocks in the Dow Jones Industrial
Average. Later, Engle et al. [19] introduce the generalized autoregressive conditional
heteroscedasticity (GARCH)-in-mean model and specified the linear function for the
risk-return relationship in the bond market. The model is called GARCH with linear-
in-variance risk premium or GARCH-ICAPM or GARCH-M. However, it does not
provide a robust solution for the estimation.

Due to its conditional volatility component, since ARCH was invented by Engle
[17] and extended by Bollerslev [9], the (G)ARCH family becomes a crucial model
in financial time series analysis and forecasting. The GARCH model has evolved due
to its properties that can easily fit with various probability distributions of financial
returns. Many extensions of the GARCH family have been proposed to capture the
important financial market characteristics that are volatility clustering, non-normal,
fat-tailed, and asymmetrically distributed properties; see, among others, Engle [18] for
a survey.

Within the GARCH family, the exponential-type GARCH family is the popu-
lar model. Geweke [25] and Milhøj [37] recommend the LogGARCH while Nel-
son [39] suggests the exponential GARCH (EGARCH). Zakoian [52] proposes the
threshold GARCH (TGARCH), whereas Bildirici & Ersin [7] study the GARCH
family models including GARCH, EGARCH, GJR-GARCH, TGARCH, nonlinear-
GARCH, simple-asymmetric-GARCH, power-GARCH, asymmetric-power-GARCH,
and nonlinear-power-GARCH. The GARCH models are also extended, for example,
to the artificial neural network, called the ANN-GARCH-type model. Besides, GJR-
GARCH, introduced by Glosten et al. [26], is a popular class under the exponential-
type GARCH model.

GARCH(1,1) appears to be the most popular specification from its simplicity with
decent forecasting performance, as the autocorrelation of the conditional volatility and
the innovation does not usually have a long-lasting effect. As mentioned earlier, various
distributions have been applied to the innovation of the GARCH family. One class of
distributions, that might fit well with the bullish and bearish natures of stock markets,
is a mixture of distributions. Given the COVID-19 pandemic, which is a rare event
that produces extreme negative returns, having the innovation that follows the mixture
of distributions with an extreme distribution, e.g., generalized Pareto distribution
(GPD), might improve the GARCH performance in the analysis and forecasting under
the severe shocks. We also compare the performance of the GPD innovation with that
of the generalized error distribution (GED), which is a heavy-tailed distribution.

In this study, we have three major contributions. First, we propose a hybrid of
the exponential-type GARCH and the ICAPM models that statistically fit better to
the real data and provide insightful information on financial returns. Precisely, our
proposed model reveals the empirical risk-free rate and risk premium of the financial
market while capturing important volatility clustering characteristics of the returns.
Further, we show that this combined model is easier to handle the coefficient terms of
ICAPM than those of the standard GARCH models. It is also a constraint-free model
that can facilitate the estimation for inference. See, among others, Francq et al. [22],
Francq et al. [23], and Hafner & Kyriakopoulou [28] for the stochastic properties of
the exponential-type GARCH model, which is compatible with the ICAPM model.
Second, we apply a mixture of distributions that include a GPD to the exponential-
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type GARCH innovation. The mixture with the GPD allows us to analyze the returns
in a pre-specified quantile level so that the model can capture the tail behaviour
or extreme events, i.e., the lower and upper tails in our case. See Sahamkhadam
et al. [45] and Caporale & Zekokh [10], among others, for more details on the related
mixture distributions. Third, we implement the proposed models using the Bayesian
griddy Gibbs (GG) method with a parallel computing technique that results in better
accuracy performance than that of traditional QMLE.

Recently, a popular estimation method for the exponential-type GARCH model is a
quasi-maximum likelihood (QMLE) approach, see Francq et al. [22] and Hafner & Kyr-
iakopoulou [28]. However, in general, the QMLE estimator is known for its dependence
on initial conditions and is less statistically efficient for this type of model. Hence, we
use the Bayesian Markov chain Monte Carlo (MCMC) that provides robustness and
superiority of forecasting performance over that of the QMLE. Note, however, that
the MCMC method requires further mathematical complexity and more computa-
tional time. See Chang et al. [11], Kolm et al. [32], Pareek & Thakkar [41], and Patton
[42], among others, for the relevant survey of estimation method using the QMLE
and the MCMC. To facilitate the estimation and reduce the computational time for
the MCMC, many algorithms have been proposed. Andrieu et al. [1] and Creal &
Tsay [14] use particle Gibbs sampling algorithm while Wichitaksorn & Choy [51] and
Auśın & Galeano [3] use the GG sampling. Multiple-try Metropolis forward filtering
backward sampling (FFBS) approach and the multiple-trial Metropolis independent
sampler FFBS approach are applied in Billio et al. [8]. See also Ardia et al. [2] and Li
& Kang [34] for the Metropolis-Hastings algorithm and its variations.

Hence, in this study, we choose the MCMC approach to estimate our proposed
exponential-type GARCH-ICAPM-Mixture model. To mitigate the adverse effect of
longer computational time, we incorporate the parallel computing technique, into the
GG algorithm. This allows us to compute a massive amount of data at the same
time. See Benczúr [5], Fujiwara et al. [24], Lam et al. [33], Lopatka & Czyzewski
[35], Prudencio & Cheung [43], Sanchez-Vazquez et al. [46] and Wichitaksorn & Choy
[51], among others, for more details on the parallel computing technique. Based on
the simulation study results, our parallel-GG algorithm outperforms the QMLE. The
empirical study using the data during the early period of the COVID-19 pandemic
also shows the favorable forecasting performance of our proposed models and method.

The rest of the paper is organized as follows. Section 2 presents the class of
exponential-type and GJR-GARCH with mixture distribution for the innovation and
discusses the Bayesian MCMC method using the parallel computing technique. Section
3 performs the simulation study. Section 4 shows the empirical study results. Section
5 concludes.

2. Models and Estimation

This section introduces our proposed models where we include the ICAPM structure
in the observation equation of GARCH, the exponential-type GARCH, and the GJR-
GARCH, with the innovation following the mixture of the Gaussian distribution and
the heavy-tailed GPD. In addition, we facilitate the model estimation using the GG
algorithm together with the parallel computing technique. To assess the performance
of our proposed models and method, we compare them with the EGARCH-ICAPM
using the generalized error distribution (GED) innovation as the benchmark model
and the quasi-maximum likelihood estimation as the benchmark method.
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2.1. Models

We first consider the ICAPM given in Merton [36], which is a linear-in-variance func-
tion of a financial return series. For t = 1, ..., T , let yt denote a financial return series.
Based on Hafner & Kyriakopoulou [28], the ICAPM is then given by

yt = λ1 + λ2ht + εt, (1)

where t is the time index, λ1 is the expected risk-free rate with the hypothetical value
of zero, λ2 is the expected (positive) risk premium, ht is the conditional volatility,
εt =

√
htzt is the innovation with mean zero and the conditional variance (or volatility)

ht, and zt is the independent and identically distributed (iid) random variable with
zero mean and unit variance. Note that we let λ1 be an unknown and random that
needs to be estimated while it is known and fixed in Hafner & Kyriakopoulou [28]. This
ICAPM structure is then applied to all GARCH models implemented in this study.

The specifications we used to model the conditional volatility ht include the typi-
cal GARCH(p,q), the exponential-type GARCH that are EGARCH(p,q,r) and Log-
GARCH(p,q), and the GJR-GARCH(p,q). Prior works indicated that the order lags
for the innovation and volatility terms are best performing when p = 1 and q = 1.
We then follow that in our analysis. For illustrative purposes, we describe below the
specification of all GARCH models used here in detail.

The typical GARCH(p,q) model is used as the starting model where we follow
Bollerslev [9] and given by

ht = ω +

p∑
i=1

αiε
2
t−i +

q∑
j=1

νjht−j ,

where p ≥ 0, q > 0, ω > 0, αi ≥ 0, νj ≥ 0, 0 ≤ αi + νj ≤ 1, 1 ≤ i ≤ p, 1 ≤ j ≤ q
and p, q are the discrete value to ensure the conditional variance ht being an almost
surely strictly positive or a strictly stationary process. In this model, the parameter
space of volatility coefficients is denoted as θ = {ω, αi, νj , 1 ⩽ i ⩽ p, 1 ⩽ j ⩽ q}.

We then turn to a popular GARCH model extension, which is an exponential-
GARCH(p,q,r) or EGARCH(p,q,r) of Nelson [39] and given by

log ht = ω +

p∑
i=1

γizt−i +

q∑
j=1

δj |z|t−j +

r∑
k=1

νk log ht−k,

where the conditional volatility is now log volatility. The parameter space is then
θ = {−∞ ⩽ ω, γi, δj ⩽ ∞, |νk| < 1, 1 ⩽ i ⩽ p, 1 ⩽ j ⩽ q, 1 ⩽ k ⩽ r}. The ”news
impact” function g(zt−1) of the EGARCH model is ω +

∑p
i=1 γizt−i +

∑q
j=1 δj |z|t−j

while ν is the volatility persistence parameter, γ and δ are the shock asymmetry and
the size effect, respectively. If γ > 0, that means positive shocks increase the volatility
more than negative shocks of the same size and vice versa. For the review of the
GARCH family including the exponential-type GARCH and the GJR-GARCH, see,
among others, Bera & Higgins [6], Hentschel [29], and Jose Rodriguez & Ruiz [31].

Another popular exponential-type GARCH is the LogGARCH(p,q) from Francq
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et al. [23] and given by

log ht = ω +

p∑
i=1

(
α+
i I{εt−i>0} + α−

i I{εt−i<0}
)
log ε2t−i +

q∑
j=1

νj log ht−j ,

where I is an indicator function. The parameter space is now θ = {−∞ ⩽
ω, α+

i , α
−
i ⩽ ∞, |νj | < 1, 1 ⩽ i ⩽ p, 1 ⩽ j ⩽ q} for the existence of a sta-

tionary solution. The news impact function of this LogGARCH model is ω +∑p
i=1

(
α+
i I{εt−i>0} + α−

i I{εt−i<0}
)
log ε2t−i. When α−

i = α+
i , the model becomes the

symmetric LogGARCH process. Note that the LogGARCH has a well-known prob-
lem, i.e., if the εt−i term equals zero, the conditional volatility cannot be generated. For
the discussion of the LogGARCH process, see, among others, Sucarrat & Escribano
[48], and Sucarrat et al. [49]. For the recent studies of the exponential-type GARCH
process, see, Hafner & Kyriakopoulou [28], Caporale & Zekokh [10], Francq et al. [23],
and Bildirici & Ersin [7], among others.

The GJR-GARCH(p,q) by Glosten et al. [26] is the last model we used in the
analysis. This model becomes better known among the GARCH family and given by

ht = ω +

p∑
i=1

(
αi + γiI{εt−i<0}

)
ε2t−i +

q∑
j=1

νjht−j

where ω > 0, αi, νj ≥ 0, νj+γi ≥ 0. αi and γi are the size effect and shock asymmetry,
respectively. Hence, the parameter space is θ = {ω, αi, γi, νj , 1 ⩽ i ⩽ p, 1 ⩽ j ⩽ q}
while the news impact function of the GJR-GARCH is ω+

∑p
i=1

(
αi + γiI{εt−i<0}

)
ε2t−i.

See, among others, Goel et al. [27], Caporale & Zekokh [10], Oh & Patton [40], Fengler
& Okhrin [21], and De Lira Salvatierra & Patton [15], for the recent studies and
discussion of this type of model.

2.2. Model Innovations

With all GARCH model specifications mentioned above, we apply two types of innova-
tions including the mixture distribution and the GED. The former is what we expect
to perform well in the COVID-19 situation while the latter is our benchmark for com-
parison. In the literature, the mixture distributions have been used in data-intensive
research in many fields such as astrophysics and space, meteorology, machine learning,
big data analytics, time-series analytics, and modern finance.

2.2.1. Mixture Distribution

The mixture distribution can be represented by either a finite set of cumulative dis-
tribution functions (cdf), Pk (zt), or probability density functions (pdf), pk (zt), for
k = 1, . . . , n. Hence, the mixture distribution function and the mixture density func-
tion, respectively, are a sum such that

F (zt) =

n∑
k=1

wkPk (zt),
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f (zt) =

n∑
k=1

wkpk (zt).

where weight wk > 0 and
∑

wk = 1. In financial time series, the mixture distribution
is popularly applied due to its flexibility in capturing asymmetrical tails of financial
returns. If the mixing weight wk is pre-specified, it can also represent the quantile level
of the mixture distribution.

In this study, we follow Sahamkhadam et al. [45] that use the mixture of Gaussian
and GPD densities. Precisely, we have the GPD at the lower and upper tails to cap-
ture the extreme (rare) events while the Gaussian can represent the usual (normal)
circumstances. We expect asymmetric-GARCH-ICAPM models with this mixture dis-
tribution can fit well with the returns under the COVID-19 pandemic. The mixture
pdf is then given by

p (zt) =


1
βL

(
1 + ξL (zt−µL)

βL

)− 1

ξL
−1

, zt ≤ Φ−1 (a)

ϕ (zt) , Φ−1 (a) < zt < Φ−1 (b)

1
βR

(
1 + ξR (zt−µR)

βR

)− 1

ξR
−1

, zt ≥ Φ−1 (b)

(2)

where a and b are a pre-specified quantile, −∞ < µ < ∞ is a location parameter,
0 < β < ∞ is a scale parameter, −∞ < ξ < ∞ is a shape parameter, and L and R
denote the lower and upper tails, respectively. The support of zt of GPD is zt ≥ 0 when
ξ ≥ 0 and µ ≤ zt ≤ µ−β/ξ when ξ < 0, and 0 ≤ ξ < 0.5 represents a fat tail and exists
at least up to second moment. The GPD consists of, in the sense of generalization, an
ordinary Pareto distribution when ξ > 0, an exponential distribution when ξ = 0, and
a short-tailed, Pareto type II distribution when ξ < 0. We denote X ∼ GPD (µ, β, ξ) ,

therefore, E (X) = µ + β
1−ξ when ξ < 1 and V ar (X) = β2

(1−ξ)2(1−2ξ)
where ξ < 0.5 to

ensure the variance is defined, see, e.g., Hosking & Wallis [30] and Singh & Guo [47].
While ϕ (·) and Φ−1 (·) are, respectively, the standard Gaussian pdf and inverse cdf.

2.2.2. GED Innovation

For the sake of comparison, we also apply the GED innovation, proposed by Nadarajah
[38], to test its forecasting performance under extreme events. The GED is a useful
distribution in time series analysis and is also known as the exponential power distri-
bution. Let X ∼ GED (µ, β, ξ). It includes the Gaussian and Laplace distributions,
when ξ = 2 and ξ = 1, respectively. As ξ → ∞, the pdf converges pointwise to a
uniform pdf on (µ−∞, µ+∞). When ξ < 2 represents fat-tail distribution and ξ > 2
represents lighter-tail distribution than normal.

With the observation equation in (1), the GED pdf for the innovation is given by

p (zt) =
ξ

2βΓ (1/ξ)
e−(|zt−µ|/β)ξ

where −∞ < µ < ∞, 0 < β < ∞ and 0 < ξ < ∞ are the location, scale and shape
parameter, respectively. The support of zt is −∞ < zt < ∞.
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2.3. Posterior Inference

2.3.1. Likelihood Function and Prior

In the estimation of all GARCH-ICAPM models in our study, we use the Bayesian
MCMC method as we expect it to return better results than those of the traditional
method, e.g., quasi-maximum likelihood estimation (QMLE). Results from the sim-
ulation study confirm this by showing that our Bayesian method fits better than
the QMLE in terms of the Akaike information criterion (AIC) and Bayesian infor-
mation criterion (BIC), see Section 3 for the estimation results. In addition, all of
the model likelihoods are intractable. Using the sampling method from the Bayesian
MCMC can conveniently get the parameter estimates than the mountain-climbing
QMLE. Hence, with the Bayesian MCMC, we need to estimate the model parameters
using the posterior density, which is proportional to the prior and the likelihood as
p (θ| y) ∝ p (θ)L (y|θ) where p (θ| y) is the posterior density, p (θ) is the prior density,
and L (y|θ) is the likelihood function.

Following from the observation equation in (1), let zt = (yt − λ1 − λ2ht) /
√
ht. To

standardize the innovation with the mixture distribution in Equation (2), we set β =

(1− ξ) (1− 2ξ)1/2 . Therefore, the log-likelihood function of our proposed model with
the mixture of Gaussian and two-sided GPD innovation is then

ℓ (θ) =

T∑
t=1

log[qLpGPD
L (zt) + (1− qL − qR)pG (zt) + qRpGPD

R (zt)]

pGPD
L (zt) =

1
√
ht (1− ξL) (1− 2ξL)1/2

(
1 +

ξL (yt − λ1 − λ2ht)
√
ht (1− ξL) (1− 2ξL)1/2

)− 1

ξL
−1

,

pG (zt) =
1

(2πht)
1/2

exp

[
− (yt − λ1 − λ2ht)

2

2ht

]
,

pGPD
R (zt) =

1
√
ht (1− ξR) (1− 2ξR)1/2

(
1 +

ξR (yt − λ1 − λ2ht)
√
ht (1− ξR) (1− 2ξR)1/2

)− 1

ξR
−1

(3)

where q is a pre-specified quantile level or weight of a pdf, ht is the conditional
variance for the all GARCH family including GARCH(1,1) and GJR-GARCH(1,1)
while ht of EGARCH(1,1,1) and LogGARCH(1,1) is the conditional log-variance. Note
that the pre-specified quantile q can be defined as the left and right boundary of the
distribution tail where we follow Sahamkhadam et al. [45] and Wang et al. [50] to
set qL and qR at 0.10. However, to assess the ability of our models in capturing the
extreme events, we also set q at 0.01 and 0.05 in the simulation study.

For the EGARCH(p,q,r)-ICAPM model as that in Hafner & Kyriakopoulou [28],

with the standardized GED innovation where we set β =
√

Γ (1/ξ) /Γ (3/ξ), the log-
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likelihood function is then given by

ℓ (θ) = (T − 1) log

(
Γ (3/ξ)1/2

Γ (1/ξ)3/2
ξ

)
− 2

T∑
t=2

log
(√

exp (ht)
)

−
T∑
t=2

(∣∣∣yt − λ1 − λ2exp(ht)√
exp (ht)

∣∣∣/√Γ(1/ξ)

Γ(3/ξ)

)ξ (4)

where Γ(·) is a gamma function.
In the posterior inference, prior specifications are a crucial part as it determines the

robustness and accuracy of the posterior statistics, e.g., mean and standard deviation.
The parameters of interest include the risk premium, which is expected to be positive,
the risk-free rate to be very close to zero, and the conditional volatility parameters
and their innovation parameters. With different specifications of those parameters, we
need to apply different priors to different model parameters. We set priors for the
GARCH(1,1)-ICAPM-Mixture process, as

λ1 ∽ N
(
µλ1

, σ2
λ1

)
,

λ2, ∽ G (αλ2
, βλ2

) ,

ξL ∽ G
(
αξL , βξL

)
,

ξR ∽ B
(
αξR , βξR

)
,

ω ∽ B (αω, βω) ,

α ∽ B (αα, βα) ,

ν ∽ G (αν , βν) ,

for the EGARCH(1,1,1)-ICAPM-Mixture process, as

λ1 ∽ N
(
µλ1

, σ2
λ1

)
,

λ2 ∽ N
(
µλ2

, σ2
λ2

)
,

ω ∽ N
(
µω, σ

2
ω

)
,

γ ∽ N
(
µγ , σ

2
γ

)
,

δ ∽ B (αδ, βδ) ,

ν ∽ B (αν , βν) ,

ξL ∽ Unif
(
aξL , bξL

)
,

ξR ∽ Unif
(
aξR , bξR

)
,

for the LogGARCH(1,1)-ICAPM-Mixture process, as

λ1 ∽ N
(
µλ1

, σ2
λ1

)
,

λ2 ∽ G (αλ2
, βλ2

) ,

ω ∽ B (αω, βω) ,

α+ ∽ N
(
µα+ , σ2

α+

)
,

α− ∽ B (αα− , βα−) ,

ν ∽ G (αν , βν) ,

ξL ∽ G
(
αξL , βξL

)
,

ξR ∽ B
(
αξR , βξR

)
,

for GJR-GARCH(1,1)-ICAPM-Mixture process, as

λ1 ∽ N
(
µλ1

, σ2
λ1

)
,

λ2 ∽ G (αλ2
, βλ2

) ,

ω ∽ B (αω, βω) ,

α ∽ B (αα, βα) ,

γ ∽ G (αγ , βγ) ,

ν ∽ G (αν , βν) ,

ξL ∽ G
(
αξL , βξL

)
,

ξR ∽ B
(
αξR , βξR

)
,
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and for the EGARCH(1,1,1)-ICAPM-GED process, as

λ1 ∽ B (αλ1
, βλ1

) ,

λ2 ∽ N
(
µλ2

, σ2
λ2

)
,

ω ∽ N
(
µω, σ

2
ω

)
,

ν ∽ G (αν , βν) ,

γ ∽ N
(
µγ , σ

2
γ

)
,

δ ∽ G (αδ, βδ) ,

ξ ∽ G (αξ, βξ) ,

where B (·, ·) denotes beta distribution, Unif (·, ·) denotes uniform distribution, and
G (·, ·) denotes gamma distribution. These priors and their hyperparameter values are
chosen based on their forecasting performance.

2.3.2. MCMC Algorithm

With the priors given above, the posterior densities become intractable. Hence, to fa-
cilitate the parameter estimation, we employ the GG sampling to obtain the posterior
statistics for the model parameters that have different supports. Under the GG, each
model parameter is sampled one-by-one directly from the univariate conditional pos-
terior density. This algorithm is similar to Gibbs sampling, which accepts all samples,
but it is approximated at a finite number of grid points. See, among others, Wichitak-
sorn & Choy [51] and Ritter & Tanner [44] for more details on the GG sampling.

Though the GG algorithm fits well with the intractable posteriors for parameters
with different constraints, it requires a lot of computational time as it needs to evaluate
all grid points; the higher number of grid points, the more accurate the model param-
eter is. Hence, we follow Wichitaksorn & Choy [51] to parallelize the grid points and
evaluate them at the same time. This parallel computing technique can, more or less,
fasten the GG estimation procedure. Note that the parallel GG may not be reversible
but it is simpler to implement, less computationally expensive, and has significantly
smaller autocorrelation coefficients of the Markov chains generation than other variant
methods. See more discussion on the convergence of Griddy Gibbs sampling and other
perturbed Markov chains in Dinh et al. [16]. The generic algorithm below shows the
parallel-GG estimation steps that can be applied to all models.

Parallel-Griddy-Gibbs Sampling Algorithm:
Let Θ = {θ1, . . . , θK} and s = 1, 2, . . . , S, respectively, denote the parameter space

and the iterations.

(1) Take an initial vector of the estimates either from a random vector or the QMLE

method, θ̂
(0)
k , k = 1, 2, . . . ,K.

(2) Repeat for s = 1, 2, . . . , S, and for k = 1, 2, . . . ,K.

(a) Draw candidate θ̂
(s)
k where θ̂

(s)
k is divided into G grid points as

θ̂
(s,1)
k , . . . , θ̂

(s,G)
k .

(b) Calculate full conditional posterior density for each grid point

p(θ̂
(s,g)
k |θ̂(s,g)1 , · · · , θ̂(s,g)k−1 , θ̂

(s−1,g)
k+1 , · · · , θ̂(s−1,g)

K ) and let p(θ̂
(s,g)
k |·) = wg

k where
g = 1, · · · , G.

(c) Normalize wg
k as w̃g

k =
wg

k∑G
g=1 w

g
k

and cumulative sum w̃g
k implies the empir-

ical cdf F
(
θ̂
(s,g)
k

)
where F

(
θ̂
(s,G)
k

)
= w̃G

k = 1

(d) Draw u ∼ Unif (0, 1) and set θ̂
(s)
k = θ̂

(s,g)
k if F ( θ̂

(s,g−1)

k ) < u ≤ F (θ̂
(s,g)
k )
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(3) Repeat Step 2 for θ̂
(s)
1 , θ̂

(s)
2 , . . . , θ̂

(s)
K .

It is essential to discard an initial set of the posterior draws to remove the effect of
the initial conditions. Moreover, the initial range is an important factor to obtain the
robustness of model parameters and the initial range can be obtained through some
estimation methods. This is known as adaptive GG sampling. In this paper, we use
the QMLE method by Hafner & Kyriakopoulou [28] to obtain the initial range of the
values. Note in Step (d) that u will always fall into an interval, which is between two

grid points, e.g., g − 1 and g. For example, if u is less than or equal F (θ̂
(s,g−1)
k ) but

greater than F (θ̂
(s,g−1)
k ), θ̂

(s)
k will be set as θ̂

(s,g−1)
k . However, if u is above F (θ̂

(s,g)
k )

but less than or equal F (θ̂
(s,g+1)
k ), θ̂

(s)
k will be set as θ̂

(s,g+1)
k . Since we parallelize the

grid-point evaluations, we call our estimation method the parallelization-adaptive-GG
sampling method. Another important component in the GG sampling is the choice of
the number of grid points where we need to trade-off between the accuracy and the
computational time Dinh et al. [16]. The number of grid points needs not be the same
for all iterations. It can be adjusted to be adaptive. In the end, we collect the posterior
samples to produce relevant statistics and densities for inference.

3. Simulation Study

In the simulation study, we aim to assess the performance of the proposed GARCH
models including the GARCH(1,1)-ICAPM-Mixture, EGARCH(1,1,1)-ICAPM-
Mixture, LogGARCH(1,1)-ICAPM-Mixture, GJR-GARCH(1,1)-ICAPM-Mixture and
EGARCH(1,1,1)-ICAPM-GED, and the parallel-GG estimation method. In all cases,
we compare the estimation results between the parallel-GG with those of the full one-
step QMLE using 100 datasets. Each dataset generates 1000 simulated observations

for the proposed models. The vector of initial value θ̂
(0)
k is a vector of random numbers

where we found there is a convergence issue for the full one-step QMLE method while
our proposed parallel-GG method converges well.

Note that all true parameter values in the simulation study were chosen based on
the empirical data and prior works. The likelihood function in Equations (3)-(4) is
essential for model calibration, either in terms of the full one-step QMLE or the GG
method. The QMLE is performed by maximizing the log-likelihood function and this
optimization method can be computed using the fmincon function in MATLAB.

According to the GG setting, we ran 3000 MCMC iterations with 300 grid points
including 500 burn-ins, and then, kept every fifth draw, which yielded 500 posterior
samples. We implemented the experiments in MATLAB and performed them on a
desktop computer with an Intel Core i7-9700 CPU, 3.00 GHz, and 32 GB RAM. The
prior distribution of all proposed models used in the simulation study can be found
in Table A1 in the supplementary material. To compare across models, we calculated
the simulation inefficiency factor (SIF); see, e.g., Chib & Greenberg [13], the standard
deviation (SD), the mean absolute deviation (MAD), and the computational time.
Also, AIC, BIC, and deviance information criterion (DIC) (except for the QMLE
method) were used to assess the in-sample fit.

The results in Table 1 show that our proposed models using the parallel-GG method
are more favorable than those of the QMLE. Our parameter estimates are close to
their true values and have reasonable SIFs. Precisely, the MADs are lower for the
MCMC estimates. Furthermore, according to the average AICs and BICs, the MCMC

10



algorithm does better, except for the EGARCH(1,1,1)-ICAPM-GED. The one-step
QMLE could have a convergence issue as the SDs are significantly variable and of high
value, which we chose not to report in Table 1.

[Table 1 about here]
The computational time is higher for the asymmetric-GARCH-ICAPMwith mixture

innovation than that of the GED as there are more parameters in the model. As an
example, the convergence draws in Figure 1 show that the GG-MCMC algorithm
for the EGARCH(1,1,1)-ICAPM with mixture innovation process converges well. The
convergence draws of other models can be found in the supplementary material.

[Figure 1 about here]
To assess the abilities in capturing the extreme events of our models, we also es-

timate, as an example, the EGARCH-ICAPM-Mixture model in extreme quantiles
including 0.01, 0.05, and 0.10. The results in Table 2 show that for lower quantiles
QMLE seems to return lower MAD for some parameters. However, for the overall
model, based on the AIC and BIC the parallel-GG method performs better.

[Table 2 about here]
In summary, our proposed models with the parallel-GG estimation are superior

in terms of accuracy for parameter values and model performance. In practice, the
QMLE estimates may be used as the starting value for the MCMC to achieve faster
convergence and less computational time. However, this is absolutely not necessary
as the QMLE sometimes does not converge well. Though the asymmetric-GARCH-
ICAPM with mixture innovation requires more computational time than that of the
GED, however, their property in capturing the extreme event cannot be ignored and
should be investigated further in the empirical study.

4. Empirical Study

Based on the simulation study results, we then implemented our proposed GARCH
models with the ICAPM structure and mixture innovation for the daily stock returns
from various markets around the world between January 2009 and April 2020. The data
were obtained from Yahoo Finance and other relevant sources for the US (S&P500),
Hong Kong (HSI), Australia (ASX200), New Zealand (NZX50), UK (FTSE100), Japan
(Nikkei225), and Thailand (SET). We chose the start date at the beginning of 2009
to avoid the effect of the global financial crisis in 2008. For the out-of-sample forecast
evaluation purpose, we split the dataset into the training set that starts from January
2009 to January 2020 and the test set is from February 2020 to April 2020. The test set
represents our main aim to assess the forecasting performance of our exponential-type
GARCH models during the COVID-19 pandemic, especially in the early period when
stock markets around the world tumbled severely. Note that, for each market, the
returns in our study are the daily demeaned log returns, rt = (ln (St/St−1)− r̄t)∗100,
where St is the stock market index at time t.

Table 3 shows summary statistics for the seven markets from both training and test
sets. As expected and based on the Jarque-Bera test results, all stock returns are non-
normally distributed except the HSI returns in the out-of-sample period. Most of them
are the right-skewed distribution, which indicates the mean-adjusted returns are still
positive, except the out-of-sample returns from the NZX50 and Nikkei225. This might
be due to the prolonged effect of COVID-19 that made them negative returns. The
high kurtosis reveals the fat-tailed property of the returns. All these properties can be
confirmed by the time series and density plots in Figures 2 and 3. Hence, modelling
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these returns using our GARCH models with a mixture innovation is justified.
[Table 3 about here]
[Figures 2 and 3 about here]
Regarding the estimation, there are slight modifications for the MCMC settings

from the simulation study. In all cases, we ran 10000 MCMC iterations, using 500 grid
points, including 2000 burn-ins, and kept every tenth draw that yielded 800 posterior
samples. Note that the prior distribution of all proposed models for each stock return
can be found in Table A2 in the supplementary material.

Figure 4, as an example, shows the convergence draws and the density plots of
posterior samples of the EGARCH(1,1,1)-ICAPM with mixture innovation process
for the S&P500 returns. See additional empirical study results in the supplementary
material. Overall, the convergence draws show that the parameter estimates reach a
steady state while the density plots look reasonable.

[Figure 4 about here]
It can be clearly seen from Table 4 that most of our exponential-type-GARCH-

ICAPM models, except EGARCH(1,1,1)-ICAPM with GED innovation, return the

hypothetical value of zero for λ̂1, that confirms the assumption of risk-free rate un-
der the ICAPM. Though the λ̂1 from EGARCH(1,1,1)-ICAPM with GED innovation
model is significantly different from zero, its value is very tiny and its effect can be
negligible. As expected, the parameter estimates of λ̂2, which is the risk premium, from
all markets are positive and statistically significant. However, there are disagreements
on λ̂2 across markets. The returns for the S&P500 and NZX50 each have a higher
risk premium from two different models including the EGARCH(1,1,1)-ICAPM with
mixture innovation and the GJR-GARCH(1,1)-ICAPM with mixture innovation for
the former, and the GARCH(1,1)-ICAPM with mixture innovation and the GJR-
GARCH(1,1)-ICAPM with mixture innovation for the latter while the FTSE100 and
N225 have the higher risk premium from the GARCH(1,1)-ICAPM with mixture in-
novation and the GJR-GARCH(1,1)-ICAPM with mixture innovation, respectively.
Since the higher risk premium indicates a higher risk-based return, that means the
S&P500 and NZX50 fare better than the other markets between January 2009 and
January 2020.

[Table 4 about here]
All GARCH-ICAPM models from all markets return the very high volatility per-

sistence, assessed by ν̂ for the GARCH and EGARCH, ν̂ + (α̂+ + α̂−) /2 for the Log-
GARCH, and α̂ + ν̂ + γ̂/2 for the GJR-GARCH. This indicates the longer-lasting
effect of the volatility. That means if the volatility happens, it is likely to continue for
a couple of days. Based on the |γ̂| > 0 for the GJR-GARCH, γ̂ < 0 for the EGARCH,

α+ < α− for the LogGARCH, and ξ̂L < ξ̂R from the GPD, there is a strong leverage
effect in all stock markets. This implies the scale of the negative news/shocks is larger
than the positive news/shocks, while the estimated constant term in the GARCH fam-
ily, ω̂, is positive for all series except the EGARCH. This is probably due to the fact
that the constant term represents the stability level of unconditional variance that
differs in each model.

In summary, we find that all stock markets have a very high volatility persistence
effect. Moreover, the (asymmetric-)GARCH-ICAPM family clearly shows a higher per-
sistence effect than the classical GARCH-ICAPM model. There is also strong statis-
tical evidence that the returns from all markets are asymmetrically and non-normally
distributed, which is a confirmed fact of financial markets. Precisely, financial stock re-
turns are volatility clustering, heavy-tailed, and asymmetrically distributed, see more
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details in Caporale & Zekokh [10], Engle [18], Fan & Patton [20], and Patton [42]. This
justifies the use of our exponential-type-GARCH-ICAPM with a mixture innovation
process here in this study.

To compare across models, we calculate the marginal (log-)likelihood given in Chib
[12], the root mean squared error (RMSE), and the mean absolute percentage error
(MAPE) for the in-sample fit, while we use the RMSE, MAPE, and the two-sample
Kolmogorov-Smirnov (KS) test for the out-of-sample forecasting performance. Note
that the KS test is used to assess whether the forecast distribution is close to the
empirical one. The higher the p-value, the closer the forecast distribution is.

The results from Table 5 show that the LogGARCH(1,1)-ICAPM-Mixture is the
best performing model in terms of marginal log-likelihood for the training period
in all markets while the EGARCH(1,1,1) with either the mixture or the GED in-
novation is the best in terms of the forecast errors (RMSE and MAPE) under the
same situation, except the HSI and FTSE100. For the COVID-19 forecasting pe-
riod, the EGARCH(1,1,1)-ICAPM is still the one that returns the best out-of-sample
forecasts either in terms of forecast errors or forecast distribution. Precisely, the
EGARCH(1,1,1)-ICAPM with the GED innovation is slightly better as measured by
the RMSE and MAPE while that with the mixture innovation is marginally better
in terms of the KS test. Hence, we can conclude that the EGARCH-ICAPM model
is the main driving model in the early period of COVID-19. This is probably caused
by the news impact function, which is the main feature of the model that can cap-
ture asymmetric shocks. These findings also confirm the superiority of including the
ICAPM structure we proposed in this study.

[Table 5 about here]
As in the simulation study, we also assess our proposed models across markets and

quantiles. For example, Table 6 shows the results from the in-sample parameter esti-
mation of EGARCH(1,1,1)-ICAPM with mixture innovation in all markets. In terms
of the marginal log-likelihood, we find the models with the lowest mixing probabil-
ity or quantile of 0.01 are the best in capturing the extreme returns, and hence the
volatility.

[Table 6 about here]

5. Conclusions

During the early period of the COVID-19 pandemic (the first quarter of 2020), the
plummets of stock markets around the world indicated the unexpected risk from the
unforeseeable future. In this study, we analyze the returns from seven stock markets
including the US (S&P500), Hong Kong (HSI), Australia (ASX200), UK (FTSE100),
Japan (N225), Thailand (SET), and New Zealand (NZX50). The model we used in
the analysis is the ICAPM together with the asymmetric-GARCH processes, includ-
ing standard GARCH, exponential GARCH, log GARCH, and GJR-GARCH, where
their innovation is either the mixture of GPD and Gaussian or the GED. Due to the
complexity of estimating the parameters of the GPD and the GED, we use parallel
computing for the GG algorithm, which is an MCMC method, to facilitate the esti-
mation. Our simulation study shows that the parallel-GG outperforms the one-step
QMLE in terms of the mean absolute deviation. We then proceed to the empirical
study using the parallel GG to estimate all (asymmetric-)GARCH-ICAPM models.
We found in the training (in-sample) period of January 2009 to January 2020 that the
LogGARCH(1,1)-ICAPM with mixture innovation and the EGARCH(1,1,1)-ICAPM
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with either mixture or GED innovation are the best performing models across seven
stock markets. For the forecasting (early COVID-19) performance, we found that both
EGARCH(1,1,1)-ICAPM with mixtures and GED innovations are the models that re-
turn the lowest forecast errors and the closest forecast distribution (to the real data).
The outstanding forecasting performance of EGARCH models is possibly caused by
the news impact function that can capture the asymmetric shocks existing during the
early period of the COVID-19 pandemic.
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[22] Francq, C., Wintenberger, O., & Zaköıan, J.-M. (2013). Garch models without positivity

constraints: Exponential or log garch? Journal of Econometrics, 177 , 34–46.
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Table 1. Estimation results of various models in simulation study

Models Parameters True Value
Parallel-GG One-step QMLE

Mean SD SIF MAD Mean MAD

G
A

R
C
H

-I
C
A

P
M

-M
ix

t
u
r
e λ1 0.0000 0.0000 0.0012 2.4774 0.0000 0.0017 0.0017

λ2 0.0426 0.0454 0.0061 2.1778 0.0028 0.0909 0.0483
ξL 0.0654 0.0656 0.0258 2.2808 0.0002 0.0991 0.0337
ξR 0.3141 0.3080 0.0945 2.2174 0.0061 0.2985 0.0156
ω 0.0080 0.0087 0.0026 2.1067 0.0007 0.0099 0.0019
α 0.0880 0.0861 0.0033 2.1073 0.0019 0.0180 0.0700
ν 0.8980 0.8987 0.0642 2.1594 0.0007 0.9787 0.0807

AIC 1596.40 2548.27
BIC 1630.76 2582.63
DIC 2103.64 n.a.

Computational time (seconds) 442.51 0.01

E
G

A
R
C
H

-I
C
A

P
M

-M
ix

t
u
r
e λ1 0.0000 -0.0448 0.0356 2.3378 0.0448 0.0195 0.0195

λ2 0.0200 0.0466 0.0202 2.2520 0.0266 0.0599 0.0399
ξL 0.1500 0.1722 0.0860 2.3734 0.0222 0.1246 0.0254
ξR 0.3500 0.2940 0.0838 2.5761 0.0560 0.3624 0.0124
ω -0.1000 -0.1011 0.0181 5.6055 0.0011 -0.0866 0.0134
γ -0.1200 -0.1313 0.0206 2.0793 0.0113 -0.1222 0.0022
δ 0.1300 0.1375 0.0223 6.3039 0.0075 0.2074 0.0774
ν 0.9800 0.9603 0.0104 3.3496 0.0197 0.8327 0.1473

AIC 3091.61 3141.54
BIC 3130.88 3180.80
DIC 3143.56 n.a.

Computational time (seconds) 1582.34 1.04

L
o
g
G

A
R
C
H

-I
C
A

P
M

-M
ix

t
u
r
e λ1 0.0000 0.0000 0.0001 2.2997 0.0000 0.0001 0.0001

λ2 0.0450 0.0434 0.0042 2.0423 0.0016 0.0330 0.0120
ξL 0.0700 0.0705 0.0084 2.2974 0.0005 0.1122 0.0422
ξR 0.2800 0.3243 0.0550 2.1204 0.0443 0.2586 0.0214
ω 0.0320 0.0381 0.0020 2.5199 0.0061 0.0354 0.0034
α+ 0.0030 0.0028 0.0018 2.3736 0.0002 0.0066 0.0036
α− 0.0530 0.0557 0.0040 2.6059 0.0027 0.0563 0.0033
ν 0.9600 0.9622 0.0028 2.5192 0.0022 0.9232 0.0368

AIC 2562.25 2569.77
BIC 2601.51 2609.03
DIC 2547.88 n.a.

Computational time (seconds) 2012.44 1.33

G
J
R
G

A
R
C
H

-I
C
A

P
M

-M
ix

t
u
r
e λ1 0.0000 0.0000 0.0001 2.5272 0.0000 0.0001 0.0001

λ2 0.0350 0.0349 0.0035 2.0742 0.0001 0.0515 0.0165
ξL 0.0700 0.0703 0.0084 2.4086 0.0003 0.1217 0.0517
ξR 0.2800 0.2311 0.0462 2.1888 0.0489 0.2516 0.0284
ω 0.0080 0.0087 0.0006 2.1908 0.0007 0.0095 0.0015
α 0.0310 0.0312 0.0032 2.1718 0.0002 0.0294 0.0016
γ 0.0070 0.0072 0.0021 2.2443 0.0002 0.0132 0.0062
ν 0.9500 0.9494 0.0026 2.2629 0.0006 0.9478 0.0022

AIC 2307.76 2340.01
BIC 2347.02 2379.27
DIC 2294.11 n.a.

Computational time (seconds) 1452.25 0.68

E
G

A
R
C
H

-I
C
A

P
M

-G
E
D λ1 0.0000 0.0006 0.0002 2.3395 0.0006 0.0072 0.0072

λ2 0.0540 0.0612 0.0078 2.1796 0.0072 0.0702 0.0162
ξ 1.2500 1.3004 0.0839 3.5385 0.0504 1.0075 0.2425
ω -0.1020 -0.0976 0.0035 2.7592 0.0044 -0.1701 0.0681
γ -0.1780 -0.1084 0.0097 2.2352 0.0696 -0.1014 0.0767
δ 0.0550 0.0452 0.0028 2.1275 0.0098 0.0258 0.0292
ν 0.9540 0.9745 0.0029 2.7787 0.0205 0.9488 0.0052

AIC -1712.20 -1879.07
BIC -1677.85 -1844.72
DIC -1709.20 n.a.

Computational time (seconds) 403.52 0.56

Notes: n.a. = not available. Bold fonts indicate better results.
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Table 2. Estimation results of EGARCH-ICAPM-Mixture model at lower quantiles in simulation study

Parallel-Computing-GG 1-step QMLE
0.01quantile

Mean SD SIF MAD Mean MAD
λ1 0.0000 -0.0320 0.0359 2.2372 0.0320 0.0006 0.0006
λ2 0.0200 0.0504 0.0220 2.0991 0.0304 0.0587 0.0387
ξL 0.1500 0.2508 0.1392 2.1993 0.1008 0.1014 0.0486
ξU 0.3500 0.2606 0.1379 2.1551 0.0894 0.3392 0.0108
ω -0.1000 -0.1060 0.0180 3.3646 0.0060 -0.0948 0.0052
γ -0.1200 -0.1265 0.0191 2.3725 0.0065 -0.1223 0.0023
δ 0.1300 0.1387 0.0220 3.7167 0.0087 0.1289 0.0011
ν 0.9800 0.9648 0.0091 2.3915 0.0152 0.9616 0.0184

AIC 2959.52 2970.62
BIC 2998.78 3009.88
DIC 2956.62 n.a.

0.05quantile
λ1 0.0000 -0.0476 0.0380 3.0571 0.0476 0.0040 0.0040
λ2 0.0200 0.0507 0.0221 2.3280 0.0307 0.0612 0.0412
ξL 0.1500 0.1995 0.1108 2.2283 0.0495 0.1046 0.0454
ξU 0.3500 0.2623 0.1117 2.4280 0.0877 0.3324 0.0176
ω -0.1000 -0.1048 0.0180 4.4462 0.0048 -0.0949 0.0051
γ -0.1200 -0.1283 0.0206 3.2226 0.0083 -0.1154 0.0046
δ 0.1300 0.1411 0.0218 3.7457 0.0111 0.1670 0.0370
ν 0.9800 0.9615 0.0102 3.0885 0.0185 0.9065 0.0735

AIC 3041.28 3066.29
BIC 3080.54 3105.56
DIC 3055.58 n.a.

0.10quantile
λ1 0.0000 -0.0448 0.0356 2.3378 0.0448 0.0195 0.0195
λ2 0.0200 0.0466 0.0202 2.2520 0.0266 0.0599 0.0399
ξL 0.1500 0.1722 0.0860 2.3734 0.0222 0.1246 0.0254
ξU 0.3500 0.2940 0.0838 2.5761 0.0560 0.3624 0.0124
ω -0.1000 -0.1011 0.0181 5.6055 0.0011 -0.0866 0.0134
γ -0.1200 -0.1313 0.0206 2.0793 0.0113 -0.1222 0.0022
δ 0.1300 0.1375 0.0223 6.3039 0.0075 0.2074 0.0774
ν 0.9800 0.9603 0.0104 3.3496 0.0197 0.8327 0.1473

AIC 3091.61 3141.54
BIC 3130.88 3180.80
DIC 3143.56 n.a.

Notes: n.a. = not available. Bold fonts indicate better results.
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Table 3. Descriptive statistics of the daily returns from seven stock markets

S&P500 HSI ASX200 NZX50 FTSE100 Nikkei225 SET
In-sample data: 01/01/2009-30/01/2020

Min. -6.94 -6.04 -4.39 -3.76 -6.22 -10.61 -5.86
Max. 6.79 7.13 3.56 2.69 5.01 7.39 5.71
Mean -0.0011 -0.0017 0.0001 -0.0004 -0.001 -0.0007 -0.0023
Std. 1.02 1.25 0.91 0.59 0.99 1.34 1.02

Skewness -0.35 -0.10 -0.31 -0.51 -0.25 -0.46 -0.31
Kurtosis 8.10 5.38 4.86 5.71 6.23 7.43 6.88
JB Test 3075∗∗∗ 649∗∗∗ 458∗∗∗ 1001∗∗∗ 1243∗∗∗ 2338∗∗∗ 1744∗∗∗

Obs. 2788 2739 2851 2863 2799 2737 2705
Out-of-sample data: 01/02/2020-30/04/2020

Min. -12.60 -4.88 -9.82 -6.21 -11.17 -6.04 -11.18
Max. 9.13 5.03 7.15 13.43 9.01 7.96 7.90
Mean -0.0145 -0.0046 0.0158 0.0264 -0.0146 0.0132 0.0157
Std. 3.91 1.98 3.21 2.47 3.02 2.61 3.20

Skewness -0.36 -0.18 -0.54 1.89 -0.75 0.44 -1.15
Kurtosis 4.39 3.54 4.01 13.69 5.77 4.15 6.10
JB Test 6.36∗ 1.08 5.64∗ 396.57∗∗∗ 25.58∗∗∗ 5.25∗∗ 38.37∗∗∗

Obs. 62 61 62 74 62 60 62

Notes: JB Test is the test statistic from Jarque-Bera’s normality test. *,**,*** indi-
cate the statistical significance at 10%, 5% and 1%, respectively. Obs. = number of
observations.

19



T
a
b
le

4
.

In
-s
a
m
p
le

p
a
ra
m
et
er

es
ti
m
a
te
s
a
cr
o
ss

m
o
d
el
s
a
n
d
m
a
rk
et
s
u
si
n
g
p
a
ra
ll
el
-G

ri
d
d
y
-G

ib
b
s
m
et
h
o
d

M
o
d
el

M
e
a
n

S
D

M
e
a
n

S
D

M
e
a
n

S
D

M
e
a
n

S
D

M
e
a
n

S
D

M
e
a
n

S
D

M
e
a
n

S
D

M
e
a
n

S
D

M
e
a
n

S
D

M
e
a
n

S
D

M
e
a
n

S
D

M
e
a
n

S
D

M
e
a
n

S
D

S
&
P
5
0
0

λ
1

λ
2

ξL
ξR

ξ
ω

γ
1

δ 1
α
+ 1

α
− 1

α
1

γ
1

ν 1

E
G
A
R
C
H
(1

,1
,1
)-
IC

A
P
M

-M
ix
tu

re
-0
.0
03

0.
01
25

0.
03
46
**
*

0.
00
89

0.
08
07

0.
06
86

0.
27
8
6
*
*
*

0
.0
5
7
9

-
-

-0
.1
66
8*
**

0
.0
17
6

-0
.1
63
2
**
*

0.
00
95

0
.1
81
3
**
*

0.
02
1
3

-
-

-
-

-
-

-
-

0.
96
62
**
*

0.
00
53

L
o
g
G
A
R
C
H
(1

,1
)-
IC

A
P
M

-M
ix
tu

re
0.
00
00

0.
00
01

0.
03
66
**
*

0.
00
20

0.
06
75
**
*

0.
00
80

0.
30
3
0
*
*
*

0
.0
3
7
0

-
-

0.
0
38
3*
**

0
.0
0
18

-
-

-
-

0.
00
49
**

0.
00
2
0

0.
05
97
*
**

0.
00
1
3

-
-

-
-

0
.9
5
89
**
*

0.
00
04

G
J
R
-G

A
R
C
H
(1

,1
)-
IC

A
P
M

-M
ix
tu

re
0.
00
00

0.
00
01

0.
07
34
**
*

0.
00
57

0.
07
05
**
*

0.
00
84

0.
28
4
7
*
*
*

0
.0
3
8
0

-
-

0.
0
08
0*
**

0
.0
0
07

-
-

-
-

-
-

-
-

0.
0
10
6*
*
*

0.
00
26

0
.0
31
4*
*
*

0.
00
25

0
.9
4
67
**
*

0.
00
05

G
A
R
C
H
(1

,1
)-
IC

A
P
M

-M
ix
tu

re
-0
.0
05
1

0.
00
87

0.
02
29
*

0.
01
28

0.
29
98
**
*

0.
08
31

0.
35
6
0
*
*
*

0
.0
3
5
3

-
-

0.
01
81
*
**

0
.0
0
50

-
-

-
-

-
-

-
-

0.
14
7
5*
**

0
.0
1
97

-
-

0.
84
50
*
**

0.
01
7
5

E
G
A
R
C
H
(1

,1
,1
)-
IC

A
P
M

-G
E
D

0.
00
02
*

0.
00
01

0.
01
98
**
*

0.
00
19

-
-

-
-

1
.7
3
41
*
*
*

0.
0
5
2
4

-0
.1
6
84
*
**

0.
0
00
4

-
-

0
.1
80
5*
*
*

0.
0
00
1

-
-

-
-

-
-

-0
.1
22
2*
**

0
.0
1
04

0.
96
0
8*
**

0
.0
0
03

H
S
I

E
G
A
R
C
H
(1

,1
,1
)-
IC

A
P
M

-M
ix
tu

re
0.
00
5

0.
02
71

0.
02
48
**

0.
01
16

0.
08
67

0.
06
88

0.
25
5
2
*
*
*

0
.0
69
7

-
-

-0
.0
89
8
**
*

0.
01
24

-0
.0
52
0
**
*

0
.0
11

0
.1
15
2
**
*

0.
01
61

-
-

-
-

-
-

-
-

0
.9
8
25
**
*

0.
00
45

L
o
g
G
A
R
C
H
(1

,1
)-
IC

A
P
M

-M
ix
tu

re
0.
00
00

0.
00
01

0.
02
99
**
*

0.
00
17

0.
06
82
**
*

0.
00
81

0.
35
3
7
*
*
*

0
.0
2
8
4

-
-

0.
04
0
2*
**

0
.0
0
19

-
-

-
-

0.
00
42
*

0.
00
22

0
.0
56
8*
*
*

0.
00
30

-
-

-
-

0.
96
0
9*
**

0
.0
0
18

G
J
R
-G

A
R
C
H
(1

,1
)-
IC

A
P
M

-M
ix
tu

re
0.
00
00

0.
00
01

0.
03
69
**
*

0.
00
32

0.
06
93
**
*

0.
00
81

0.
26
0
6
*
*
*

0
.0
3
7
9

-
-

0.
00
8
8*
**

0
.0
0
06

-
-

-
-

-
-

-
-

0.
00
8
7*
**

0
.0
0
22

0.
03
73
**
*

0.
00
26

0.
94
88
**
*

0.
00
2
0

G
A
R
C
H
(1

,1
)-
IC

A
P
M

-M
ix
tu

re
0.
00
09

0.
00
92

0.
02
85
**

0.
01
36

0.
09
86

0.
07
11

0.
30
6
9
*
*
*

0
.0
44
9

-
-

0.
01
7
1*
**

0
.0
0
59

-
-

-
-

-
-

-
-

0.
0
59
4*
*
*

0.
00
84

-
-

0.
92
70
**
*

0
.0
10
3

E
G
A
R
C
H
(1

,1
,1
)-
IC

A
P
M

-G
E
D

0.
00
02
*

0.
00
01

0.
01
97
**
*

0.
00
20

-
-

-
-

1
.2
0
93
*
*
*

0.
0
4
1
8

-0
.0
5
14
*
**

0.
0
00
8

-
-

-0
.0
24
2

0
.0
1
55

-
-

-
-

-
-

0.
10
82
*
**

0.
00
01

0.
93
20
*
**

0.
00
03

A
S
X
2
0
0

E
G
A
R
C
H
(1

,1
,1
)-
IC

A
P
M

-M
ix
tu

re
0.
00
25

0.
01
51

0.
03
06
**
*

0.
01
05

0.
04
58

0.
03
82

0.
24
9
5
*
*
*

0
.0
5
9
5

-
-

-0
.1
06
2*
*
*

0
.0
1
36

-0
.0
90
1*
*
*

0
.0
1
24

0
.1
17
7
**
*

0.
01
59

-
-

-
-

-
-

-
-

0
.9
8
12
**
*

0.
00
44

L
o
g
G
A
R
C
H
(1

,1
)-
IC

A
P
M

-M
ix
tu

re
0.
00
00

0.
00
01

0.
02
60
**
*

0.
00
27

0.
06
93
**
*

0.
00
83

0.
36
8
4
*
*
*

0
.0
2
5
6

-
-

0.
03
4
9*
**

0
.0
0
18

-
-

-
-

0
.0
0
18

0.
00
11

0
.0
58
4*
*
*

0.
00
27

-
-

-
-

0.
96
0
8*
**

0
.0
0
19

G
J
R
-G

A
R
C
H
(1

,1
)-
IC

A
P
M

-M
ix
tu

re
0.
00
00

0.
00
01

0.
05
48
**
*

0.
00
38

0.
06
92
**
*

0.
00
76

0.
25
7
9
*
*
*

0
.0
3
8
1

-
-

0.
00
8
3*
**

0
.0
0
07

-
-

-
-

-
-

-
-

0.
00
8
8*
**

0
.0
0
22

0.
03
41
**
*

0.
00
23

0.
94
73
**
*

0.
00
0
9

G
A
R
C
H
(1

,1
)-
IC

A
P
M

-M
ix
tu

re
-0
.0
03
2

0.
00
88

0.
05
23
**

0.
02
62

0.
04
33

0.
03
77

0.
28
7
9
*
*
*

0
.0
4
5
6

-
-

0.
0
10
8*
**

0
.0
0
29

-
-

-
-

-
-

-
-

0.
07
5
8*
**

0
.0
1
16

-
-

0.
90
80
*
**

0.
01
28

E
G
A
R
C
H
(1

,1
,1
)-
IC

A
P
M

-G
E
D

0.
00
02
**

0.
00
01

0.
02
25
**
*

0.
00
21

-
-

-
-

1
.5
8
72
*
*
*

0.
0
6
1
8

-0
.1
0
30
*
**

0.
0
00
2

-
-

-0
.0
40
8
**
*

0.
01
02

-
-

-
-

-
-

0.
12
3
5*
**

0
.0
0
01

0.
97
4
9*
**

0
.0
0
29

F
T
S
E
1
0
0

E
G
A
R
C
H
(1

,1
,1
)-
IC

A
P
M

-M
ix
tu

re
-0
.0
06
7

0.
01
83

0.
03
46
**
*

0.
00
91

0.
04
71

0.
04
04

0.
26
6
5
*
*
*

0
.0
6
0
9

-
-

-0
.1
45
4*
**

0
.0
17
6

-0
.1
40
2
**
*

0.
01
48

0
.1
61
7
**
*

0.
02
0
5

-
-

-
-

-
-

-
-

0.
96
89
**
*

0.
00
6
5

L
o
g
G
A
R
C
H
(1

,1
)-
IC

A
P
M

-M
ix
tu

re
0.
00
00

0.
00
01

0.
01
75
**
*

0.
00
67

0.
06
83
**
*

0.
00
82

0.
33
5
0
*
*
*

0
.0
3
0
7

-
-

0.
02
8
8*
**

0
.0
0
17

-
-

-
-

0
.0
0
18

0.
00
11

0
.0
48
7*
*
*

0.
00
24

-
-

-
-

0.
96
1
4*
**

0
.0
0
23

G
J
R
-G

A
R
C
H
(1

,1
)-
IC

A
P
M

-M
ix
tu

re
0.
00
00

0.
00
01

0.
03
13
**
*

0.
00
38

0.
06
97
**
*

0.
00
81

0.
26
1
1
*
*
*

0
.0
3
8
3

-
-

0.
00
8
5*
**

0
.0
0
07

-
-

-
-

-
-

-
-

0.
01
0
4*
**

0
.0
0
27

0.
03
42
**
*

0.
00
24

0.
94
71
**
*

0.
00
0
8

G
A
R
C
H
(1

,1
)-
IC

A
P
M

-M
ix
tu

re
-0
.0
05
6

0.
01
00

0.
05
86
**

0.
02
50

0.
05
42

0.
04
71

0.
30
5
1
*
*
*

0
.0
4
9
5

-
-

0.
0
19
6*
**

0
.0
0
60

-
-

-
-

-
-

-
-

0.
10
9
6*
**

0
.0
1
60

-
-

0.
86
66
*
**

0.
01
89

E
G
A
R
C
H
(1

,1
,1
)-
IC

A
P
M

-G
E
D

0.
00
02
*

0.
00
01

0.
01
35
**
*

0.
00
15

-
-

-
-

1
.4
9
82
*
*
*

0.
0
5
5
1

-0
.1
2
04
*
**

0.
0
00
2

-
-

-0
.0
70
5

0
.0
1
05

-
-

-
-

-
-

0.
14
98
*
**

0.
00
01

0.
97
49
*
**

0.
00
29

N
2
2
5

E
G
A
R
C
H
(1

,1
,1
)-
IC

A
P
M

-M
ix
tu

re
-0
.0
13
9

0.
02
23

0.
03
15
**
*

0.
01
03

0.
12
29
*

0.
07
48

0.
29
4
6
*
*
*

0
.0
5
8
9

-
-

-0
.1
52
1*
**

0
.0
18
9

-0
.1
37
6
**
*

0.
01
77

0
.2
20
0
**
*

0.
02
5
2

-
-

-
-

-
-

-
-

0.
93
01
**
*

0.
01
2
2

L
o
g
G
A
R
C
H
(1

,1
)-
IC

A
P
M

-M
ix
tu

re
0.
00
00

0.
00
01

0.
02
30
**
*

0.
00
47

0.
06
88
**
*

0.
00
82

0.
35
4
2
*
*
*

0
.0
2
9
2

-
-

0.
04
3
7*
**

0
.0
0
16

-
-

-
-

0.
0
04
5*
*

0.
0
02
1

0.
05
57
**
*

0.
0
02
5

-
-

-
-

0.
95
97
**
*

0.
00
1
1

G
J
R
-G

A
R
C
H
(1

,1
)-
IC

A
P
M

-M
ix
tu

re
0.
00
00

0.
00
01

0.
03
16
**
*

0.
00
31

0.
07
07
**
*

0.
00
93

0.
25
3
3
*
*
*

0
.0
4
5
3

-
-

0.
00
9
7*
**

0
.0
0
07

-
-

-
-

-
-

-
-

0.
00
8
7*
**

0
.0
0
17

0.
03
73
**
*

0.
00
21

0.
94
74
**
*

0.
00
1
0

G
A
R
C
H
(1

,1
)-
IC

A
P
M

-M
ix
tu

re
-0
.0
04
5

0.
00
89

0.
02
87
**

0.
01
26

0.
11
95

0.
07
86

0.
33
4
9
*
*
*

0
.0
4
2
4

-
-

0.
0
64
4*
**

0
.0
1
47

-
-

-
-

-
-

-
-

0.
12
8
3*
**

0
.0
1
80

-
-

0.
83
40
*
**

0.
02
09

E
G
A
R
C
H
(1

,1
,1
)-
IC

A
P
M

-G
E
D

0.
00
02
*

0.
00
01

0.
02
54
**
*

0.
00
21

-
-

-
-

1
.5
8
15
*
*
*

0.
0
5
2
3

-0
.0
9
75
*
**

0.
0
02
3

-
-

-0
.0
77
8
**
*

0.
01
17

-
-

-
-

-
-

0.
14
9
9*
**

0
.0
0
01

0.
93
2
0*
**

0
.0
0
04

S
E
T

E
G
A
R
C
H
(1

,1
,1
)-
IC

A
P
M

-M
ix
tu

re
-0
.0
07
3

0.
01
72

0.
02
92
**
*

0.
01
13

0.
06
49

0.
05
63

0.
24
6
3
*
*
*

0
.0
6
3
8

-
-

-0
.1
65
4*
**

0
.0
18
2

-0
.0
56
5
**
*

0.
01
31

0
.1
95
9
**
*

0.
02
2
1

-
-

-
-

-
-

-
-

0.
97
62
**
*

0.
00
5
7

L
o
g
G
A
R
C
H
(1

,1
)-
IC

A
P
M

-M
ix
tu

re
0.
00
00

0.
00
01

0.
04
61
**
*

0.
00
24

0.
06
83
**
*

0.
00
81

0.
29
5
5
*
*
*

0
.0
3
9
5

-
-

0.
03
7
3*
**

0
.0
0
18

-
-

-
-

0.
0
04
4*
*

0.
0
02
0

0.
05
74
**
*

0.
0
03
0

-
-

-
-

0.
95
91
**
*

0.
00
0
7

G
J
R
-G

A
R
C
H
(1

,1
)-
IC

A
P
M

-M
ix
tu

re
0.
00
00

0.
00
01

0.
03
52
**
*

0.
00
33

0.
06
98
**
*

0.
00
85

0.
27
8
3
*
*
*

0
.0
3
4
0

-
-

0.
00
8
1*
**

0
.0
0
08

-
-

-
-

-
-

-
-

0.
00
8
4*
**

0
.0
0
21

0.
03
42
**
*

0.
00
22

0.
94
69
**
*

0.
00
0
7

G
A
R
C
H
(1

,1
)-
IC

A
P
M

-M
ix
tu

re
-0
.0
03
2

0.
00
99

0.
04
29
**

0.
01
98

0.
06
78

0.
05
62

0.
31
4
9
*
*
*

0
.0
3
8
9

-
-

0.
0
09
0*
**

0
.0
0
25

-
-

-
-

-
-

-
-

0.
09
0
4*
**

0
.0
1
22

-
-

0.
89
67
*
**

0.
01
16

E
G
A
R
C
H
(1

,1
,1
)-
IC

A
P
M

-G
E
D

0.
00
02
**

0.
00
01

0.
01
95
**
*

0.
00
19

-
-

-
-

1
.7
0
98
*
*
*

0.
0
4
1
6

-0
.1
6
85
*
**

0.
0
00
3

-
-

-0
.0
41
7
**
*

0.
00
99

-
-

-
-

-
-

0.
20
3
6*
**

0
.0
0
01

0.
97
4
9*
**

0
.0
0
30

N
Z
X
5
0

E
G
A
R
C
H
(1

,1
,1
)-
IC

A
P
M

-M
ix
tu

re
0.
00
91

0.
01

0.
02
79
**

0.
01
14

0.
04
33

0.
03
52

0.
23
6
7
*
*
*

0
.0
62
9

-
-

-0
.1
48
6
**
*

0.
03
37

-0
.0
32
7
**
*

0.
01
12

0
.1
2
33
**
*

0.
02
45

-
-

-
-

-
-

-
-

0.
95
98
*
**

0.
01
4
3

L
o
g
G
A
R
C
H
(1

,1
)-
IC

A
P
M

-M
ix
tu

re
0.
00
00

0.
00
01

0.
04
96
**
*

0.
00
38

0.
07
00
**
*

0.
00
84

0.
33
7
0
*
*
*

0
.0
3
2
7

-
-

0.
02
6
4*
**

0
.0
0
19

-
-

-
-

0
.0
0
18

0.
00
11

0
.0
56
1*
*
*

0.
00
24

-
-

-
-

0.
96
0
2*
**

0
.0
0
15

G
J
R
-G

A
R
C
H
(1

,1
)-
IC

A
P
M

-M
ix
tu

re
0.
00
00

0.
00
01

0.
05
36
**
*

0.
00
43

0.
06
91
**
*

0.
00
79

0.
24
8
9
*
*
*

0
.0
3
7
7

-
-

0.
00
8
0*
**

0
.0
0
08

-
-

-
-

-
-

-
-

0.
00
7
2*
**

0
.0
0
21

0.
02
39
**
*

0.
00
25

0.
94
69
**
*

0.
00
0
7

G
A
R
C
H
(1

,1
)-
IC

A
P
M

-M
ix
tu

re
-0
.0
03
3

0.
00
93

0.
09
57
**

0.
04
64

0.
04
73

0.
03
57

0.
26
2
7
*
*
*

0
.0
5
0
9

-
-

0.
01
94
*
*

0
.0
0
78

-
-

-
-

-
-

-
-

0.
07
3
4*
**

0
.0
1
58

-
-

0.
86
14
*
**

0.
03
75

E
G
A
R
C
H
(1

,1
,1
)-
IC

A
P
M

-G
E
D

0.
00
02
*

0.
00
01

0.
01
58
**
*

0.
00
18

-
-

-
-

1
.5
9
39
*
*
*

0.
0
5
9
8

-0
.1
2
04
*
**

0.
0
00
2

-
-

-0
.0
17
8
*

0.
00
93

-
-

-
-

-
-

0.
12
3
5*
**

0
.0
0
01

0.
97
5
1*
**

0
.0
0
29

N
o
te
:
*
,*
*
,*
*
*
in
d
ic
at
e
th
e
st
a
ti
st
ic
a
l
si
gn

ifi
ca
n
ce

at
10

%
,
5%

an
d
1%

,
re
sp
ec
ti
ve
ly
.

20



Table 5. Model comparison and performance across markets
In-Sample Out-of-Sample KSTEST

Marginal Log-Likelihood
RMSE MAPE RMSE MAPE P value

S&P500

EGARCH-ICAPM-Mixture 22460 1.43 6.64 4.13 18.17 0.08***

LogGARCH-ICAPM-Mixture 23938 1.41 6.77 4.00 10.47 0.05***

GJR-GARCH-ICAPM-Mixture 23451 1.35 6.45 3.99 10.44 0.04***

GARCH-ICAPM-Mixture 19682 1.64 7.78 4.04 14.18 0.06***

EGARCH-ICAPM-GED 4500 1.29 5.81 3.97 10.06 0.02***

EGARCH-GED 2943 1.30 5.98 3.96 9.68 0.02***

EGARCH-Mixture 16066 1.48 7.25 4.12 17.23 0.03***

HSI

EGARCH-ICAPM-Mixture 27874 1.77 7.53 2.09 1.65 0.34***

LogGARCH-ICAPM-Mixture 28321 1.73 6.83 2.24 1.99 0.21***

GJR-GARCH-ICAPM-Mixture 28139 2.06 8.58 2.43 2.42 0.19***

GARCH-ICAPM-Mixture 24016 2.05 8.66 2.54 2.74 0.22***

EGARCH-ICAPM-GED 16531 1.77 7.65 2.30 2.31 0.54***

EGARCH-GED 10982 1.78 7.61 2.34 2.27 0.47***

EGARCH-Mixture 19920 1.81 7.56 2.14 1.74 0.18***

ASX200

EGARCH-ICAPM-Mixture 22657 1.29 15.89 3.19 2.44 0.27***

LogGARCH-ICAPM-Mixture 23419 1.32 14.60 3.30 5.06 0.10***

GJR-GARCH-ICAPM-Mixture 23167 1.35 15.21 3.34 5.44 0.23***

GARCH-ICAPM-Mixture 19680 1.49 15.82 3.40 5.96 0.18***

EGARCH-ICAPM-GED 5804 1.28 14.12 3.30 5.43 0.30***

EGARCH-GED 3808 1.30 16.85 3.31 5.15 0.19***

EGARCH-Mixture 16197 1.35 16.66 3.20 2.54 0.16***

FTSE100

EGARCH-ICAPM-Mixture 23594 1.43 12.72 3.21 1.96 0.34***

LogGARCH-ICAPM-Mixture 24669 1.38 12.56 3.15 1.67 0.18***

GJR-GARCH-ICAPM-Mixture 24253 1.44 13.57 3.18 1.75 0.22***

GARCH-ICAPM-Mixture 20607 1.60 15.27 3.26 1.89 0.26***

EGARCH-ICAPM-GED 7433 1.39 13.71 3.14 1.70 0.33***

EGARCH-GED 4905 1.41 13.05 3.16 1.73 0.26***

EGARCH-Mixture 16872 1.49 14.40 3.22 1.92 0.18***

N225

EGARCH-ICAPM-Mixture 28909 1.92 7.26 2.87 2.071 0.25***

LogGARCH-ICAPM-Mixture 29597 1.95 7.65 2.92 2.37 0.18***

GJR-GARCH-ICAPM-Mixture 29497 1.92 7.24 2.91 2.30 0.19***

GARCH-ICAPM-Mixture 25064 2.11 7.92 2.92 2.20 0.21***

EGARCH-ICAPM-GED 16785 1.79 6.80 2.82 2.067 0.31***

EGARCH-GED 11032 1.78 6.75 2.87 2.10 0.23***

EGARCH-Mixture 20661 1.98 7.66 2.93 2.18 0.10***

SET

EGARCH-ICAPM-Mixture 22895 1.46 7.38 3.27 1.42 0.28***

LogGARCH-ICAPM-Mixture 23422 1.44 7.16 3.35 1.57 0.27***

GJR-GARCH-ICAPM-Mixture 23341 1.41 6.91 3.33 1.50 0.21***

GARCH-ICAPM-Mixture 19726 1.55 7.59 4.07 2.03 0.22***

EGARCH-ICAPM-GED 6494 1.37 6.85 3.29 1.48 0.24***

EGARCH-GED 4305 1.38 6.87 3.32 1.46 0.16***

EGARCH-Mixture 16358 1.52 7.66 3.38 1.48 0.15***

NZX50

EGARCH-ICAPM-Mixture 15259 0.844 8.74 2.52 5.21 0.32***

LogGARCH-ICAPM-Mixture 15878 0.91 9.31 2.54 5.92 0.04***

GJR-GARCH-ICAPM-Mixture 15565 0.88 9.18 2.55 6.03 0.10***

GARCH-ICAPM-Mixture 13177 0.86 8.90 2.54 5.78 0.30***

EGARCH-ICAPM-GED -6150 0.86 8.94 2.54 5.86 0.09***

EGARCH-GED -4073 0.87 9.03 2.54 5.89 0.08***

EGARCH-Mixture 10918 0.843 8.58 2.51 5.04 0.09***

Notes: *** indicates the statistical significance at 1%. Bold fonts indicate better results.
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Table 6. In-sample parameter estimates of EGARCH-ICAPM-Mixture model at lower quantiles in all markets

Quantile λ1 λ2 ξL ξR ω γ δ ν Marginal Log-Likelihood

S&P500

0.01 Mean -0.0155 0.0330 0.0790 0.3735 -0.1680 -0.1625 0.1932 0.9635 22788

SD 0.0167 0.0111 0.0835 0.1186 0.0183 0.0119 0.0230 0.0050

0.05 Mean -0.0047 0.0337 0.0626 0.3596 -0.1644 -0.1627 0.1821 0.9659 22568

SD 0.0125 0.0094 0.0583 0.0657 0.0159 0.0095 0.0192 0.0049

0.10 Mean -0.0030 0.0346 0.0807 0.2786 -0.1668 -0.1632 0.1813 0.9662 22460

SD 0.0125 0.0089 0.0686 0.0579 0.0176 0.0095 0.0213 0.0053

HSI

0.01 Mean -0.0274 0.0262 0.1389 0.2036 -0.0902 -0.0546 0.1210 0.9797 28042

SD 0.0241 0.0113 0.1104 0.1237 0.0124 0.0104 0.0167 0.0047

0.05 Mean -0.0069 0.0250 0.1085 0.2968 -0.0901 -0.0524 0.1183 0.9816 27923

SD 0.0275 0.0114 0.0921 0.0930 0.0131 0.0105 0.0176 0.0046

0.10 Mean 0.0050 0.0248 0.0867 0.2552 -0.0898 -0.0520 0.1152 0.9825 27874

SD 0.0271 0.0116 0.0688 0.0697 0.0124 0.0110 0.0161 0.0045

ASX200

0.01 Mean -0.0188 0.0293 0.1257 0.3141 -0.1011 -0.0941 0.1168 0.9804 22710

SD 0.0158 0.0110 0.0986 0.1245 0.0129 0.0113 0.0152 0.0044

0.05 Mean -0.0044 0.0294 0.0722 0.3188 -0.1038 -0.0913 0.1176 0.9811 22650

SD 0.0142 0.0105 0.0625 0.0739 0.0133 0.0119 0.0158 0.0042

0.10 Mean 0.0025 0.0306 0.0458 0.2495 -0.1062 -0.0901 0.1177 0.9812 22657

SD 0.0151 0.0105 0.0382 0.0595 0.0136 0.0124 0.0159 0.0044

FTSE100

0.01 Mean -0.0358 0.0339 0.1108 0.3110 -0.1455 -0.1406 0.1716 0.9644 23724

SD 0.0166 0.0092 0.0975 0.1260 0.0176 0.0139 0.0211 0.0064

0.05 Mean -0.0177 0.0338 0.0609 0.3216 -0.1395 -0.1387 0.1594 0.9689 23623

SD 0.0176 0.0094 0.0547 0.0715 0.0169 0.0141 0.0200 0.0065

0.10 Mean -0.0067 0.0346 0.0471 0.2665 -0.1454 -0.1402 0.1617 0.9689 23594

SD 0.0183 0.0091 0.0404 0.0609 0.0176 0.0148 0.0205 0.0065

N225

0.01 Mean -0.0283 0.0282 0.1283 0.3681 -0.1462 -0.1365 0.2193 0.9293 29092

SD 0.0251 0.0111 0.0890 0.1251 0.0167 0.0159 0.0231 0.0109

0.05 Mean -0.0185 0.0305 0.1302 0.3778 -0.1466 -0.1362 0.2167 0.9302 28955

SD 0.0228 0.0110 0.0900 0.0633 0.0179 0.0173 0.0243 0.0117

0.10 Mean -0.0139 0.0315 0.1229 0.2946 -0.1521 -0.1376 0.2200 0.9301 28909

SD 0.0223 0.0103 0.0748 0.0589 0.0189 0.0177 0.0252 0.0122

SET

0.01 Mean -0.0254 0.0268 0.0952 0.2176 -0.1623 -0.0585 0.1995 0.9769 23089

SD 0.0167 0.0111 0.0835 0.1186 0.0183 0.0119 0.0230 0.0050

0.05 Mean -0.0154 0.0287 0.0743 0.3008 -0.1625 -0.0569 0.1961 0.9763 22949

SD 0.0168 0.0112 0.0693 0.0766 0.0182 0.0125 0.0223 0.0054

0.10 Mean -0.0073 0.0292 0.0649 0.2463 -0.1654 -0.0565 0.1959 0.9762 22895

SD 0.0172 0.0113 0.0563 0.0638 0.0182 0.0131 0.0221 0.0057

NZ50

0.01 Mean -0.0045 0.0268 0.0838 0.3015 -0.1492 -0.0370 0.1282 0.9583 15397

SD 0.0115 0.0118 0.0690 0.1310 0.0298 0.0104 0.0218 0.0135

0.05 Mean 0.0043 0.0272 0.0547 0.2955 -0.1504 -0.0348 0.1257 0.9577 15286

SD 0.0099 0.0116 0.0458 0.0842 0.0338 0.0114 0.0234 0.0157

0.10 Mean 0.0091 0.0279 0.0433 0.2367 -0.1486 -0.0327 0.1233 0.9598 15259

SD 0.0100 0.0114 0.0352 0.0629 0.0337 0.0112 0.0245 0.0143

Note: Bold fonts indicate better results.
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Figure 1. Convergence draws and density plots of posterior samples for estimated parameters from EGARCH-

ICAPM-Mixture process

Figure 2. Time series and density plots of the daily returns from seven stock markets between 01/01/2009

and 31/01/2020 (In-sample data set)
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Figure 3. Time series and density plots of the daily returns from seven stock markets between 01/02/2020
and 30/04/2020 (Out-of-sample data set)

Figure 4. Convergence draws and density plots of posterior samples for EGARCH-ICAPM-Mixture process

from the S&P500 returns
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