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Abstract

Most conventional robotic wheelchairs contain four wheels (two active driving wheels

and two passive casters) which makes them statically stable. In comparison, a two-

wheeled robotic wheelchair (TWRW) offers much better maneuverability, while without

the support of casters, it is inherently unstable and requires a stability control. Majority

of stability controllers rely on the driving torques of the wheels which are high in

magnitude and results in the increase of energy consumption. Various disturbances in

the system also affect the performance of the controller.

In this research, these issues will be resolved through a novel control approach

where the stability is kept by the motion of a pendulum-like movable mechanism

added to the TWRW. The control schemes including PID control, Computed torque

control (CTC), Sliding mode control (SMC), and Second-order sliding mode control

(SOSMC) are developed for stability control. The model-based controllers (CTC,

SMC, and SOSMC) are developed from the dynamic model established through the

Euler-Lagrangian method in which the disturbances caused by model uncertainties and

rider’s motion are considered. Simulation results show the stability is achieved through

the proposed system with much less torque, power, and energy consumption than the

conventional control system.

Stability control becomes more challenging when a TWRW is also required to

move in a desired direction. To rely on the wheels’ motions to achieve both stability

and direction control tend to impose a large burden on the wheels’ driving motors
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or other types of actuators in terms of their driving torque and energy consumption.

To solve these problems, the added movable mechanism is used to assist the wheels

to produce control actions. The simulation results validate the effectiveness of the

proposed system, where the TWRW can achieve stability and direction control in a

similar pattern to the conventional system. However, the input torque, input power, and

energy consumption of motors in the proposed system are much smaller than those

required in the conventional approach.

To verify the simulation results, the experimental results are provided, where a

scaled-down TWRW is designed and modelled to evaluate the stability control systems.

The experimental results confirm the results obtained from the simulation.
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θr, θl Rotation angle of the right and left wheel measured
from Y L axis
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from Y L axis
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from link OP

θy Yaw angle of the TWRW measured fromXW axis
mw, mb, mp Mass of each wheel, body and movable mechanism,

respectively
Jwx , Jwy , Jwz Moment of inertia of each wheel defined at their

local frame
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Jpx , Jpy , Jpz Moment of inertia of movable mechanism defined
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r Radius of each wheel
d Length of wheels axle
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Er, El, Ep Energy consumption of the right wheel, left wheel, and

the movable mechanism motors, respectively
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Chapter 1

Introduction

1.1 Two-wheeled robotic wheelchair (TWRW)

The life of elderly people, paralysed people, etc., relies on wheelchairs which can

provide mobility for them [1]. Robotic wheelchairs have become popular as they are

easy to use and the rider doesn’t need to consume their own energy to make it move [2].

Most existing robotic wheelchairs are four-wheeled (two driving wheels and two casters)

which are statically stable, but they have a poor dexterity for they cannot make spot turn

and cannot move easily on uneven surfaces or manoeuvrer in narrow spaces [3].

To resolve these problems, a two-wheeled robotic wheelchair (TWRW) is proposed.

It has better maneuverability than conventional robotic wheelchairs, as it can turn on the

spot and has small footprints [4]. In addition to having the ability to pass from narrow

places, they can climb small steps [5]. Contrary to conventional robotic wheelchairs

which have two casters, the TWRW has no caster and is equipped with only two driving

wheels [6]. Without the support of casters, it becomes an inherently unstable system

and an active controller should be developed to keep it stable [7]. TWRW is similar

to the Segway, in which its mobility and stability are provided by driving wheels [8].

When using the Segway the rider stands upright, while he would sit on the TWRW’s
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seat which makes him feel more comfortable [9].

1.2 TWRW stability control

The design and development of a proper stability control system are crucial for TWRW.

The stability of TWRW is measured by the position of rider with respect to the upright

position [10]. This position is denoted by pitch angle which is explained in details in

Chapter. 2. Most conventional stability control systems rely on the torques applied

to the driving wheels [11, 12]. In this control system, the wheels are responsible for

mobility and stability at the same time. When TWRW moves on uneven surfaces or

with high acceleration, it is likely torque and power required from the motors become

huge and exceed the motor’s capacity [13]. To resolve this problem, motors with high

power capacity are used. These motors are costly, bulky, and their energy consumption

is huge, which reduces the battery’s life. Some control systems like using a movable

seat or a movable mass under the seat are also used [14,15]. They have some constraints

like limited space for their linear motion.

In addition to the motors’ capacity and energy consumption, the robustness of the

stability control system is an important component. The control system should be able

to overcome the disturbances applied to the system [16]. These disturbances include

uneven surfaces, sensor noise, rider’s motion, system uncertainties, etc. The robustness

of the control system is dependent on the control scheme developed for the system [17].

Several control schemes can be used, like model-free controllers (e.g. PID control,

fuzzy control, etc.) or model-based controllers (e.g. Computed torque control, Sliding

mode control, etc.). The model-based controllers which require the dynamic model of

the system are more robust than model-free controllers [18]. The second-order sliding

mode control is one of the most common robust controller used for real-time systems,

as it doesn’t require high complex computations [19].
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Real time states of the TWRW such as its pitch angle and the rate of its change are

needed for the implementation of the stability controller [20]. These variables can be

measured through encoders, tilt sensor, gyroscope, accelerometer etc. whose output

signals tend to contain noises [21].

1.3 Research methodology

In this research, a novel stability control system is proposed and various control schemes

are examined for the TWRW. The proposed system is developed around a pendulum-like

movable mechanism added to the TWRW. The mechanism is added under the seat to

assist the system’s stability. Through the motion control of this mechanism, the centre

of gravity of the system including the rider can be varied as needed to keep the stability

of the system. In this approach, instead of applying the torque to the wheels, it should

be applied to the movable mechanism to keep the system stable. Thus, this control

system is not reliant upon the wheel motors for stabilising the system; this allows the

wheel movement to be controlled by the full capabilities of the wheel motors.

To analyze the performance of the proposed system, the stability control through the

conventional system is developed. In the conventional system, the stability of system

which is shown by pitch angle is supplied by driving wheels. Therefore, in both control

systems the controller aim is stability (pitch angle). However, the controller input for

the conventional and proposed systems are the input torque of the driving wheels (right

and left wheels), and input torque of the added movable mechanism, respectively. These

two control systems can be summarized as follows:

TWRW Stability Control:
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Conventional System

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

●Controller input

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

Input torque of right wheel

Input torque of left wheel

●Controller aim {Stability (Pitch angle)

Proposed System

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

●Controller input {Input torque of added movable mechanism

●Controller aim {Stability (Pitch angle)

In addition to stability, direction control is also important. In this control system, the

TWRW should follow its desired direction, while remaining stable. The direction of

system is measured by yaw angle which is explained with more details in Chapter. 3. In

the conventional approach, the driving wheels are responsible for stability and direction

control simultaneously. This control system requires significant input torque and power

and its energy consumption is large. In the control system proposed in this thesis, the

added mechanism is used to aid the wheels for both stability and direction control.

Therefore, the control inputs are input torques of the right wheel, left wheel, and added

movable mechanism.

The TWRW stability and direction control for the conventional and proposed sys-

tems are developed. In the conventional approach, the controller aims are stability

(pitch angle) and direction (yaw angle), and the controller input are the input torques

of the right and left wheels. For proposed system, the controller aims are same as the

conventional one, while it has three control input including the input torque of the right

and left wheels, and the movable mechanism. Both control systems can be summarized

as follows:
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TWRW Stability and Direction Control:

Conventional System

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

●Controller input

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

Input torque of right wheel

Input torque of left wheel

●Controller aim

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

Stability (Pitch angle)

Direction (Yaw angle)

Proposed System

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

●Controller input

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Input torque of right wheel

Input torque of left wheel

Input torque of added movable mechanism

●Controller aim

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

Stability (Pitch angle)

Direction (Yaw angle)

To develop the controller for TWRW, some control schemes including Proportional-

Integral–Derivative (PID) control, Computed torque control (CTC), Sliding mode

control (SMC), and Second-order sliding mode control (SOSMC) are used. The PID

control which is a model-free controller doesn’t need the dynamic model of the system.

However, to utilize the CTC, SMC, and SOSMC, the dynamic model of the system is

needed. The Euler-Lagrangian method is used to establish the dynamic model where

the disturbances including rider’s motion and the model uncertainties are considered.

In the control schemes used for the TWRW stability, the controller’s feedback is
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the state of wheelchair (e.g., pitch angle and pitch velocity). The sensors used for the

state feedback like tilt sensor (which can measure rotation angle directly) and IMU

(inertia measurement unit which include gyro sensor and accelerometer) suffer from

low accuracy due to the measurement noise. Considering the special features of sensor

signals, a Kalman Filter which is one of the best real-time filtering method is used to

filter noises.

To compare the performance of the conventional and proposed systems, the TWRW

is simulated under various controllers. The simulation results for stability control prove

that under the conventional and proposed systems, the TWRW can keep its stability in a

similar pattern, while the required input torque, input power, and energy consumption

in the proposed system is much smaller than those in the conventional one. This is also

the case for both stability and direction control. Besides, the input power and energy

consumption of the added mechanism are very small and can be almost neglected. To

verify the simulation results, the experimental setup is designed and implemented. A

scaled-down TWRW is modelled and the stability control systems are tested under

some cases. Due to the time constraints, the experimental results are only provided for

stability control and the direction control is not implemented. The experimental results

obtained for stability control confirm the simulation results.

1.4 Thesis structure

The rest of the thesis is organized as follows:

In Chapter 2, the background and literature of wheelchairs including manual and

robotic wheelchairs are reviewed. They are compared to each other and their advantages

and disadvantages are explained. Furthermore, the new type of robotic wheelchair

(TWRW) is discussed and its superiority over the conventional robotic wheelchairs is

investigated. Additionally, the main shortcoming of TWRW (stability) is explained and
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the current stability control systems are discussed. The dynamic modeling is derived

in Chapter 3. Also, the common disturbances applied to the system including rider’s

motion and model uncertainties are modeled. From dynamic modeling, the nonlinear

equation of motion (EOM) is established.

The stability control is developed in Chapter 4. In this chapter, various control

schemes including PID, CTC, SMC, and SOSMC are used to develop stability control.

The simulation results are provided to compare the performance of the conventional

and proposed approaches through the control schemes mentioned above. In Chapter 5,

the stability and direction control are developed through conventional and proposed

approaches. The CTC, SMC, and SOSMC are utilized to develop the controllers. To

verify the simulation results, the experimental setup is provided and explained in detail

in Chapter 6. This chapter further discusses the experimental results of stability control

through the conventional and proposed methods. Conclusion and future works are

provided in Chapter 7. The dynamic modelling details of the conventional and proposed

systems are provided in Appendix A and Appendix B, respectively. Appendix C

provides the detail of experimental setup explained in Chapter. 6.



Chapter 2

Literature Review

2.1 Robotic wheelchairs

In the recent decade, the ageing population in the world increased drastically. For

instance, 25 percent of population in Japan are above 65 years old [7]. Additionally,

there are a number of people in the world suffering from motor impairment [22, 23].

Wheelchairs have become an essential transportation device that are often utilized

by these groups of people. They can provide sufficient mobility which is crucial for

handicapped people’s life [24–27]. Wheelchairs can be categorized into two parts:

manual and robotic.

A manual wheelchair, seen in Figure. 2.1 [28], is driven manually by the rider or

caregiver. Statistics show that about 90% of all wheelchairs are manual wheelchairs

[29, 30]. They are the most common type of wheelchair used by people, as they are

inexpensive, light, and easy to use [31]. However, repetitive use of manual wheelchairs

causes pain on the upper body of the rider, especially their shoulders and wrists [32–34].

27
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Figure 2.1: Manual wheelchair [28].

Robotic wheelchairs can decrease some problems experienced by manual wheelchair

users. A robotic wheelchair is driven by actuators (usually electrical motors), and the

rider doesn’t need to consume his own energy to make it move and can achieve autonomy

in response to different motion requirements [35–37].

2.1.1 Conventional robotic wheelchairs

Most conventional robotic wheelchairs are four-wheeled (two driving wheels and two

casters). In this wheelchair, the required power for wheelchair motion is supplied by the

motors on both wheels [38]. Each wheel has a separate motor which enables the rider to

pass his desired trajectory. The rider can control the wheelchair through a joystick [39].

The front casters are used to assist the system’s stability. Even though the casters

decrease wheelchair’s mobility as it leads to increasing the turning radius [40–43].
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Additionally, there are some limitations for the users of this type of robotic wheel-

chairs. For example, they can’t pass from narrow places, uneven surfaces, steps, etc [44].

Figure. 2.2 shows a conventional robotic wheelchair [45].

Figure 2.2: Conventional robotic wheelchair [45].

2.1.2 Two-wheeled robotic wheelchair

A new type of casters-free TWRW can achieve good stability and mobility at the same

time. It can turn on the spot and climb small steps [46, 47]. It is a compact-sized

wheelchair that enables it to pass narrow spaces [48, 49]. Nevertheless, removing the

wheelchair’s casters can make it unstable as shown by the variation of its pitch angle

when it moves. A controller is needed to prevent it from overturning when the pitch

angle reaches a limit [50–53].

A TWRW can be modelled as a two-wheeled inverted pendulum (TWIP). The

rider who sits on the wheelchair can be considered as a part of the pendulum of the

TWIP [54,55]. With the assumption that there is no slip between wheels and the ground,

the TWRW has three degrees of freedom (angle of the left and right wheel, and pitch
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angle) [56–58] which are depicted in Figure. 2.3.

Figure 2.3: Description of rotation angles for a two-wheeled inverted pendulum.

There are two inputs in the TWRW: the torques applied on the right and left wheels.

As the number of inputs is less than the degrees of freedom, it is considered as an

underactuated system [59–61]. In an underactuated system, not all degrees of freedom

can be controlled directly. The TWRW relies on the relative angular velocity between

two wheels to produce different motion patterns such as turning or going straight. This

is normally called differential driven mechanism [62, 63].

In 1990, the iBOT, a powered wheelchair, was introduced (see Figure. 2.4 [64]). The

iBOT has four wheels and is able to change its configuration. Two wheels of this vehicle

can be lifted to increase the height of the seat of the rider. As seen in this configuration,

the wheelchair stands only on two wheels, the mechanism becomes a TWRW. Besides,

iBOT can move on uneven surfaces including sand and gravel. A patented iBalanceTM

technology, a synthesis of computers and gyroscope, is used to keep the wheelchair

stable [65–68].
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Figure 2.4: The iBOT wheelchair [64].

Nakamura and Murakami designed a new robotic wheelchair from a conventional

wheelchair where two casters were removed (see Figure. 2.5 [69]). This robotic wheel-

chair can pass the trajectory commanded by the joystick and keep its stability simultan-

eously. This TWRW is resistant to road disturbances. Also, it can climb small steps and

move on steep slopes while keeping its stability [70–73].

Baloh and Parent built a two-wheeled transportation vehicle called B2 as a more

environment friendly alternative to a taxi (see Figure. 2.6 [74]). B2 can keep the stability

of the rider when there are disturbances from the road. It can turn on the spot as TWRWs

do and is suitable for use on narrow roads [75–77].
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Figure 2.5: TWRW proposed by Nakamura and Murakami [69].

Figure 2.6: The two-wheeled vehicle B2 [74].
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Huang et al. proposed a TWRW called Uni-Directional Wheel (UW-Car). UW-Car

is equipped with a movable seat driven by a motor to keep the rider upright and the

system stable. It has high mobility and has a good performance in steering and braking.

It is also robust to parameter uncertainties and noise disturbances [78, 79]. Figure. 2.7

depicts the UW-Car wheelchair [80].

Figure 2.7: The UW-Car [80].

General Motors in collaboration with Segway designed a two-wheeled vehicle called

PUMA (see Figure. 2.8 [81]). The stability control of this vehicle is similar to UW-Car

which relies on a movable seat. Also, the two wheels activated with two DC motors are

used to drive the PUMA and assist its stability control [82–84].
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Figure 2.8: Transportation vehicle PUMA [81].

Sago et al. designed a TWRW which has two large wheels. Large wheels are selected

as they increases the stability control performance of the system on uneven surfaces

and enable the wheelchair to climb small gaps and steps [15]. The centre of gravity

of this mechanism is lower than the wheel axis to reduce the possibility of wheelchair

overturning [85]. Figure. 2.9 shows a prototype of the mentioned wheelchair [86].

Ahmed et al. theoretically proposed a reconfigurable wheelchair which has two

wheels and two front casters [87–93]. It has four wheels and is statically stable. However,

it is able to transform into a TWRW and lift the chair to a higher position to make the

rider pick and place items and have the eye to eye contact with other people which

makes them feel more comfortable. Figure. 2.10 shows the mentioned wheelchair in

two-wheeled and four-wheeled configurations [94].
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Figure 2.9: The TWRW with large wheels [86].

Figure 2.10: The structure of the reconfigurable wheelchair [94].
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2.2 TWRW stability control

To keep the stability of a TWRW, a controller should be developed to make its pitch

angle near the value (e.g. zero relative to the upright direction perpendicular to the road

surface) corresponding to the equilibrium position of the wheelchair. In the equilibrium

position, the wheelchair can move while it doesn’t overturn [95–99]. However, in prac-

tice, the pitch angle cannot be set to zero exactly when it deviates from its equilibrium

position (0) during the motion of system [100–102]. Therefore, an acceptable domain

of the angle should be defined.

The stability of a TWRW is affected by many factors such as uncertainties of system

parameters, noise in sensors, external disturbances felt by the left and right wheels,

etc [103–106]. The external disturbances are caused by uneven surfaces, obstacles,

steps, etc. Another disturbance to consider is the motion of the passenger on the

seat which affect the centre of gravity of the whole system [107–109]. Other factors

contributing disturbances include ground friction, external loads, internal friction force,

etc [110–112].

2.2.1 Mechanisms for stabilisation

To keep the TWRW stable, a control system should be developed to maintain the pitch

angle near zero. According to the mechanism chosen for stability control, the control

system is developed. Therefore, selecting the proper mechanism is crucial [113–115].

There are some mechanisms proposed to compensate the deviation of pitch angle,

including driving wheels, movable seat, and movable mass under the seat.

2.2.1.1 Driving wheels (conventional system)

A TWRW can be stabilized in a way similar to that adopted by a person to stabilize

himself. For example, when the system bends forward, it starts to move forward and
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when it bends backward, it moves backward [116, 117]. Most conventional control

systems used to stabilize the TWRW are applying torque to the driving wheels to

compensate the deviation of pitch angle [74–76, 84, 118–123]. Therefore, driving

wheels provide mobility and stability simultaneously. This procedure requires large

input torque and power and causes huge energy consumption. Another issue is that the

required input torque might exceed the driving wheels’ payload which leads to control

system failure [124–126].

2.2.1.2 Movable seat

To keep the stability of TWRW, a movable seat can be used to keep the rider in an

upright position. This adjustable seat can move forward and backward according to the

pitch angle of the wheelchair [14, 127, 128]. Similar to the driving wheels mechanism,

this control system requires large input linear force to move the seat and rider. Though a

movable seat can be used to stabilize the TWRW, it makes the rider feel uncomfortable

and even unsafe. Furthermore, due to space limitations for the motion of the seat, this

method is not effective to compensate large disturbances. Figure. 2.11 demonstrates the

structure of the mechanism [80].

Figure 2.11: The movable seat of TWRW in different positions [80].
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2.2.1.3 Movable mass under seat

To reduce the TWRW swinging (pitch angle), a movable mass can be added under the

seat[50]. The mass moves along an axis to compensate the centre of gravity change of

the whole system to keep it stable [15, 85, 86]. Similar to the movable seat, it is not

able to compensate the large deviation of pitch angle from its equilibrium position due

to the limited space for the motion of the mass. Figure. 2.12 shows the movable mass

installed under the seat of the wheelchair [15].

Figure 2.12: The movable mass mounted under TWRW’s seat [15].

2.2.2 Dynamic modelling and control schemes

To develop a robust and optimized control system, the accurate dynamic modelling of

TWRW should be derived [129–131]. There are three methods to establish dynamic

modelling: Newton method, Euler-Lagrangian method, and Kane method [132]. In

Newton method, the Newton’s laws of mechanics are applied in each part of the system

(so-called free-body) and internal forces between the parts are explicitly considered
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for the development of the equation of motion (EOM) [133–135]. In this method, the

direction of internal and external forces and torques should be accurately considered.

In the Euler-Lagrangian method, the kinetic and potential energy of the whole

system are calculated first and then the Euler-Lagrangian formulation is used to derive

the EOM of the system [136–139]. In this method, the internal forces between the

TWRW’s part are not considered which makes it easier than the Newton method. The

Kane method is similar to the Newton method except that generalised inertia and active

forces are considered instead of internal forces [140–142].

To obtain the required input of the TWRW stability control, there are a number of

control schemes that can be used. The control system features such as accuracy, and

robustness are completely dependent on the control scheme chosen for the system [143–

146]. Furthermore, by selecting a proper control scheme, the control input including

input torque, input power, and energy consumption can be optimized [147, 148]. The

control schemes can be divided into two parts: Model-free and Model-based controllers.

2.2.2.1 Model-free control schemes

The dynamic model of TWRW is highly nonlinear and it is complex to derive it

accurately. To resolve this problem, the model-free controllers which are developed

without dynamic model details are used [149–151]. The PID controller used in most

real-time control systems is one of the model-free controllers. In this controller, the error

value which is the difference between the controller aim (e.g. pitch angle) and its desired

value is continuously calculated. According to the error values and the proportional,

integral, and derivative control gains, the control input is obtained [152, 153].

Intelligent controllers based on fuzzy logic and artificial neural network (ANN) are

also considered model-free controllers [154,155]. Fuzzy logic is a mathematical system

which assess analog input values as a logical variable and considers the values between

0 and 1 [156–159]. ANN is based on the function of the human brain. ANNs are
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considered nonlinear statistical data modelling tools, where the complex relationships

between inputs and outputs are modelled or patterns are found [160–162].

2.2.2.2 Model-based control schemes

To achieve a robust and optimal control system, the model-based controllers developed

from the dynamic model of the system should be used. The dynamic model of TWRW

is highly nonlinear for which linear controllers cannot be applied or justified directly.

Therefore, in order to use some well-established linear controllers like linear quadratic

regulator (LQR) based on full state feedback, the system’s dynamic model is usually

linearized first [163, 164]. The dynamic model of the system is described through a

set of linear differential equations. If nonlinear parameters of the system, especially

nonlinear coupling terms are not considered in the dynamic modelling, the stability

controller developed from the model cannot perform well [165–167].

Nonlinear controllers are also used for the stability control. Nonlinear State-

Dependent Riccati Equation (SDRE) controller is an example of the nonlinear control

schemes. This controller can be considered as the nonlinear version of LQR controller.

It is developed from the nonlinear dynamic model of the system as opposed to LQR

controller which needs linearization of the dynamic model. It can perform multiple

functions such as observer designs, nonlinear regulation, and parameter estimations.

This feature also makes it robust against disturbances. The main drawback of this

controller is that it can only perform well when the system is operating around its stable

position [168, 169].

The CTC control which uses the nonlinear feedback of system can be utilized

for stability control of the TWRW [170]. In this control method, the control inputs

(torques) are derived from nonlinear state feedback and closed-loop tracking errors

through the dynamic model. However, it requires an accurate dynamic model of the

system and is not robust against internal and external disturbances [171, 172]. For the
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cases where the system dynamics cannot be accurately modelled, or there are external

disturbances, nonlinear H∞, which is robust against disturbances can be used [173,174].

Nonlinear H∞ control is developed based on the Hamilton–Jacobi–Bellman–Isaacs

(HJBI) equation which is hard to solve in real-time though [175–177].

In comparison, SMC control is more robust against disturbances and is more com-

putationally efficient [178–180]. In this controller, the closed-loop tracking errors are

forced to be near a predefined surface, called sliding surface, in the state space of the

system. For an underactuated system where the number of inputs is less than the number

of controlled outputs, hierarchical sliding mode control (HSMC) can be applied [181].

In HSMC, the system is divided into several subsystems for each of which, a so-called

layer sliding surface is designed. The main drawback of SMC control is the chattering

phenomenon which leads to high vibration in the system. This problem can be solved

by replacing a smooth sigmoid function with a non-smooth sign function found in a

SMC controller [182, 183]. Another effective solution is higher-order SMC controllers

like the SOSMC controller [184–186]. In this controller, a discontinuous integrator is

added to the control input to eliminates the chattering phenomenon.

2.2.3 State estimation of the TWRW

In order to develop a controller to stabilize the TWRW when it deviates from its

equilibrium position, the states of the system are required. For example, we need to

know the pitch angle and its velocity, the angular displacements and velocities of the

left and right wheels, and also the roll and yaw angles of the system if we want to

consider them in the controller. These feedbacks can be achieved through sensors like

encoder, tilt sensor, gyroscope, accelerometer, etc. mounted on the TWRW [187]. The

performance of these sensors is affected by many factors such as bias, scale factor,

misalignment, temperature variation, and noise errors, causing errors in sensor readings.
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The system errors whose sources can be identified are compensated through calibration

methods. The noise errors known as measurement noise are random and its effect can’t

be removed using calibration procedures. They can be reduced or eliminated through

filtering techniques [188–191]. Filtering techniques like Kalman and Particle filters can

reduce the noise effect on sensor outputs and make them close to real measurement

values.

2.2.3.1 Sensors for state estimation

The position and orientation of TWRW can be measured by the sensors called encoder

which measures the angular displacement of the wheels. Though, through the system’s

kinematic model, it can be used to indirectly measure the yaw angle of the wheelchair

under some assumptions, it cannot be utilized to measure the intended angle of system

like pitch angle [187]. The tilt sensor can determine the pitch angle of system directly,

although it suffers from the measurement noise and low-frequency response [192].

Figure. 2.13 represents the angles measured by tilt sensor and encoder [124]. The

measurement noise on tilt sensor can be seen. The accelerometer which is able to

measure the vector of gravity can be used instead of a tilt sensor or an encoder [193,194].

The pitch angle can be obtained from a gyroscope which measures the rate of change

of angle [193–195]. Compared to the tilt sensor, the gyroscope has a faster response

and its noise error is less. Furthermore, it is less sensitive to external disturbances than

tilt sensor [195]. Figure. 2.14 shows the performance of the tilt sensor and gyroscope

when the rider starts moving quickly on a Segway similar to a TWRW [196]. As it can

be seen, chattering occurs on measured angle from tilt sensor when the rider moves

quickly.
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Figure 2.13: The comparison of measured angle by tilt sensor and encoder [124].

Figure 2.14: The comparison of the tilt and gyro sensor when the rider moves forward
and backward quickly in the interval time 8 to 11 sec on the Segway [196].

As the measured data of gyroscope are integrated to obtain the corresponding angle,

as the time goes on the drift error will increase and dramatically deteriorate the accuracy

of angle measurement. The drift phenomenon effect is so significant even when the

noise measurement is small. Therefore, the measured angle derived by gyroscope would

be unreliable for a long time [197, 198]. Figure. 2.15 depicts the pitch angle of rider

derived by tilt and gyro sensor on a Segway when he doesn’t move [196]. It is obvious

by the time goes on the output of the gyro becomes unreliable as it deviates from the

real value of pitch angle.
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Figure 2.15: The comparison of the tilt and gyro sensor when the rider doesn’t move on
the Segway [196].

To improve the accuracy of state estimation, the gyroscope and tilt sensors can be

combined [124]. Figure. 2.16 demonstrates the fusion of a gyroscope and inclinometer

(tilt sensor) to obtain the pitch angle of an inverted pendulum [199]. Through interpola-

tion, data measured by sensors which have different frequencies can be fused [200].

Figure 2.16: Test setup of measuring pitch angle of a mobile inverted pendulum using
inclinometer (tilt sensor) and gyro sensor [199].
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2.2.3.2 Conventional approaches for state estimation

Kalman filter, an optimal filter, is usually used to filter out noise in the output data

collected by sensors like accelerometer, gyroscope, and tilt sensor [201]. However,

when the noise on sensor output is non-Gaussian and the system’s state-space model is

nonlinear, the particle filter is a better option. This filter consists of a set of algorithms

used to estimate the state of system when non-regular perturbations are present in

sensors [202]. The Particle filter is an effective filtering algorithm to estimate orientation

through the sensor outputs. In addition, when the initial states are not known, the

estimation achieved by this filter converges into a true value.

In order to better determine of the TWRW’s position and orientation, the data

collected by the accelerometer, gyroscope, and position sensor can be synthesised and

modified through the Kalman and Particle filters. Figure. 2.17 shows the outline of

the mentioned method [203]. Besides, the low pass filter is a good filtering method to

eliminate low-frequency noises, but it causes a time delay and decreases the real-time

performance of the system [204].

Figure 2.17: The block diagram of the Kalman and Particle filters fusion method for
state estimation [203].
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2.3 Summary

In this chapter, a literature review was conducted on manual and robotic wheelchairs.

Their merits and weaknesses points were explained and compared to each other. A

new type of robotic wheelchair (TWRW) was introduced and its superiorities over

the conventional robotic wheelchairs (four-wheeled) were explained. Some existing

TWRW examples were introduced and their features and applications were presented.

The importance to actively stabilize a TWRW was discussed and the mechanisms used

to keep the system stable were explained. The methods used to establish the dynamic

modelling were presented and some control schemes including model-free and model-

based controllers used to develop the stability controllers were explained. The sensors

used to measure the system’s states (e.g. pitch angle and its velocity) were introduced

and their features were discussed. The filtering methods utilized to increase the accuracy

of sensor measurements were explained.

In the next chapter, the dynamic modelling of TWRW for the conventional and

proposed systems are provided where the defect of disturbance including the rider’s

motion and the model uncertainties are considered.
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Dynamic Modelling

3.1 Introduction

To develop a controller for the TWRW, its dynamic model is derived and presented in

this chapter. A TWRW consists of two wheels and a seat for the rider which can rotate

freely around the wheels’ axle. The seat and the rider are combined to form a body. In

the proposed system, a pendulum-like movable mechanism is placed under the seat to

assist the wheels for stability and direction control. This mechanism consists of a rod

and a mass placed at one end of the rod. The mass of the rod is small and is neglected.

Figure. 3.1 shows a prototype of a TWRW designed in Solidwork. Figure. 3.2a and

3.2b show the schematic view of the TWRW and the proposed mechanism from the side

and top views, respectively. The mass of each wheel, body, and movable mechanism

are denoted by mw, mb, and mp, respectively. The radius of each wheel and the length

of the wheels’ axle are denoted by r and d, respectively. The middle of the wheels’ axle

is shown by O, and P is the point that movable mechanism is added to the system. l is

the distance between the body’s centre of gravity (COG) and point O, and the length of

the movable mechanism’s rod is denoted by l′. The distance between point O and P is

denoted by b.

47
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Figure 3.1: TWRW Prototype.

(a): Side view (b): Top view

Figure 3.2: Schematic view of the TWRW and the proposed mechanism

To define parameters, two coordinate systems are defined. XW −YW −ZW is the

world coordinate frame which is fixed to the ground. XL −YL −ZL is the coordinate

frame attached to the middle of the wheels’ axle. The rotation angles of the right and

left wheels measured from the YL axis are denoted by θr and θl, respectively. The
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rotation angle of the body (pitch angle) is measured from the YL axis and shown by θb.

θp denotes the rotation angle of the movable mechanism measured from link OP . The

yaw angle is measured from the XW axis and denoted by θy.

To present the moment of inertia of TWRW’s components, their local frames are

defined at the COG of each component and shown by the red lines in Figure. 3.3. The

moment of inertia of each wheel is denoted by Jwx , Jwy , and Jwz . Also, the moment

of inertia of the body is denoted by Jbx , Jby , and Jbz . Jpx , Jpy , and Jpz denote the

moment of inertia of the movable mechanism. τr, τl, and τp denote the input torque of

the right wheel, left wheel, and movable mechanism, respectively. Their input powers

are denoted by Pr, Pl, and Pp, respectively. Er, El, and Ep are used to denote their

energy consumption, respectively.

(a): Body and movable mechanism (b): Right and left wheels

Figure 3.3: The local frames of the TWRW
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3.2 Dynamic model of the conventional system

To derive the dynamic modelling, the Euler-Lagrange formulation is used [205],

d

dt
(
∂L

∂q̇i
) −

∂L

∂qi
= Qi (3.1)

where L = T −U is known as Lagrangian and T and U are the kinetic and potential

energy of the whole system, respectively. The system’s generalized coordinates and

their corresponding inputs are shown by qi and Qi, respectively. The friction forces

between joints are not considered, and it is assumed that the wheels don’t slip on the

ground.

3.2.1 Kinetic and potential energy

In the conventional system, the wheels’ torque are the control input. Therefore, the

overall kinetic and potential energy of the system can be obtained through

T = Tr + Tl + Tb, U = Ur +Ul +Ub.

Tr and Tl are the kinetic energy of the right and left wheel, respectively. Tb is the kinetic

energy of the body (including rider and seat frame). Similarly, Ur, Ul, and Ub are their

potential energies.

The kinetic energy of the right wheel can be obtained as [206]

Tr =
1

2
mw(v

2
x+v

2
y+v

2
z)+

1

2
(Jwxω

2
x+Jwyω

2
y+Jwzω

2
z)−(Jwxyωxωy+Jwxzωxωz+Jwyzωyωz)

(3.2)

where vx, vy, and vz are the linear velocities of the right wheel at its CoG defined in

the right wheel’s local frame. Similarly, ωx, ωy, and ωz are its angular velocities. Jwxy ,

Jwxz , and Jwyz are the products of inertia of each wheel. As the values of the products
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of inertia are so small, they can be neglected. Therefore, Eq. (3.2) can be rewritten as

Tr =
1

2
mw(v

2
x + v

2
y + v

2
z) +

1

2
(Jwxω

2
x + Jwyω

2
y + Jwzω

2
z) (3.3)

For the right wheel we have

vx = rθ̇r, vy = 0, vz = 0, ωx = 0, ωy = θ̇y, ωz = θ̇r.

Then.

Tr =
1

2
mwr

2θ̇2r +
1

2
Jwy θ̇

2
y +

1

2
Jwz θ̇

2
r

Similarly, for the left wheel we have

vx = rθ̇l, vy = 0, vz = 0, ωx = 0, ωy = θ̇y, ωz = θ̇l.

Then.

Tl =
1

2
mwr

2θ̇2l +
1

2
Jwy θ̇

2
y +

1

2
Jwz θ̇

2
l

θ̇y which is the yaw angular velocity can be obtained as [207]

θ̇y =
r

d
(θ̇r − θ̇l) (3.4)

For the body we have

vx = V sinθb, vy = V cosθb+lθ̇b, vz = lθ̇y sinθb, ωx = θ̇y cosθb, ωy = θ̇y sinθb, ωz = θ̇b.

where V is the linear velocity of centre of wheels’ axle which is [207]

V =
r

2
(θ̇r + θ̇l) (3.5)
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The kinetic energy of the body can be obtained as

Tb =
1

2
mb(V

2+ l2θ̇2b + l
2θ̇2y sin2θb+2V lθ̇b cosθb)+

1

2
(Jbx θ̇

2
y sin2θb+Jby θ̇

2
y cos2θb+Jbz θ̇

2
b)

The potential energy of the right and left wheel, and the body can be shown as

Ur = Ul = 0, Ub =mbgl cosθb.

3.2.2 Dynamic model equations

From Eq. (3.1), the dynamic model’s equations can be derived and found in Appendix

A. They can be presented in a matrix form as [208]

Mcq̈c +Ccq̇c +Gc = Bcτ c (3.6)

where qc is the generalized coordinates vector that can be shown as

qc = [ θr θl θb ]
T

Mc is the symmetric matrix called the inertia matrix.

Mc =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Mc11 Mc12 Mc13

Mc21 Mc22 Mc23

Mc31 Mc32 Mc33

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

Mc elements can be found in Appendix A. Cc is the Centrifugal and Coriolis forces

matrix. The Coriolis forces matrix is normally represented in a way to make the
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Ṁc − 2Cc matrix skew-symmetric. The Ṁc − 2Cc matrix is skew-symmetric if [209]

Ṁc − 2Cc = −(Ṁc − 2Cc)
T (3.7)

The Coriolis forces matrix can satisfy Eq. (3.7) if its elements are obtained through

Christoffel symbols as [210]

Cc = {Ccij} = {
n

∑
k=1
Ccijk q̇ck} (3.8)

where

Ccijk =
1

2
(
∂Mcij

∂qck
+
∂Mcik

∂qcj
−
∂Mcjk

∂qci
) (3.9)

Considering Eqs. (3.7)-(3.9), we have

(Ṁc − 2Cc)ij =
n

∑
k=1

(
∂Mcij

∂qck
q̇ck −

∂Mcij

∂qck
q̇ck −

∂Mcik

∂qcj
q̇ck +

∂Mcjk

∂qci
q̇ck)

=
n

∑
k=1

(
∂Mcjk

∂qci
q̇ck −

∂Mcik

∂qcj
q̇ck). (3.10)

It can be seen From Eq. (3.10) that (Ṁc − 2Cc)ij = −(Ṁc − 2Cc)ji. Therefore, it is

concluded that Ṁc − 2Cc = −(Ṁc − 2Cc)
T .

Considering Christoffel symbols, The Coriolis forces matrix can be shown as

Cc =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Cc11 Cc12 Cc13

Cc21 Cc22 Cc23

Cc31 Cc32 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

Cc elements can be found in Appendix A. Gc is the gravity matrix.

Gc = [ 0 0 −mbgl sinθb ]
T
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Bc is the control coefficient matrix.

Bc =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0 0

0 1 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

T

and τ c is the control input vector.

τ c = [ τr τl ]
T

The input power of the right and left wheel motors can be obtained as [211]

Pr = τrθ̇r, Pl = τlθ̇l.

Also, their overall energy consumption can be obtained as [211]

Er = ∫ Prdt, El = ∫ Pldt.

3.2.3 Dynamic model with disturbances

Considering disturbances like model uncertainties due to the varying mass of the rider

and the variations of the body’s CoG from the motions of the rider, the dynamic model

of the system should be reformulated as

M̂cq̈c + Ĉcq̇c + Ĝc +Dc +Rc = Bcτ c (3.11)

where Dc and Rc denote the disturbances caused by model uncertainties and change

of the body’s CoG position, respectively. M̂c, Ĉc, and Ĝc are the nominal inertia,
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centrifugal, and gravity matrices, respectively. They are shown as

M̂c = Mc −∆Mc, Ĉc = Cc −∆Cc, Ĝc = Gc −∆Gc.

The disturbance caused by the uncertain mass of the body can be shown as

Dc = ∆Mcq̈c +∆Ccq̇c +∆Gc

where

∆Mc =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∆M11 ∆M12 ∆M13

∆M21 ∆M22 ∆M23

∆M31 ∆M32 ∆M33

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∆Cc =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∆C11 ∆C12 ∆C13

∆C21 ∆C22 ∆C23

∆C31 ∆C32 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, ∆Gc = [ 0 0 −∆mbgl sinθb ]
T

.

∆Mc is a symmetric matrix. ∆Mc and ∆Cc components are shown in Appendix A.

∆mb =mb − m̂b, where mb and m̂b are the real and nominal values of the body’s mass,

respectively.

The body’s CoG varies when the rider moves on the seat. Assume its position along

the forward direction is defined by xb as shown in Fig. 3.4, the kinetic and potential

energy of the body are reformulated as
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Figure 3.4: Change of body’s CoG position

Tb =
1

2
mb[V

2 + l2θ̇2b + l
2θ̇2y sin2θb + 2V lθ̇b cosθb + x2b θ̇

2
b + x

2
b θ̇

2
y cos2θb + lxbθ̇2y sin2θb

− 2xbV θ̇b sinθb] +
1

2
(Jbx θ̇

2
y sin2θb + Jby θ̇

2
y cos2θb + Jbz θ̇

2
b cos2θb),

Ub =mbg(l cosθb + h sinθb).

The effect of change of body’s CoG position can be shown as

Rc = [ R1 R2 R3 ]
T

The Rc elements are shown in Appendix A. From Eq. (3.11), we have

q̈c = M̂−1
c (−Ĉcq̇c − Ĝc −Dc −Rc +Bcτ c) (3.12)
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Therefore, the nonlinear equations of motion (EOM) can be shown as

θ̈r = Ac1 +Bc1 + M̂
−1
c11τr + M̂

−1
c12τl (3.13)

θ̈l = Ac2 +Bc2 + M̂
−1
c21τr + M̂

−1
c22τl (3.14)

θ̈b = Ac3 +Bc3 + M̂
−1
c31τr + M̂

−1
c32τl (3.15)

The definition of Ac1 , Ac2 , Ac3 , Bc1 , Bc2 , and Bc3 can be found in Appendix A.

Differentiating Eq. (3.4) with respect to time leads to

θ̈y =
r

d
(θ̈r − θ̈l) (3.16)

Then.

θ̈y =
r

d
[Ac1 +Bc1 −Ac2 −Bc2 + (M̂−1

c11 − M̂
−1
c21)τr + (M̂−1

c12 − M̂
−1
c22)τl] (3.17)

3.3 Dynamic model of the proposed system

In the proposed system, a pendulum-like movable mechanism is added to the TWRW.

Similar to the conventional system, the Euler-Lagrange formulation is used to derive its

dynamic model.

3.3.1 Kinetic and potential energy

The overall kinetic and potential energy are obtained as

T = Tr + Tl + Tb + Tp, U = Ur +Ul +Ub +Up.
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where Tp and Up are the kinetic and potential energy of the movable mechanism,

respectively.

For the movable mechanism, we have

vx = −V sin(θb + θp) − bθ̇b sinθp, vy = −V cos(θb + θp) − bθ̇b cosθp + l′(θ̇b + θ̇p),

vz = bθ̇y sinθb − l′θ̇y sin(θb + θp), ωx = −θ̇y cos(θb + θp), ωy = θ̇y sin(θb + θp),

ωz = θ̇b + θ̇p.

Tp and Up can be presented as

Tp =
1

2
mp[V

2 + b2θ̇2b + 2bV θ̇b cosθb + l
′2(θ̇b + θ̇p)

2 − 2l′V (θ̇b + θ̇p)cos(θb + θp)

− 2bl′θ̇b(θ̇b + θ̇p)cosθp + b2θ̇y
2

sin2θb + l
′2θ̇y

2
sin2

(θb + θp) − 2bl′θ̇y
2

sinθb sin(θb + θp)]

+
1

2
[Jpx θ̇

2
y sin2

(θb + θp) + Jpy θ̇
2
y cos2(θb + θp) + Jpz(θ̇b + θ̇p)

2],

Up =mpg(bcosθb − l′ cos(θp + θb)).

3.3.2 Dynamic model equations

From Eq. (3.1), the dynamic modelling equations are derived and presented in Appendix

B. The dynamic modelling can be shown as

Mpq̈p +Cpq̇p +Gp = Bpτp (3.18)
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where

qp = [ θr θl θb θp ]
T

, Mp =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Mp11 Mp12 Mp13 Mp14

Mp21 Mp22 Mp23 Mp24

Mp31 Mp32 Mp33 Mp34

Mp41 Mp42 Mp43 Mp44

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

Cp =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Cp11 Cp12 Cp13 Cp14

Cp21 Cp22 Cp23 Cp24

Cp31 Cp32 Cp33 Cp34

Cp41 Cp42 Cp43 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

Gp =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0

0

−(mbl +mpb)g sinθb +mpgl′ sin(θb + θp)

mpgl′ sin(θb + θp)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

Bp =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0 0 0

0 1 0 0

0 0 0 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

T

, τp = [ τr τl τp ]
T

.

Mp and Cp elements can be found in Appendix B. Cp elements are derived through

the Christoffel symbols. The input power and energy consumption of the movable

mechanism are obtained as

Pp = τpθ̇p, Ep = ∫ Ppdt.
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3.3.3 Dynamic model with disturbances

Considering model uncertainties and change of the body’s CoG position, the dynamic

model is rewritten as

M̂pq̈p + Ĉpq̇p + Ĝp +Dp +Rp = Bpτp (3.19)

where

Dp = ∆Mpq̈p +∆Cpq̇p +∆Gp

∆Mp =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∆M11 ∆M12 ∆M13 0

∆M21 ∆M22 ∆M23 0

∆M31 ∆M32 ∆M33 0

0 0 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

∆Cp =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∆C11 ∆C12 ∆C13 0

∆C21 ∆C22 ∆C23 0

∆C31 ∆C32 0 0

0 0 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

∆Gp = [ 0 0 −∆mbgl sinθb 0 ]
T

, Rp = [ R1 R2 R3 0 ]
T

.

∆Mp, ∆Cp, and Rp elements are similar to those derived in the conventional system

and can be found in Appendix A. From Eq. (3.19), we have

q̈p = M̂−1
p (−Ĉpq̇p − Ĝp −Dp −Rp +Bpτp) (3.20)

Therefore, the nonlinear EOM are represented as

θ̈r = Ap1 +Bp1 + M̂
−1
p11τr + M̂

−1
p12τl + M̂

−1
p14τp (3.21)
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θ̈l = Ap2 +Bp2 + M̂
−1
p21τr + M̂

−1
p22τl + M̂

−1
p24τp (3.22)

θ̈b = Ap3 +Bp3 + M̂
−1
p31τr + M̂

−1
p32τl + M̂

−1
p34τp (3.23)

θ̈p = Ap4 +Bp4 + M̂
−1
p41τr + M̂

−1
p42τl + M̂

−1
p44τp (3.24)

The definition of Ap1 , Ap2 , Ap3 , Ap4 , Bp1 , Bp2 , Bp3 , and Bp4 can be found in Appendix

B. Also, from Eq. (3.16) we have

θ̈y =
r

d
[Ap1 +Bp1 −Ap2 −Bp2 + (M̂−1

p11 − M̂
−1
p21)τr + (M̂−1

p12 − M̂
−1
p22)τl + (M̂−1

p14 − M̂
−1
p24)τp]

(3.25)

3.4 Summary

In this chapter, through the Euler- Lagrangian method the dynamic model of TWRW for

the conventional and proposed system was established. To obtain the dynamic modelling

equations, the kinetic and potential energy of the whole system were calculated. These

equations were presented in a matrix form to depict the inertia, the centrifugal and

coriolis forces, and the gravity matrices. To achieve more accurate modelling, the effect

of disturbances including the model uncertainties and the rider’s motion were derived.

From the dynamic modelling equations and the disturbances modelling, the nonlinear

EOM was obtained.

In the next chapter, the stability control of TWRW for the conventional and the

proposed approaches are developed. PID, CTC, SMC, and SOSMC control schemes

are used to develop the stability control. The simulation results are provided to show

the effectiveness of the proposed system.



Chapter 4

Stability Control

4.1 Introduction

The TWRW is statically unstable and an active controller is needed to keep it stable. In

this chapter, the stability control of the TWRW for conventional and proposed methods

are developed. As explained in Chapter. 1, In both control systems, the controller aim

is stability where the pitch angle should be kept near zero. The controller input of

the conventional system are the input torque of the right and left wheels, while in the

proposed system it is the input torque of the movable mechanism.

The controllers aim and input of both control system are categorized below:

Conventional System

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

●Controller input

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

Input torque of right wheel

Input torque of left wheel

●Controller aim {Stability (Pitch angle)

62



Chapter 4. Stability Control 63

Proposed System

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

●Controller input {Input torque of added movable mechanism

●Controller aim {Stability (Pitch angle)

To develop the stability controller, four control schemes including Proportional-

Integral-Derivative (PID), Computed Torque Control ( CTC), Sliding Mode Control

(SMC), and Second-Order Sliding Mode Control (SOSMC) are utilized to keep the

wheelchair stable. The stability control through the control schemes mentioned above

is developed for both conventional and proposed approaches.

4.2 PID control

4.2.1 Stability control of the conventional system

The model-free PID control is the most common controller used for real-time systems,

as it is easy to develop and doesn’t require complex computation. However, this control

scheme is not robust against disturbances and has small working range. To calculate the

control input of PID, the dynamic model of system is not required, and it is obtained

from the feedback of controller aim (pitch angle and its velocity) and the controller

gains. The PID control input is defined as [212]

u =Kdė +Kpe +Ki∫ edt (4.1)

where u is the control input of the system. Kd, Kp, and Ki are the derivative, propor-

tional, and integral gains, respectively. e is the tracking error.

In the conventional system, the control input is the right and left wheels’ torques.
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The total input torque can be shown as

τw = τr + τl (4.2)

To prevent an undesired change of the TWRW direction, the same input torque is applied

to the right and left wheels, which means τr = τl. Therefore,

τr = τl =
1

2
τw (4.3)

The parameter aimed to be controlled is the pitch angle which is depicted by θb. This

angle should remain zero to keep the rider in the upright position (see Figure. 3.2a).

Therefore, the tracking error can be defined as

e = θb − θbd

where θbd is the desired value of pitch angle. To obtain the total torque of the right and

left wheels, Eq. (4.1) is rewritten as

τw =Kd(θ̇b − θ̇bd) +Kp(θb − θbd) +Ki∫ (θb − θbd)dt (4.4)

Since the controller aim is to converge pitch angle to zero, therefore.

θbd = 0, θ̇bd = 0.

Eq. (4.4) is rewritten as

τw =Kdθ̇b +Kpθb +Ki∫ θbdt (4.5)
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4.2.2 Stability control of the proposed system

In stability control through the proposed system, the controller input is the added

mechanism’s torque (τp), and the input torques of the right and left wheels are not

considered. It means:

τr = τl = 0 (4.6)

To calculate τp, Eq. (4.5) is reformulated as

τp =Kdθ̇b +Kpθb +Ki∫ θbdt (4.7)

4.2.3 Simulation results

To demonstrate the superiority of the proposed system over the conventional approach,

the physical dimensions of the TWRW chosen for simulations are listed in Table. 4.1.

These parameters are used for the simulation of all control schemes used in this chapter.

The physical dimensions of the wheels used for the experimental tests (Chapter. 6) are

set for the simulation. The rider’s parameters are chosen from the physical details of

a human whose mass and height are 80kg, and 180cm, respectively. To obtain the

best performance of the stability control, the reasonable values for added movable

mechanism’s parameters which consider the physical constraint of the TWRW are

selected. The performance of the control systems for stability control are to be simulated

in three cases.

Case 1:

For Case 1, it is assumed that there is no disturbance applied to the TWRW. The

initial values for pitch angle, the rotation angle of the right and left wheels, and the

rotation angle of the movable mechanism angle are respectively set as

θb0 = 2deg θ̇b0 = 0 θr0 = 0 θ̇r0 = 0 θl0 = 0 θ̇l0 = 0 θp0 = 0 θ̇p0 = 0
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Table 4.1: Physical parameters of the TWRW for simulation

Property Value Unit

mw 10 kg

mb 80 kg

mp 30 kg

Jwx , Jwy , Jwz 0.32, 0.32, 0.64 kg.m2

Jbx , Jby , Jbz 10.03, 12.40, 13.39 kg.m2

Jpx , Jpy , Jpz 0.26, 0.39, 0.35 kg.m2

r 0.37 m

d 0.5 m

b 0.25 m

l 0.6 m

l′ 0.42 m
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As there is no kinematic equation relating the wheel’s angle, the movable mechan-

ism’s angle, and their velocities to the pitch angle, their initial conditions cannot affect

the TWRW’s stability (pitch angle). Additionally, setting the non-zero initial value for a

real TWRW’s pitch angular velocity is difficult. Therefore, the only parameter whose

initial condition is chosen as a non-zero value is the pitch angle.

The PID controller gains chosen for both control systems are selected as

Kp = 700 Kd = 100 Ki = 2

Case 2:

For Case 2, the TWRW is simulated under the disturbances produced by the motion

of the body’s CoG and the uncertainty of the body’s mass. The motion of the body’s CoG,

which diverges the pitch angle from zero, directly affects the stability of the TWRW.

However, the uncertainty of the body’s mass, which causes the initial miscomputation

of the control input, does not directly affect the TWRW stability.

In this case, the body’s CoG motion is constrained as

xb =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

2cm 5s ≤ t < 15s

0 elsewhere

The uncertainty of the body’s mass is set as

∆mb = 20kg

The initial conditions below are considered.

θb0 = 0 θ̇b0 = 0 θr0 = 0 θ̇r0 = 0 θl0 = 0 θ̇l0 = 0 θp0 = 0 θ̇p0 = 0
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The controller gains below are chosen:

Kp = 1500 Kd = 200 Ki = 5

Case 3:

For Case 3, the motion of the body’s CoG and the uncertainty of the body’s mass

are assumed as

xb =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

2 ∣ sinπ2 (t − 5) ∣ cm 5s ≤ t < 15s

0 elsewhere
∆mb = 20kg

The same initial condition and controller gains chosen in Case 2 are set for Case 3. The

body’ CoG motion in Case 1-3 are depicted in Figure. 4.1.

Figure 4.1: The motion of the body’s CoG in Case1-3 for stability control evaluation.

To obtain the reasonable results from simulation, the control input torque should

not exceed the capacity of the real motors (up to 50N.m). Therefore, all parameters,

including physical details of the TWRW, initial conditions, and the control gains are

chosen in a way to produce the reasonable control input.
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(a): Pitch angle (b): Pitch angular velocity

(c): Input torque (d): Input power

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 4.2: The TWRW stability control response for the conventional system (CS) and
proposed system (PS) through PID control in Case 1.
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(a): Pitch angle (b): Pitch angular velocity

(c): Input torque (d): Input power

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 4.3: The TWRW stability control response for the conventional system (CS) and
proposed system (PS) through PID control in Case 2.
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(a): Pitch angle (b): Pitch angular velocity

(c): Input torque (d): Input power

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 4.4: The TWRW stability control response for the conventional system (CS) and
proposed system (PS) through PID control in Case 3.



Chapter 4. Stability Control 72

Simulation results of stability control for the conventional and the proposed systems

through PID control in Case 1 are depicted in Figure. 4.2. It can be seen that under

both controllers, the pitch angle and its velocity converge to zero in a similar pattern,

where pitch angle, and its velocity reach and remain at zero after almost 2sec (see

Figures. 4.2a and 4.2b). Whereas, in the proposed system, the required torque is

lower than the conventional one (see Figure. 4.2c). It can be seen that the maximum

input torque in the conventional and proposed approaches are 50N.m, and 24N.m,

respectively. However, the input power in the proposed system is a bit larger than

the conventional method, where the maximum input power in the conventional and

proposed approaches are 8Watt, and 8.3Watt, respectively. (see Figure. 4.2d).

Figures. 4.2e and 4.2f depict the angular motion of the movable mechanism and

its velocity, respectively. It can be seen that the range of angular displacement of the

movable mechanism, where its maximum value is 10deg is very small. This shows

that it can be made compact and be operated in a small space to achieve the control

objectives without causing large disturbances to the system including the rider.

Figures. 4.3 and 4.4 show the response of the stability control in Case 2 and Case

3, respectively. As shown in Figures. 4.3a 4.3b, 4.4a, and 4.4b the range of pitch

angle and pitch velocity in the proposed approach is a bit larger than the conventional

system. Whereas, the input torque and power of the proposed method is lower than

the conventional one (see Figures. 4.3c and 4.4c). Furthermore, the input power in the

proposed system is much lower than the conventional approach (see Figures. 4.3d and

4.4d). Similar to Case 1, the range of angular displacement of movable mechanism in

Case 2 and Case 3 are small (see Figures. 4.3e and 4.4e).

The energy consumption of motors in Case 1 to Case 3 through PID control are

shown in Table. 4.2. The Energy consumption of the proposed system in Case 1 is a bit

larger than the conventional approach. While, it is much lower than the conventional

method in Case 2 and Case 3. It can be seen that in Case 1, where no disturbance is
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applied to the TWRW and a non-zero initial condition is set for pitch angle, the response

of the proposed system like pitch angle, input torque, input power, etc., are similar to

those obtained in the conventional one. However, in Case 2 and Case 3, where the

system is under disturbances, the input torque, input power, and energy consumption of

the proposed system are much lower than those required in the conventional system.

Besides, the pitch angle and its velocity converge to zero in a similar pattern under both

control approaches and there are small differences between them. It can be concluded

that the performance of the proposed system is much better than the conventional

method when the TWRW is under disturbances.

Table 4.2: Energy consumption of the conventional and the proposed systems through
PID control for the TWRW stability control.

Case 1 2 3

Conventional system (Er +El) 3.42 J 2238.30 J 878.99 J

Proposed system (Ep) 4.70 J 41.71 J 74.34 J

4.3 CTC control

4.3.1 Stability control of the conventional system

TThe model-based CTC control uses the dynamic model of system, the feedback of

controller aim, and the controller gains to obtain the controller input. This control

scheme has a larger working range than PID, while it is not robust against disturbances

like model uncertainties and rider’s motion which are applied to the TWRW. The overall
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control function of CTC control can be expressed as [208]

ë +Kdė +Kpe +Ki∫ edt = 0 (4.8)

Similar to PID control, the tracking error is defined as

e = θb − θbd

Eq. (4.8) can be rewritten as below.

θ̈b − θ̈bd +Kd(θ̇b − θ̇bd) +Kp(θb − θbd) +Ki∫ (θb − θbd)dt = 0 (4.9)

Since the aim of controller is to converge pitch angle to zero, therefore.

θbd = 0, θ̇bd = 0, θ̈bd = 0.

which leads to

θ̈b = −Kdθ̇b −Kpθb −Ki∫ θbdt (4.10)

θ̈b can be obtained from the dynamic modelling derived in Chapter. 3. Comparing

Eqs. (3.15) and (4.10), we have

Ac3 +Bc3 + M̂
−1
c31τr + M̂

−1
c32τl = −Kdθ̇b −Kpθb −Ki∫ θbdt (4.11)

Bc3 contains the disturbance elements. To calculate the control input through the

CTC control, the disturbances elements are not considered and removed. Therefore,

Eq. (4.11) is rewritten as:

M̂−1
c31τr + M̂

−1
c32τl = −Ac3 −Kdθ̇b −Kpθb −Ki∫ θbdt (4.12)



Chapter 4. Stability Control 75

From Eqs. (4.3) and (4.12), we have

τw =
2(−Ac3 −Kdθ̇b −Kpθb −Ki∫ θbdt)

M̂−1
c31 + M̂

−1
c32

(4.13)

4.3.2 Stability control of the proposed system

Similar to the conventional system, comparing Eqs. (3.23) and (4.10) leads to

Ap3 +Bp3 + M̂
−1
p31τr + M̂

−1
p32τl + M̂

−1
p34τp = −Kdθ̇b −Kpθb −Ki∫ θbdt (4.14)

Bp3 contains the disturbance elements and is removed from the control input.

From Eqs. (4.6) and (4.14), we have

τp =
−Ap3 −Kdθ̇b −Kpθb −Ki∫ θbdt

M̂−1
p34

(4.15)

4.3.3 Simulation results

To simulate the stability control through CTC control, the three cases which are similar

to those used for PID control are considered. In Case 1 to Case 3, the controller gains

below are set

Case 1:

For Case 1, the controller gains are chosen as

Kp = 9 Kd = 6 Ki = 0.05

Case 2 and 3:

For Case 2 and 3, the controller gains below are selected.

Kp = 35 Kd = 23 Ki = 0.05
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(a): Pitch angle (b): Pitch angular velocity

(c): Input torque (d): Input power

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 4.5: The TWRW stability control response for the conventional system (CS) and
proposed system (PS) through CTC control in Case 1.
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(a): Pitch angle (b): Pitch angular velocity

(c): Input torque (d): Input power

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 4.6: The TWRW stability control response for the conventional system (CS) and
proposed system (PS) through CTC control in Case 2.
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(a): Pitch angle (b): Pitch angular velocity

(c): Input torque (d): Input power

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 4.7: The TWRW stability control response for the conventional system (CS) and
proposed system (PS) through CTC control in Case 3.
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Figure. 4.5 depicts the simulation results of the TWRW stability control for the

conventional and proposed systems through CTC control in Case 1. Similar to the

results obtained for PID control, the pitch angle and its velocity converge to zero

in a similar pattern, where it takes 2sec that they stabilize under both systems (see

Figures. 4.5a and 4.5b). While the input torque in the proposed method is lower than the

conventional one, the input power is similar for both control systems (see Figures. 4.5c

and 4.5d). The maximum input torque in the conventional and proposed approaches

are 40N.m, and 24N.m, respectively. Whereas, the maximum input torque for both

approaches is almost the same (8Watt). In addition, the range of angular displacement

of the movable mechanism, where its maximum value is similar to that obtained for

PID control is small. (see Figures. 4.5e and 4.5f).

The simulation results of stability control through CTC control in Case 2 and Case 3

are shown in Figures. 4.6 and 4.7, respectively. Figures. 4.6a and 4.7a depict the motion

of pitch angle in Case 2 and Case 3, respectively. Also, the pitch angular velocity

response in Case 2 and Case 3 are shown in Figures. 4.6b and 4.7b, respectively. It

can be seen that pitch angle and its velocity follow a similar pattern under both control

methods. As shown in Figures. 4.6c and 4.7c, the input torque in the proposed approach

is lower than in the conventional one. Furthermore, the input power in the proposed

system is much lower than those obtained in the conventional method (see Figures. 4.6d

and 4.7d). The energy consumption of motors in Case 1 to Case 3 through CTC control

are shown in Table. 4.3. It can be seen that the energy consumption for the proposed

approach is much smaller than the conventional system, especially in Case 2 and Case

3.
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Table 4.3: Energy consumption of the conventional and the proposed system through
CTC control for TWRW stability control.

Case 1 2 3

Conventional system (Er +El) 6.60 J 3140.40 J 1270.90 J

Proposed system (Ep) 4.57 J 40.04 J 49.87 J

4.4 SMC control

4.4.1 Stability control of the conventional system

To resolve the problem of non-robustness of PID and CTC, SMC control which is robust

against disturbances are developed for stability control. In this control scheme, the

tracking errors are forced to slide along a surface called sliding surface.

To use the SMC, a state vector is chosen as

x = [ x1 x2 ]
T

As the controller aim is pitch angle, x1 and x2 are selected as

x1 = θb, x2 = θ̇b.

Therefore,

ẋ1 = x2, ẋ2 = θ̈b (4.16)
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Comparing Eqs. (3.15) and (4.16), there is

ẋ1 = x2, ẋ2 = Ac3 +Bc3 + M̂
−1
c31τr + M̂

−1
c32τl (4.17)

The tracking errors are defined as

e1 = θb − θbd , e2 = θ̇b − θ̇bd .

Based on the SMC structure, the system dynamic model can be simplified as [213]

ė1 = e2, ė2 = u + f. (4.18)

where u is the so-called equivalent control input and f is the disturbance. The magnitude

of f is bounded as

∣ f ∣≤ L > 0

From Eqs. (4.17) and (4.18), we have

u = Ac3 + M̂
−1
c31τr + M̂

−1
c32τl − θ̈bd , f = Bc3 . (4.19)

The controller aim is to make the pitch angle remains at zero. Then,

θbd = 0, θ̇bd = 0, θ̈bd = 0.

The sliding surface is defined as

σ = e2 + ce1 (4.20)

c is the positive design parameter. The equivalent control input is assumed as

u = −ce2 − ρ sign(σ) (4.21)
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where ρ is the control gain and

sign(σ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 if σ > 0

0 if σ = 0

−1 if σ < 0

Define The Lyapanov function as

V =
1

2
σ2 (4.22)

The below conditions should be satisfied to provide stability of the SMC controller.

(a) V̇ < 0 for σ ≠ 0, (b) lim
σ→∞V =∞

Obviously, condition (b) is satisfied by Eq. (4.22). To achieve finite-time stability,

condition (a) can change to [213]

V̇ ≤ −αV 1/2 = −
α
√

2
∣ σ ∣

where α > 0. By differentiating V , we have

V̇ = σσ̇

σ̇ can be computed as

σ̇ = ė2 + cė1 = u + f + ce2 = −ρ sign(σ) + f

Therefore,

V̇ = σf − σρ sign(σ) ≤ − ∣ σ ∣ (ρ −L)
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To satisfy condition (a), we have

ρ = L +
α
√

2

Therefore, by selecting u = −ce2 − ρ sign(σ) and ρ = L +
α
√

2
, the controller stability is

guaranteed.

Using Eqs. (4.3), (4.19), and (4.21), the total torque of the wheels can be obtained

as

τw =
2(−Ac3 − cθ̇b − ρ sign(σ))

M̂−1
c31 + M̂

−1
c32

(4.23)

As the non-smooth function (sign(σ)) is used in the equivalent control input, the

SMC developed here suffers from the problem of chattering. To resolve this problem,

the non-smooth function sign(σ) can be replaced with the equivalent smooth function

as [213]

sign(σ) ≈
σ

∣ σ ∣ +ε
(4.24)

where ε is a small positive scalar. Also, we have

lim
ε→0

σ

∣ σ ∣ +ε
= sign(σ)

Therefore, Eq. (4.23) can be rewritten as

τw =

2(−Ac3 − cθ̇b − ρ
σ

∣ σ ∣ +ε
)

M̂−1
c31 + M̂

−1
c32

(4.25)
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4.4.2 Stability control of the proposed system

Similar to the conventional system, from Eqs. (3.23) and (4.16), we have

ẋ1 = x2, ẋ2 = Ap3 +Bp3 + M̂
−1
p31τr + M̂

−1
p32τl + M̂

−1
p34τp (4.26)

Comparing Eqs. (4.18) and (4.26), it follows that

u = Ap3 + M̂
−1
p31τr + M̂

−1
p32τl + M̂

−1
p34τp − θ̈bd , f = Bp3 . (4.27)

Considering Eqs. (4.6), (4.21), (4.24), and (4.27), the input torque of the movable

mechanism is obtained as

τp =
−Ap3 − cθ̇b − ρ

σ
∣ σ ∣ +ε

M̂−1
p34

(4.28)

4.4.3 Simulation results

Three cases which are similar to those used for PID control are assumed for simulation

of stability control through SMC control. For Case 1 to Case 3, the controller gains are

chosen as

Case 1:

For Case 1, the controller gains below are set for both control systems.

c = 2 ρ = 5 ε = 0.05
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Case 2 and 3:

For Case 2 and 3, the controller gains are chosen as

c = 5 ρ = 200 ε = 0.05

Figures. 4.8-4.10 show the simulation results of TWRW stability control through

SMC control in Case 1 to Case 3, respectively. The performance analysis of the

conventional and the proposed systems for all three cases are similar to those explained

in CTC simulation results (section 4.3.3). However, the input power of SMC in Case

2, and Case 3 are smaller than those obtained in CTC. For example, the maximum

input power of the conventional method for SMC in Case 2, and Case 3 are 500Watt,

and 290Watt, respectively. While, these values for CTC are 600Watt, and 350Watt,

respectively. Table. 4.4 shows the energy consumptions in Case 1 to Case 3 through

SMC control for both control approaches.

Table 4.4: Energy consumption of the conventional and the proposed systems through
SMC control for TWRW stability control.

Case 1 2 3

Conventional system (Er +El) 6.99 J 2453.20 J 992.64 J

Proposed system (Ep) 4.57 J 38.74 J 55.44 J
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(a): Pitch angle (b): Pitch angular velocity

(c): Input torque (d): Input power

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 4.8: The TWRW stability control response for the conventional system (CS) and
proposed system (PS) through SMC control in Case 1.
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(a): Pitch angle (b): Pitch angular velocity

(c): Input torque (d): Input power

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 4.9: The TWRW stability control response for the conventional system (CS) and
proposed system (PS) through SMC control in Case 2.
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(a): Pitch angle (b): Pitch angular velocity

(c): Input torque (d): Input power

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 4.10: The TWRW stability control response for the conventional system (CS)
and proposed system (PS) through SMC control in Case 3.
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4.5 SOSMC control

4.5.1 Stability control of the conventional system

To resolve the chattering problem, the higher-order SMC like SOSMC control are

recommended to be used, which are more robust against disturbances. To control the

pitch angle through the SOSMC, the sliding surface is defined as

σ = e2 + ce1 (4.29)

c is the positive design parameters. e1 and e2 are the tracking errors of pitch angle and

pitch angular velocity, respectively. e1 and e2 are defined as

e1 = θb − θbd , e2 = θ̇b − θ̇bd .

According to the controller aim, θbd and θ̇bd are set as

θbd = 0, θ̇bd = 0.

Therefore, Eq. (4.29) can be reformulated as

σ = θ̇b + cθb (4.30)

From Eq. (4.30) we have

σ̇ = θ̈b + cθ̇b (4.31)

According to the structure of SOSMC, we have [213]

σ̇ = u + f (4.32)
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Comparing Eqs. (3.15), (4.31), and (4.32), we have

u = Ac3 + M̂
−1
c31τr + M̂

−1
c32τl, f = Bc3 (4.33)

To develop the SOSMC, Km and KM which are two positive constants are chosen as

0 ≤Km ≤ 1 ≤KM (4.34)

There exist two positive constants q and UM which are selected as

∣ f ∣< qUM , 0 < q < 1 (4.35)

Also, the positive constant value C is chosen as

∣ ḟ ∣≤ C (4.36)

Considering the assumptions above, the equivalent control input u is defined as

u = −λ ∣ σ ∣0.5 sign(σ) + ν, ν̇ =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

−u, ∣ u ∣> UM

−αsign(σ), ∣ u ∣≤ UM

(4.37)

where, λ and α are two positive constants. Selecting

λ >

√
2

(Kmα −C)

(Kmα +C)KM(1 + q)

K2
m(1 − q)

, α > C/Km (4.38)

all tracking errors converge to zero in finite time. The stability proof of SOSMC control

is made by the theorem below.

Theorem:

If assumptions considered in Eqs. (4.34)-(4.36) are satisfied and the sliding surface
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is defined as Eq. (4.29), the equivalent control input(u) defined in Eq. (4.37) guarantees

that the tracking error converges to zero in finite-time. To prove this theorem, three

steps are defined as:

Step 1: The control input u enters the segment [−UM , UM] in finite time.

Step 2: The sliding variable σ̇ reaches the sliding surface σ in finite time.

Step 3: The tracking error e converges to zero in finite time.

Proof of step 1:

if ∣ u ∣> UM , a Lyapunov function of u is chosen as [214]

Vu =
1

2
u2 (4.39)

Considering Eqs. (4.32), (4.37), and (4.39), there is

V̇u = −u
2 −

1

2
λ ∣ σ ∣−0.5 u2(

f

u
+ 1) (4.40)

From Eqs. (4.34), (4.35), and (4.40) as well as considering ∣ u ∣> UM , it leads to

V̇u < −u
2 −

1

2
λ ∣ σ ∣−0.5 u2(1 − q) < −u2 = −2Vu

Therefore,
dVu
dt

≤ −2VuÔ⇒ t − t0 ≤
1

2
ln
Vu(t0)

Vu(t)

The initial point of u which is denoted by u0 reaches the segment [−UM , UM] at time

t1 = tUM
− t0. From Eq. (4.39), we have

t1 ≤ ln ∣ u0 ∣ −ln(UM)

It can be concluded that control input u enters the segment [−UM , UM] in finite time.
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Proof of step 2:

When the control input u enters the segment [−UM , UM] which means ∣ u ∣≤ UM ,

from Eq. (4.37) we have

u̇ = −
λ

2
σ̇ ∣ σ ∣−0.5 −αsign(σ) (4.41)

Comparing Eqs. (4.32) and (4.41), it follows that

σ̈ = −
λ

2
σ̇ ∣ σ ∣−0.5 −αsign(σ) + ḟ (4.42)

Considering Eqs. (4.34)-(4.36), the Eq. (4.42) can be presented as

σ̈ ∈ [−C,C] − [−Km,KM](
λ

2
σ̇ ∣ σ ∣−0.5 +αsign(σ)) (4.43)

To analyze the motion of σ and σ̇, the phase trajectory of point (σ, σ̇) is defined in the

phase plane. The gradient of the trajectory is obtained as

dσ̇

dσ
=
dσ̇/dt

dσ/dt
=
σ̈

σ̇
(4.44)

Figure. 4.11 depicts the trajectory of σ − σ̇ during the reaching phase.
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Figure 4.11: Phase trajectory of σ − σ̇ during reaching phase.

The motion of σ − σ̇ is divided into four phases and analyzed clockwise. The four

phases are as below:

(a) Motion of the first phase:

In the first phase σ > 0, σ̇ > 0. Therefore, from Eq. (4.43) we have

σ̈ ∈ [−C,C] − [−Km,KM](
λ

2
σ̇ ∣ σ ∣−0.5 +α)Ô⇒ σ̈ ≤ C −Kmα (4.45)

Comparing Eqs. (4.44) and (4.45), it leads to

σ̇dσ̇ = σ̈dσÔ⇒
1

2
σ̇2∣

σ̇1

σ̇0

= ∫

σ1

σ0
σ̈dσ ≤ ∫

σ1

σ0
(C−Kmα)dσÔ⇒ σ1 ≤

σ̇2
1 − σ̇

2
0

2(C −Kmα)
+σ0
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As σ̇1 = 0 and σ0 = 0, it leads to

σ1 ≤
σ̇2
0

2(Kmα −C)
(4.46)

(b) Motion of the fourth phase:

In the fourth phase, σ > 0 and σ̇ < 0. Therefore, Eq. (4.43) is rewritten as

σ̈ ∈ [−C,C] − [Km,KM](−
λ

2
σ̇ ∣ σ ∣−0.5 +α) (4.47)

When the point (σ, σ̇) leaves the axis σ̇ = 0, from Eqs. (4.38) and (4.47) we have

σ̈ ∈ [−C,C] − α[Km,KM]Ô⇒ σ̈ ≤ C −Kmα < 0 (4.48)

Also, when the point (σ, σ̇) is reaching axis σ = 0, there is

σ̈ ∈ [−C,C] − [−Km,KM](−∞)Ô⇒ σ̈ → +∞ (4.49)

Considering Eqs. (4.42) and (4.49), it can be concluded that σ̈ is continuous in the

fourth phase. Also, the sign of σ̈ at the phase trajectory’s boundary changes, which can

be concluded that there is at least one point satisfying σ̈ = 0. The point satisfying the

σ̈ = 0 is denoted by (σN1 , σ̇N1). A curve σ̇ = −β1σ0.5 intersecting with phase trajectory

at point (σN1 , σ̇N1) is defined. The intersection of this curve with axis σ = σ1 is denoted

by (σM1 , σ̇M1). Therefore, from Eq. (4.38) we have

∣ σ̇2 ∣≤∣ σ̇N1 ∣< n ∣ σ̇0 ∣ (4.50)

where n =
(1 − q)Km

(1 + q)KM
. To prove Eq. (4.50), σ̇N1 = 0 on the curve σ̇ = −β1σ0.5 is
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considered, which follows that

0 <
2

λ
(
Kmα −C

KM

) ≤ β1 ≤
2

λ
(
KMα +C

Km

) (4.51)

According to the definition of (σM1 , σ̇M1), it can be concluded that ∣ σ̇N1 ∣<∣ σ̇M1 ∣. Since

∣ σ̇N1 ∣ is the maximum value of ∣ σ̇ ∣ in the fourth phase, therefore ∣ σ̇2 ∣≤∣ σ̇N1 ∣. As the

point (σM1 , σ̇M1) is on the curve σ̇ = −β1σ0.5, we have

σ̇M1 = −β1σ
0.5
M1

= −β1σ
0.5
1 ≥ −β1

¿
Á
ÁÀ σ̇2

0

2(Kmα −C)
(4.52)

Combining Eqs. (4.51) and (4.52), it leads to

∣ σ̇M1 ∣≤∣ σ̇0 ∣

√
1

2(Kmα −C)

2(KMα +C)

λKm

λ is selected to satisfy Eq. (4.38). Then,

∣ σ̇M1 ∣<
(1 − q)Km

(1 + q)KM

∣ σ̇0 ∣

It is obvious that ∣ σ̇2 ∣≤∣ σ̇N1 ∣<∣ σ̇M1 ∣. Therefore,

∣ σ̇2 ∣≤∣ σ̇N1 ∣< n ∣ σ̇0 ∣ (4.53)

with n = (1 − q)Km

(1 + q)KM

(c) Motion of the third phase:

The third phase condition is similar to the first phase. For the third phase we have:

∣ σ3 ∣≤
σ̇2
2

2(Kmα −C)
<

n2σ̇2
0

2(Kmα −C)
(4.54)



Chapter 4. Stability Control 96

(d) Motion of the second phase:

The case of the second phase is similar to the fourth one. In this phase we have

∣ σ̇4 ∣≤∣ σ̇N2 ∣< n2 ∣ σ̇0 ∣ (4.55)

Considering all four phases (Eqs. (4.46), (4.50), (4.54), and (4.55)), it follows that

∣ σ2i−1 ∣≤ n2i−2 σ̇2
0

2(Kmα −C)
, ∣ σ̇2i ∣< n

i ∣ σ0 ∣ (4.56)

where n = (1 − q)Km

(1 + q)KM
. It is obvious that n < 1. Therefore, σ and σ̇ converge to zero.

Proof of step 3:

After sliding variable(σ̇) and sliding surface(σ) converge to zero, the tracking

error(e = θb − θbd) enters the sliding surface, which leads to

ė + ce = 0 (4.57)

The Lyapanov function is chosen as

V =
1

2
e2 (4.58)

Similar to the stability proof of SMC, the conditions below should be satisfied to achieve

a finite-time stability.

(a) V̇ < 0 for e ≠ 0, (b) lim
e→∞V =∞

It is obvious that condition (b) is satisfied by Eq. (4.58). From Eq. (4.57) and (4.58), we
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have

V̇ = eė = −ce2

Since c is a positive parameter, condition (a) is satisfied. Therefore, the tracking error

converges to zero in finite-time.

From Eqs. (4.3), (4.33), and (4.37), the total torque of wheels can be obtained

through the equation below

τw =
2(−Ac3 − cθ̇b − λ ∣ σ ∣0.5 sign(σ) + ν)

M̂−1
c31 + M̂

−1
c32

(4.59)

4.5.2 Stability control of the proposed system

Considering Eqs. (3.23), (4.31), and (4.32), we have

u = Ap3 + M̂
−1
p31τr + M̂

−1
p32τl + M̂

−1
p34τp, f = Bp3 (4.60)

From Eqs. (4.6), (4.37) and (4.60), τp is calculated as

τp =
−Ap3 − cθ̇b − λ ∣ σ ∣0.5 sign(σ) + ν

M̂−1
p34

(4.61)

4.5.3 Simulation results

The stability control of the TWRW through SOSMC control are simulated in 3 cases

which are similar to those used for PID control. In Case 1 to Case 3, the controller gains

for SOSMC are chosen as
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Case 1:

For Case 1, the controller gains below are set.

c = 2, λ = 2, α = 0.3, ε = 0.05.

Case 2 and 3:

For Case 2 and Case 3, the controller gains are chosen as

c = 1.5, λ = 20, α = 2, ε = 0.05.

Figures. 4.12-4.14 depict the simulation results of TWRW stability control for

the conventional and proposed systems through SOSMC control in Case 1 to Case 3,

respectively. The performance analysis of both control systems for all three cases is

similar to those investigated in CTC control simulation results (section 4.3.3). However,

the maximum input power obtained for SOSMC is the smallest among other control

schemes used in this chapter. For instance, the maximum input power of the conven-

tional method in Case 2 for PID, CTC, SMC, and SOSMC are 410Watt, 600Watt,

500Watt, and 300Watt, respectively. Table. 4.5 shows the energy consumption of

stability control through SOSMC control for both control methods in Case 1 to Case 3.

Table 4.5: Energy consumption of the conventional and the proposed systems through
SOSMC control for TWRW stability control.

Case 1 2 3

Conventional system (Er +El) 6.36 J 1822 J 764.64 J

Proposed system (Ep) 4.64 J 32.09 J 41.14 J
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(a): Pitch angle (b): Pitch angular velocity

(c): Input torque (d): Input power

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 4.12: The TWRW stability control response for the conventional system (CS)
and proposed system (PS) through SOSMC control in Case 1.
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(a): Pitch angle (b): Pitch angular velocity

(c): Input torque (d): Input power

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 4.13: The TWRW stability control response for the conventional system (CS)
and proposed system (PS) through SOSMC control in Case 2.
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(a): Pitch angle (b): Pitch angular velocity

(c): Input torque (d): Input power

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 4.14: The TWRW stability control response for the conventional system (CS)
and proposed system (PS) through SOSMC control in Case 3.
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To evaluate the performance of the control schemes used in this chapter (PID, CTC,

SMC, and SOSMC), the simulation results obtained for stability control of the proposed

system in Case 2 are compared. In Case 2, the motion of the body’s CoG disturbance

is considered from 5sec to 15sec. In this period, the input torque is applied to the

movable mechanism (τp) to compensate the disturbance effects and keep pitch angle

zero.

It is expected that when no disturbance is applied to the system (after time 15sec),

the input torque converges to zero. However, it can be seen in the simulation results, after

t = 15sec the high-frequency components remain in the input torque of the movable

mechanism which affects the other control parameters. Figures. 4.15-4.20 depict the

residual components in the control parameters of the proposed system in Case 2. It can

be seen that the largest components are found in the PID control, while the model-based

CTC control has lower residual components than PID control.

Though, through the SMC and SOSMC control which are classified as robust

controllers, the lower components than PID and CTC remain in their responses. It can

be seen that the lowest components are obtained through the SOSMC, which is known

as one of the best robust controllers.

Figure 4.15: The residual components of pitch angle in stability control for the proposed
system through PID, CTC, SMC, and SOSMC in Case 2.
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Figure 4.16: The residual components of pitch angular velocity in stability control for
the proposed system through PID, CTC, SMC, and SOSMC in Case 2.

Figure 4.17: The residual components of input torque in stability control for the
proposed system through PID, CTC, SMC, and SOSMC in Case 2.

Figure 4.18: The residual components of input power in stability control for the proposed
system through PID, CTC, SMC, and SOSMC in Case 2.
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Figure 4.19: The residual components of movable mechanism angle in stability control
for the proposed system through PID, CTC, SMC, and SOSMC in Case 2.

Figure 4.20: The residual components of movable mechanism angular velocity in
stability control for the proposed system through PID, CTC, SMC, and SOSMC in Case
2.

4.6 Summary

In this chapter, the stability control of TWRW for the conventional and proposed systems

through four control schemes (PID, CTC, SMC, and SOSMC) was developed. It is

easy to develop the controller through PID control, as it doesn’t require any information

about the dynamic modelling. The only parameters needed to calculate the control

inputs are the feedback of controller aim (pitch angle) and PID control gains. To achieve

a more optimized stability control, the CTC control which is a model-based controller is

used. In this controller, the nonlinear feedback of dynamic modelling is used to obtain
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the control input. However, the disturbance components are not considered in CTC

control, which makes it non-robust against disturbances.

To design a robust controller, SMC and SOSMC are developed. The SMC control

suffers from the chattering problem which appeared in the control input and makes it

unusable for real-time systems. To resolve this problem, the non-smooth sign function

used in SMC is replaced with the equivalent smooth function. In addition, the higher-

order SMC controllers like SOSMC are used to resolve the chattering problem. The

simulation results were provided to show the superiority of the proposed system over the

conventional approach. The TWRW can reach its stability under both control systems,

while the input torque, input power, and energy consumption in the proposed system

are much lower than those obtained in the conventional one.

IIn the next chapter, the stability and direction control of TWRW for the conventional

and the proposed approaches are developed. CTC, SMC, and SOSMC control schemes

are used to develop the controllers. The simulation results are provided to demonstrate

the superiority of the proposed system over the conventional one.
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Stability and Direction Control

5.1 Introduction

In addition to stability, the direction control is also important for a TWRW. When

a TWRW is required to follow a path along a desired direction (defined by a yaw

angle which is shown in Figure. 3.2b), achieving both stability and direction control is

more challenging. In this chapter, the stability and direction control of the TWRW are

developed. The control objectives are to track the desired yaw angle, while the pitch

angle remains zero.

The control input in the conventional system is the right and left wheels’ torques.

It means that the wheels provide the stability and direction control inputs at the same

time. However, in the proposed system, the input torque of the movable mechanism is

added to the control inputs to assist the wheels for stability and direction control. In the

conventional system, there are two control inputs including input torque of the right and

left wheels, while there are three control inputs in the proposed system (input torque

of the right and left wheels and the movable mechanism). However, in both control

systems, there are two control outputs (pitch and yaw angle).

The stability and direction control for both control systems can be summarized as

106
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follows:

Conventional System

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

●Controller input

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

Input torque of right wheel

Input torque of left wheel

●Controller aim

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

Stability (Pitch angle)

Direction (Yaw angle)

Proposed System

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

●Controller input

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Input torque of right wheel

Input torque of left wheel

Input torque of added movable mechanism

●Controller aim

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

Stability (Pitch angle)

Direction (Yaw angle)

According to the number of control input and output, both control systems are con-

sidered as a multiple input-multiple output (MIMO) system. In this chapter, the CTC,

SMC, and SOSMC are used to develop stability and direction control.
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5.2 CTC control

5.2.1 Stability and direction control of the conventional system

As there are two control objectives for stability (θb) and direction (θy) control (see

Figure. 3.2), we need to define two control functions of CTC which can be expressed as

ë1 +Kd1 ė1 +Kp1e1 +Ki1∫ e1dt = 0 (5.1)

ë2 +Kd2 ė2 +Kp2e2 +Ki2∫ e2dt = 0 (5.2)

Tracking errors are defined through

e1 = θb − θbd , e2 = θy − θyd .

Where θyd is the desired value of yaw angle. Therefore, Eqs. (5.1) and (5.2) can be

rewritten as

θ̈b − θ̈bd +Kd1(θ̇b − θ̇bd) +Kp1(θb − θbd) +Ki1∫ (θb − θbd)dt = 0 (5.3)

θ̈y − θ̈yd +Kd2(θ̇y − θ̇yd) +Kp2(θy − θyd) +Ki2∫ (θy − θyd)dt = 0 (5.4)

where

θbd = 0 θ̇bd = 0 θ̈bd = 0

Considering Eqs. (3.15), (3.17), (5.3), and (5.4), there is

Ac3 +Bc3 + M̂
−1
c31τr + M̂

−1
c32τl = −Kd1 θ̇b −Kp1θb −Ki1∫ θbdt (5.5)
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r

d
[Ac1 +Bc1 −Ac2 −Bc2 + (M̂−1

c11 − M̂
−1
c21)τr + (M̂−1

c12 − M̂
−1
c22)τl] =

θ̈yd +Kd2(θ̇yd − θ̇y) +Kp2(θyd − θy) +Ki2∫ (θyd − θy)dt (5.6)

Bc1 , Bc2 , and Bc3 contain the disturbance elements and should not be considered in the

control input. From Eqs. (5.5) and (5.6), the input torques of the right and left wheels

are calculated as

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

τr

τl

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

M̂−1
c31 M̂−1

c32

M̂−1
c11 − M̂

−1
c21 M̂−1

c12 − M̂
−1
c22

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

−1 ⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Fc1

Fc2

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(5.7)

where

Fc1 = −Ac3 −Kd1 θ̇b −Kp1θb −Ki1∫ θbdt

Fc2 = Ac2 −Ac1 +
d

r
[θ̈yd +Kd2(θ̇yd − θ̇y) +Kp2(θyd − θy) +Ki2∫ (θyd − θy)dt]

5.2.2 Stability and direction control of the proposed system

Considering Eqs. (3.23), (3.25), (5.3), and (5.4), we have

Ap3 +Bp3 + M̂
−1
p31τr + M̂

−1
p32τl + M̂

−1
p34τp = −Kd1 θ̇b −Kp1θb −Ki1∫ θbdt (5.8)

r

d
[Ap1 +Bp1 −Ap2 −Bp2 + (M̂−1

p11 − M̂
−1
p21)τr + (M̂−1

p12 − M̂
−1
p22)τl + (M̂−1

p14 − M̂
−1
p24)τp] =

θ̈yd +Kd2(θ̇yd − θ̇y) +Kp2(θyd − θy) +Ki2∫ (θyd − θy)dt (5.9)
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To assist the wheels for stability and direction control, the input torque of the movable

mechanism is defined as

τp = β(τr + τl) (5.10)

where β > 0. Bp1 , Bp2 , and Bp3 which are the disturbance elements are removed from

the control input. From Eqs. (5.8), (5.9), and (5.10), the control inputs are obtained as

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

τr

τl

τp

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

M̂−1
p31 M̂−1

p32 M̂−1
p34

M̂−1
p11 − M̂

−1
p21 M̂−1

p12 − M̂
−1
p22 M̂−1

p14 − M̂
−1
p24

β β −1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

−1 ⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Fp1

Fp2

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(5.11)

where

Fp1 = −Ap3 −Kd1 θ̇b −Kp1θb −Ki1∫ θbdt

Fp2 = Ap2 −Ap1 +
d

r
[θ̈yd +Kd2(θ̇yd − θ̇y) +Kp2(θyd − θy) +Ki2∫ (θyd − θy)dt]

5.2.3 Simulation results

In this section, the performances of the TWRW stability and direction control for the

conventional and proposed methods through CTC control are simulated and compared.

The physical dimensions listed in Table. 4.1 are used for simulation. The control sys-

tems are simulated in two cases.

Case 1:

For Case 1, the initial values are set as

θb0 = 0 θ̇b0 = 0 θr0 = 0 θ̇r0 = 0 θl0 = 0 θ̇l0 = 0 θp0 = 0 θ̇p0 = 0
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For stability and direction control through the proposed system, the input torque

of the wheels and the movable mechanism are combined to provide the control input,

while the added mechanism’s input torque is the only input for the stability control.

Therefore, in this Chapter, the higher disturbances than those considered in Chapter. 4

are selected.

The motion of the body’s CoG and the uncertainty of the body’s mass are considered

as

xb =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

5 ∣ sinπ2 (t − 5) ∣ cm 5s ≤ t < 15s

0 elsewhere
∆mb = 40kg

The desired yaw angle and yaw angular velocity are set as

θyd =
π

2
rad, θ̇yd = 0.

The following controller gains are set for the control system:

Kp1 = 200, Kd1 = 30, Ki1 = 0.5, Kp2 = 2, Kd2 = 3, Ki2 = 0.01, β = 0.8.

Case 2:

For Case 2, the same initial conditions, disturbances, and controller gains chosen in

Case 1 are considered, while the desired yaw angle and its velocity are chosen as

θyd =
π

4
t rad, θ̇yd =

π

4
rad/s.

The motion of the body’ CoG in Case 1 and Case 2 are depicted in Figure. 4.1.

Figures. 5.2 and 5.3 depict the simulation results of stability and direction control

for the conventional and the proposed systems through CTC control in Case 1. The
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Figure 5.1: The motion of the body’s CoG in Case1 and 2 for stability and direction
control evaluation.

response of pitch angle and its velocity show that under both control systems, the

TWRW can keep its stability as the range of pitch angle and its velocity are acceptable

and after a period they converge to zero (see Figures. 5.2a and 5.2b). It can be seen in

Figures. 5.2c and 5.2d, that the wheelchair can reach its desired yaw angle and yaw

angular velocity. The variation of pitch and yaw angle and their velocities for both

control systems are similar. The angular motion of the movable mechanism and its

velocity are shown in Figures. 5.2e and 5.2f, respectively. It can be seen that the range

of the movable mechanism displacement is small and acceptable.

The required input torque of the right and left wheels are depicted in Figures. 5.3a

and 5.3b, respectively. The results show that the required torque through the proposed

system is lower than the conventional approach. Similarly, the input power of the wheels

in the proposed system is much lower than the conventional one (see Figures. 5.3c and

5.3d). Figures. 5.3e and 5.3f depict the input torque and power needed by the movable

mechanism, respectively. It can be seen that they are lower than those needed by the

right and left wheels.

Figures. 5.4 and 5.5 show the response of the system in Case 2. The TWRW under

both control systems have the similar performance depicted in Case 1. The energy

consumption of the motors in Case 1 and Case 2 can be found in Table. 5.1. It can be
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seen that the energy consumption of the right and left wheels in the proposed system are

much lower than that of the conventional method. Furthermore, the energy consumption

of the movable mechanism is very small and can be neglected. Therefore, the overall

energy consumption in the proposed approach is much lower than the conventional one.

Table 5.1: Energy consumption of the conventional and the proposed system through
CTC control for TWRW stability and direction control.

Energy consumption Right wheel Left wheel movable mechanism overall

Case 1

Conventional system 1371 J 1370.90 J 2741.90 J

Proposed system 511.53 J 511.50 J 95.33 J 1118.36 J

Case 2

Conventional system 1201.10 J 1368.40 J 2569.50 J

Proposed system 418.68 J 528.98 J 91.67 J 1039.33 J
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(a): Pitch angle (b): Pitch angular velocity

(c): Yaw angle (d): Yaw angular velocity

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 5.2: The TWRW stability and direction control response for the conventional
system (CS) and proposed system (PS) through CTC control in Case 1.
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(a): Input torque of right wheel (b): Input torque of left wheel

(c): Input power of right wheel (d): Input power of left wheel

(e): Input torque of movable mechanism (f): Input power of movable mechanism

Figure 5.3: The control inputs of the TWRW stability and direction control for the
conventional system (CS) and proposed system (PS) through CTC control in Case 1.
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(a): Pitch angle (b): Pitch angular velocity

(c): Yaw angle (d): Yaw angular velocity

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 5.4: The TWRW stability and direction control response for the conventional
system (CS) and proposed system (PS) through CTC control in Case 2.
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(a): Input torque of right wheel (b): Input torque of left wheel

(c): Input power of right wheel (d): Input power of left wheel

(e): Input torque of movable mechanism (f): Input power of movable mechanism

Figure 5.5: The control inputs of the TWRW stability and direction control for the
conventional system (CS) and proposed system (PS) through CTC control in Case 2.
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5.3 SMC control

5.3.1 Stability and direction control of the conventional system

In order to control pitch and yaw angle through the SMC control, a state vector is

defined as

x = [ x1 x2 x3 x4 ]
T

where

x1 = θb, x2 = θ̇b, x3 = θy, x4 = θ̇y.

Then,

ẋ1 = x2, ẋ2 = θ̈b, ẋ3 = x4, ẋ4 = θ̈y. (5.12)

Considering Eqs. (3.15), (3.17), and (5.12), there is

ẋ1 = x2, ẋ2 = Ac3 +Bc3 + M̂
−1
c31τr + M̂

−1
c32τl. (5.13)

ẋ3 = x4, ẋ4 =
r

d
[Ac1 +Bc1 −Ac2 −Bc2 + (M̂−1

c11 −M̂
−1
c21)τr + (M̂−1

c12 −M̂
−1
c22)τl]. (5.14)

The tracking errors are chosen as

e1 = θb − θbd , e2 = θ̇b − θ̇bd , e3 = θy − θyd , e4 = θ̇y − θ̇yd .

Similar to the Eq. (4.18), there is

ė1 = e2, ė2 = u1 + f1, ė3 = e4, ė4 = u2 + f2. (5.15)

where

∣ f1 ∣≤ L1 > 0, ∣ f2 ∣≤ L2 > 0.
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Comparing Eqs. (5.13), (5.14), and (5.15), there is

u1 = Ac3 + M̂
−1
c31τr + M̂

−1
c32τl, f1 = Bc3 . (5.16)

u2 =
r

d
[Ac1 −Ac2 + (M̂−1

c11 − M̂
−1
c21)τr + (M̂−1

c12 − M̂
−1
c22)τl], f2 =

r

d
(Bc1 −Bc2). (5.17)

where

θbd = 0, θ̇bd = 0, θ̈bd = 0.

Two sliding surfaces are defined as

σ1 = e2 + c1e1, σ2 = e4 + c2e3. (5.18)

The equivalent control inputs are assumed as

u1 = −c1e2 − ρ1 sign(σ1), u2 = −c2e4 − ρ2 sign(σ2). (5.19)

The Lyapanov functions are defined as

V1 =
1

2
σ2
1, V2 =

1

2
σ2
2. (5.20)

The conditions below should be satisfied to provide stability of SMC control.

(a) V̇1 < 0 for σ1 ≠ 0, (b) lim
σ1→∞

V1 =∞

(c) V̇2 < 0 for σ2 ≠ 0, (d) lim
σ2→∞

V2 =∞

Condition (b) and (d) are always satisfied by Eq. (5.20). For condition (a) and (c), we

have

V̇1 ≤ −α1V
1/2
1 = −

α1
√

2
∣ σ1 ∣, V̇2 ≤ −α2V

1/2
2 = −

α2
√

2
∣ σ2 ∣ .
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Where α1&α2 > 0. By differentiating V1 and V2, we have

V̇1 = σ1σ̇1, V̇2 = σ2σ̇2.

Where

σ̇1 = ė2 + c1ė1 = u1 + f1 + c1e2 = −ρ1 sign(σ1) + f1

σ̇2 = ė4 + c2ė3 = u2 + f2 + c2e4 = −ρ2 sign(σ2) + f2

Therefore,

V̇1 = σ1f1 − σ1ρ1 sign(σ1) ≤ − ∣ σ1 ∣ (ρ1 −L1)

V̇2 = σ2f2 − σ2ρ2 sign(σ2) ≤ − ∣ σ2 ∣ (ρ2 −L2)

Condition (a) and (c) are satisfied, where

ρ1 = L1 +
α1
√

2
, ρ2 = L2 +

α2
√

2
.

Therefore, by selecting u1 = −c1e2−ρ1 sign(σ1), u2 = −c2e4−ρ2 sign(σ2), ρ1 = L1+
α1
√

2
,

and ρ2 = L2 +
α2
√

2
, the controller stability is guaranteed.

Comparing Eqs. (4.24), (5.16), (5.17), and (5.19), τr, τl are calculated as Eq. (5.7)

where

Fc1 = −Ac3 − c1θ̇b − ρ1
σ1

∣ σ1 ∣ +ε1

Fc2 = Ac2 −Ac1 +
d

r
[θ̈yd − c2e4 − ρ2

σ2
∣ σ2 ∣ +ε2

]
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5.3.2 Stability and direction control of the proposed system

Comparing Eqs. (3.23), (3.25), and (5.12), it leads to

ẋ1 = x2, ẋ2 = Ap3 +Bp3 + M̂
−1
p31τr + M̂

−1
p32τl + M̂

−1
p34τp. (5.21)

ẋ3 = x4, ẋ4 =
r

d
[Ap1+Bp1−Ap2−Bp2+(M̂

−1
p11−M̂

−1
p21)τr+(M̂

−1
p12−M̂

−1
p22)τl+(M̂

−1
p14−M̂

−1
p24)τp].

(5.22)

From Eqs. (5.15), (5.21), and (5.22), we have

u1 = Ap3 + M̂
−1
p31τr + M̂

−1
p32τl + M̂

−1
p34τp, f1 = Bp3 . (5.23)

u2 =
r

d
[Ap1−Ap2+(M̂

−1
p11−M̂

−1
p21)τr+(M̂

−1
p12−M̂

−1
p22)τl+(M̂

−1
p14−M̂

−1
p24)τp], f2 =

r

d
(Bp1−Bp2).

(5.24)

Comparing Eqs. (4.24), (5.10), (5.19), (5.23), and (5.24), the input torques are obtained

as Eq. (5.11), where

Fp1 = −Ap3 − c1θ̇b − ρ1
σ1

∣ σ1 ∣ +ε1

Fp2 = Ap2 −Ap1 +
d

r
[θ̈yd − c2e4 − ρ2

σ2
∣ σ2 ∣ +ε2

]

5.3.3 Simulation results

To simulate the stability and direction control through SMC control, the two cases

which are similar to those used for CTC control are assumed. In Case 1 and Case 2, the

controller gains are chosen as

c1 = 10, ρ1 = 500, ε1 = 0.1, c2 = 1, ρ2 = 2, ε2 = 0.05, β = 0.8.



Chapter 5. Stability and Direction Control 122

Figures. 5.6-5.9 show the simulation results of the TWRW stability and direction

control for the conventional and the proposed systems through SMC control in Case 1

and Case 2, respectively. The analysis of the control methods performances are similar

to those mentioned in CTC control simulation results (section 5.2.3). Table. 5.2 shows

the energy consumption of the motors in Case 1 and Case 2 through SMC control.

Table 5.2: Energy consumption of the conventional and the proposed systems through
SMC control for TWRW stability and direction control.

Energy consumption Right wheel Left wheel movable mechanism overall

Case 1

Conventional system 1289.80 J 1289.60 J 2579.40 J

Proposed system 476.93 J 476.90 J 89.21 J 1043.04 J

Case 2

Conventional system 1127.20 J 1290.10 J 2417.30 J

Proposed system 384.76 J 488.01 J 85.57 J 958.34 J
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(a): Pitch angle (b): Pitch angular velocity

(c): Yaw angle (d): Yaw angular velocity

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 5.6: The TWRW stability and direction control response for the conventional
system (CS) and proposed system (PS) through SMC control in Case 1.
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(a): Input torque of right wheel (b): Input torque of left wheel

(c): Input power of right wheel (d): Input power of left wheel

(e): Input torque of movable mechanism (f): Input power of movable mechanism

Figure 5.7: The control inputs of the TWRW stability and direction control for the
conventional system (CS) and proposed system (PS) through SMC control in Case 1.
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(a): Pitch angle (b): Pitch angular velocity

(c): Yaw angle (d): Yaw angular velocity

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 5.8: The TWRW stability and direction control response for the conventional
system (CS) and proposed system (PS) through SMC control in Case 2.
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(a): Input torque of right wheel (b): Input torque of left wheel

(c): Input power of right wheel (d): Input power of left wheel

(e): Input torque of movable mechanism (f): Input power of movable mechanism

Figure 5.9: The control inputs of the TWRW stability and direction control for the
conventional system (CS) and proposed system (PS) through SMC control in Case 2.
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5.4 SOSMC control

5.4.1 Stability and direction control of the conventional system

To control two parameters including pitch and yaw angle through the SOSMC control,

the sliding surface vector is defined as

σ = [ σ1 σ2 ]
T

, σ1 = e2 + c1e1, σ2 = e4 + c2e3. (5.25)

where

e1 = θb − θbd , e2 = θ̇b − θ̇bd , e3 = θy − θyd , e4 = θ̇y − θ̇yd .

From Eq. (5.25), we have

σ̇1 = ė2 + c1ė1 = (θ̈b − θ̈bd) + c1e2, σ̇2 = ė4 + c2ė3 = (θ̈y − θ̈yd) + c2e4. (5.26)

where

θbd = 0, θ̇bd = 0, θ̈bd = 0.

According to the structure of SOSMC control, we have [213]

σ̇1 = u1 + f1, σ̇2 = u2 + f2. (5.27)

Considering Eqs. (3.15), (3.17), (5.26) and (5.27), there is

u1 = Ac3 + M̂
−1
c31τr + M̂

−1
c32τl, f1 = Bc3 . (5.28)
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u2 =
r

d
[Ac1 +Bc1 −Ac2 −Bc2 + (M̂−1

c11 − M̂
−1
c21)τr + (M̂−1

c12 − M̂
−1
c22)τl] − θ̈yd + c2e4,

f2 =
r

d
(Bc1 −Bc2). (5.29)

The equivalent control inputs u1 and u2 are defined as

u1 = −λ1 ∣ σ1 ∣0.5 sign(σ1) + ν1, u2 = −λ2 ∣ σ2 ∣0.5 sign(σ2) + ν2. (5.30)

where

ν̇1 =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

−u1, ∣ u1 ∣> UM1

−α1sign(σ1), ∣ u1 ∣≤ UM1

, ν̇2 =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

−u2, ∣ u2 ∣> UM2

−α2sign(σ2), ∣ u2 ∣≤ UM2

.

λ1 >

√
2

(Km1α1 −C1)

(Km1α1 +C1)KM1(1 + q1)

K2
m1

(1 − q1)
, α1 > C1/Km1 .

λ2 >

√
2

(Km2α2 −C2)

(Km2α2 +C2)KM2(1 + q2)

K2
m2

(1 − q2)
, α2 > C2/Km2 .

0 ≤Km1 ≤ 1 ≤KM1 , 0 ≤Km2 ≤ 1 ≤KM2 .

∣ f1 ∣< q1UM1 , 0 < q1 < 1, ∣ f2 ∣< q2UM2 , 0 < q2 < 1, ∣ ḟ1 ∣≤ C1, ∣ ḟ2 ∣≤ C2.

From Eqs. ,(5.28), (5.29), and (5.30), the right and left wheels’ torques can be computed

as Eq. (5.7), where

Fc1 = −Ac3 − c1θ̇b − λ1 ∣ σ1 ∣0.5 sign(σ1) + ν1

Fc2 = Ac2 −Ac1 +
d

r
[θ̈yd − c2e4 − λ2 ∣ σ2 ∣0.5 sign(σ2) + ν2]

The stability proof of this controller is similar to the method shown in Chapter. (4) for

SOSMC control (section 4.5.1).
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5.4.2 Stability and direction control of the proposed system

Considering Eqs. (3.23), (3.25), (5.26), and (5.27), it follows that

u1 = Ap3 + M̂
−1
p31τr + M̂

−1
p32τl + M̂

−1
p34τp, f1 = Bp3 . (5.31)

u2 =
r

d
[Ap1 −Ap2 + (M̂−1

p11 − M̂
−1
p21)τr + (M̂−1

p12 − M̂
−1
p22)τl + (M̂−1

p14 − M̂
−1
p24)τp] − θ̈yd + c2e4,

f2 =
r

d
(Bp1 −Bp2). (5.32)

From Eqs. (5.10), (5.30), (5.31), and (5.32), the input torques are calculated through

Eq. (5.11), where

Fp1 = −Ap3 − c1θ̇b − λ1 ∣ σ1 ∣0.5 sign(σ1) + ν1

Fp2 = Ap2 −Ap1 +
d

r
[θ̈yd − c2e4 − λ2 ∣ σ2 ∣0.5 sign(σ2) + ν2]

5.4.3 Simulation results

The stability and direction control through SOSMC control are simulated in two cases

which are similar to those used for CTC control. In Case 1 and Case 2, the controller

gains below are set for both control systems:

c1 = 1, λ1 = 3, α1 = 9.9, c2 = 1, λ2 = 3, α2 = 9.9, β = 0.8.

The simulation results of the TWRW stability and direction control through SOSMC

control in Case 1 and Case 2 are depicted in Figures. 5.10-5.13, respectively. The

comparison between the conventional and the proposed approaches are similar to those
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discussed in CTC control simulation results (section 5.2.3). The energy consumption of

the motors through SOSMC control are listed in Table. 5.3.

Table 5.3: Energy consumption of the conventional and the proposed systems through
SOSMC control for TWRW stability and direction control.

Energy consumption Right wheel Left wheel movable mechanism overall

Case 1

Conventional system 1053.40 J 1053.30 J 2106.70 J

Proposed system 388.63 J 388.61 J 72.33 J 849.57 J

Case 2

Conventional system 896.88 J 1043.50 J 1940.38 J

Proposed system 298.23 J 391.06 J 68.87 J 758.16 J
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(a): Pitch angle (b): Pitch angular velocity

(c): Yaw angle (d): Yaw angular velocity

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 5.10: The TWRW stability and direction control response for the conventional
system (CS) and proposed system (PS) through SOSMC control in Case 1.
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(a): Input torque of right wheel (b): Input torque of left wheel

(c): Input power of right wheel (d): Input power of left wheel

(e): Input torque of movable mechanism (f): Input power of movable mechanism

Figure 5.11: The control inputs of the TWRW stability and direction control for the
conventional system (CS) and proposed system (PS) through SOSMC control in Case 1.
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(a): Pitch angle (b): Pitch angular velocity

(c): Yaw angle (d): Yaw angular velocity

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 5.12: The TWRW stability and direction control response for the conventional
system (CS) and proposed system (PS) through SOSMC control in Case 2.
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(a): Input torque of right wheel (b): Input torque of left wheel

(c): Input power of right wheel (d): Input power of left wheel

(e): Input torque of movable mechanism (f): Input power of movable mechanism

Figure 5.13: The control inputs of the TWRW stability and direction control for the
conventional system (CS) and proposed system (PS) through SOSMC control in Case 2.
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To compare the performance of the control schemes used for TWRW stability and

direction control (CTC, SMC, and SOSMC), the simulation results of the proposed

system through the above-mentioned control schemes in Case 2 are compared. Fig-

ures. 5.14-5.17 show the simulation results of the stability and direction control for the

proposed system in Case 2. It can be seen that between t = 5sec and t = 15sec (when

the motion of the body’s CoG is considered), the pitch angle and pitch angular velocity

obtained from SOSMC control has the smallest deviation from zero (see Figures. 5.14

and 5.15).

Furthermore, the yaw angle response obtained through the SOSMC converges to its

desired value faster than the CTC and SMC (see Figure. 5.16). Additionally, when the

motion of the body’s CoG disturbance is applied, the response of yaw angular velocity

in SOSMC has the smallest deviation from the desired value (see Figure. 5.17). It can be

concluded that the most optimized and robust controller is achieved through the SOSMC

control where the pitch and yaw angles and their velocities have the least deviation from

their desired values, while the control inputs of all utilized control schemes are similar.

Figure 5.14: The pitch angle response of TWRW stability and direction control for the
proposed system through CTC, SMC, and SOSMC in Case 2.
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Figure 5.15: The pitch angular velocity response of TWRW stability and direction
control for the proposed system through CTC, SMC, and SOSMC in Case 2.

Figure 5.16: The yaw angle response of TWRW stability and direction control for the
proposed system through CTC, SMC, and SOSMC in Case 2.

Figure 5.17: The yaw angular velocity response of TWRW stability and direction
control for the proposed system through CTC, SMC, and SOSMC in Case 2.
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5.5 Summary

In this chapter, the stability and direction control of the TWRW for the conventional

and the proposed systems through CTC, SMC, and SOSMC were developed. The

controller targets are stability (pitch angle) and direction (yaw angle). The TWRW

should follow its desired yaw angle, while the pitch angle should remain zero. In the

conventional system, the control inputs are the right and left wheels’ torques. Whereas,

in the proposed system, the movable mechanism is added to the system to aid the

wheels for stability and direction control. Therefore, the number of control inputs for

the conventional and proposed systems are two and three, respectively, although the

number of control outputs for both control systems are two (pitch and yaw angle).

The development of control systems through CTC, SMC, and SOSMC are similar

to the procedures explained in Chapter. 4. The simulation results were presented to

assess the stability and direction control performances. Simulation results showed that

the TWRW can follow its desired direction and keep its stability under both control

systems. However, the required, input torque, input power, and energy consumption in

the proposed system are much smaller than the conventional one.

In the next chapter, the experimental setup to model a scaled-down TWRW is

explained. The mechanical components and controller devices of system are illustrated.

The experimental results provided for the stability control prove the simulation results

of Chapter. 4.
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Experimental Evaluation

6.1 Introduction

To confirm the simulation results, an experimental setup should be implemented to

demonstrate the superiority of the proposed system over the conventional system. In this

chapter, the design and modelling of a scaled-down TWRW is explained. The TWRW

prototype comprises two driving wheels and a steel mass to be considered as the body

(seat and rider). The movable mechanism is placed under the wheel’s axle to assist with

the stability control. Due to the time constraints, the experimental results were only

obtained for stability control. The experimental results for stability and direction control

are not analyzed in this thesis. The performance of the conventional and proposed

systems are evaluated for stability control through PID, CTC, SMC, and SOSMC

control. These control schemes are modelled in an embedded microcontroller system.

The controller’s feedback includes pitch angle, pitch velocity, the movable mechanism’s

angle and its angular velocity which are measured by the IMU sensors. The controller

input is computed by the microcontrollers and is sent to the motor controller, so it can

run the motors directly.

138
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6.2 TWRW’s mechanical components

The TWRW prototype designed in this chapter consists of two driving wheels equipped

with brushless direct current (BLDC) motors. The wheels are connected to each other

through a steel axle. The axle is lubricated well, which allows the wheels to freely

rotate around the axle. Additionally, there is no clearance between the wheels’ shafts

and the axle. A light steel rod which its mass can be neglected is welded from one

end to the middle of the wheels’ axle. The 5kg steel mass is connected to the rod and

placed at the top of the wheels’ axle. This mass can be considered as the body (seat and

rider) in a full-scaled TWRW. A pendulum-like movable mechanism which comprises a

light rod and a 2kg steel mass placed at one end of the rod is placed under the wheels’

axle and is able to freely rotate by a direct current (DC) motor around the motor’s shaft.

The input current and voltage of all motors are supplied by a 14 cell lithium battery.

Figure. 6.1a and 6.1b show the TWRW prototype in the real and Solidwork models,

respectively. The details of each components are explained below.

(a): Real model (b): Solidwork

Figure 6.1: The scaled-down model of the TWRW.
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6.2.1 Driving wheels specifications

Each wheel is equipped with a BLDC motor. These motors are placed at the centre of

each wheel to rotate the wheel’s shaft. Figures. 6.2a and 6.2b depict the driving wheel

in the real and Solidwork models, respectively. The physical dimensions of both wheels

are same and can be found in Table. 6.1.

(a): Real model (b): Solidwork

Figure 6.2: The TWRW’s driving wheel.

Table 6.1: Physical dimensions of the TWRW’s wheel.

Property Symbol Value Unit

Mass of each wheel mw 10 kg

Radius of each wheel r 0.37 m

Length of wheels’ axle d 0.5 m

Moment of inertia of each wheel Jwx 0.32 kg.m2

around its x axis

Moment of inertia of each wheel Jwy 0.32 kg.m2

around its y axis

Moment of inertia of each wheel Jwz 0.64 kg.m2

around its z axis
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Figure. 6.3 shows the BLDC motor mounted on the wheels, and its specifications

are listed in Table. 6.2. The current and voltage of all TWRW’s motors are supplied by

a 14 cell lithium battery depicted in Figure. 6.4.

Figure 6.3: The BLDC motor of the TWRW’s wheel.

Table 6.2: Motor specifications of the TWRW’s driving wheels.

Motor Parameters Value Unit

Motor rating 1500 W

DC supply voltage 48 V

Motor rated current 55 A

Motor rated speed 60 km/h

Torque constant 0.9835 N.m/A

Explained in Chapter. 4, the controller input is the input torque of motors, while in

the motor controllers there is no option to control the torque. To resolve this problem,

the input current can be replaced by the input torque which is one of the control option
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Figure 6.4: The TWRW’s 14 cell lithium battery.

of the motor controllers. The input current can be obtained by the Equation below:

I = τ/Kt (6.1)

where I , τ , and Kt are the input torque, input current, and torque constant, respectively.

As can be seen in Eq. 6.1, the input current can be obtained by dividing the input torque

by the torque constant. To measure the torque constant of driving wheels, a torque with

a specific value is applied to the wheel and the current which can keep system statically

stable is recorded. To provide a torque with a specific value, a mass with a specific

weight is hung from one side of the wheel, and the input current is manually set to keep

the mass perpendicular to the wheel’s axle. Figure. 6.5 depicts the setup to measure the

torque constant of the driving wheels. This test should be done with different values of

torque to obtain the torque constant more accurately.

Figure. 6.6 represents the torque-current graph, where the y axis is the input torque

and x axis is the corresponding input current, where the torque constant is the graph’s

incline. As the graph is not accurately linear, the average of graph’s incline is considered
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as the torque constant which its value can be found in Table. 6.2.

Figure 6.5: The torque constant measurement setup for the driving wheels.

Figure 6.6: The input torque-input current graph of the driving wheel’s motor for the
torque constant measurement.

6.2.2 Body specifications

A light rod which its mass can be neglected is welded to the the middle of the wheels’

axle. A 5kg steel mass is connected to the rod and placed at the top of the wheels’
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axle. This steel mass is assumed as the body which can freely rotate around the wheels’

axle. The real and Solidwork models of the body can be seen in Figures. 6.7a and 6.7b,

respectively. Table. 6.3 presents the physical dimensions of the body.

(a): Real model (b): Solidwork

Figure 6.7: The TWRW’s body.

Table 6.3: Physical dimensions of the TWRW’s body.

Property Symbol Value Unit

Mass of body mb 5 kg

Distance between the body’s CoG l 0.15 kg.m2

and the middle of wheels axle

Moment of inertia of body Jbx 0.0182 kg.m2

around its x axis

Moment of inertia of body Jby 0.0097 kg.m2

around its y axis

Moment of inertia of body Jbz 0.0099 kg.m2

around its z axis
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6.2.3 Movable mechanism specifications

The movable mechanism consists of a rod and a mass at one end of the rod. The mass

of the rod is small and is neglected. This mechanism is placed under the wheel’s axle

to keep the body in the upright position. Figure. 6.8a and 6.8b depict the real and

Solidwork models of the movable mechanism, respectively. The physical dimensions of

the movable mechanism are listed in Table. 6.4.

The motion of the movable mechanism is supplied by a DC motor which its shaft

is directly connected to the movable mechanism revolute joint. There is no clearance

between the movable mechanism joint and the DC motor’s shaft. Figure. 6.9 shows

the DC motor used for the movable mechanism motion. The motor specifications are

presented in Table. 6.4.

(a): Real model (b): Solidwork

Figure 6.8: The TWRW’s movable mechanism.
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Table 6.4: Physical dimensions of the TWRW’s movable mechanism.

Property Symbol Value Unit

Mass of movable mechanism mp 3 kg

Length of the movable l′ 0.25 m

mechanism’s rod

Distance between the movable b 0 m

mechanism joint and wheel’s axle

Moment of inertia of movable Jpx 0.0024 kg.m2

mechanism around its x axis

Moment of inertia of movable Jpy 0.0014 kg.m2

mechanism around its y axis

Moment of inertia of movable Jpz 0.0016 kg.m2

mechanism around its z axis

Figure 6.9: The DC motor of TWRW’s movable mechanism.
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Table 6.5: Motor specifications of the TWRW’s movable mechanism.

Motor Parameters Value Unit

Motor rating 800 W

DC supply voltage 36 V

Motor rated current 27.8 A

Motor rated speed 3000 rpm

Torque constant 0.085 N.m/A

A similar method used for the wheel’s torque constant measurement is implemented

to obtain the torque constant of the movable mechanism’s motor. Figure. 6.10 depicts

the torque-current graph of the movable mechanism’s motor, where the torque constant

is the graph’s incline.

Figure 6.10: The input torque-input current graph of the movable mechanism’s motor
for the torque constant measurement.
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6.3 TWRW’s controller devices

To implement the stability control of the TWRW through the various control schemes

developed in Chapter. 4, the TWRW’s feedback including pitch angle, movable mech-

anism angle, and their velocities should be obtained. These parameters are obtained

using two IMU sensors including VN-200 and MPU6050. According to the feedback

values, the input torque of the right and left wheels for the conventional system and the

input torque of the movable mechanism for the proposed system are computed. The

MyRIO-1900 microcontroller is used to calculate the input torque and send the data

to the Arduino mega 2560 by the universal asynchronous receiver/transmitter (UART)

signals. The motor controller are not able to control the toque directly, while the current,

speed, duty cycle, etc. can be controlled. Therefore, the input torque should transform

into the parameters which can be controlled by the motor controller. The input current

is chosen as the control parameter, where they are obtained through dividing the input

torque by the torque constant. To run the wheels and movable mechanism motors,

the input torque are transformed into the input current and they are sent to the motor

controllers. The details of controller devices used for the TWRW stability control are

illustrated below.

6.3.1 TWRW’s IMU sensors

To measure the pitch angle and pitch angular velocity of the TWRW, a VN-200 which

is a high accuracy IMU sensor is utilized. The VN-200 is a high performance inertial

navigation system and consists of 3-axis gyroscope, accelerometer, and magnetometer.

In addition, there is a global navigation satellite systems (GNSS) receivers, and advanced

kalman filtering algorithms to measure accurate estimates of position, velocity, and

orientation. Figure. 6.11 shows the VN-200 used in the experimental setup. The pitch

angle and pitch angular velocity of the TWRW are defined as the body’s angle and
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its angular velocity, respectively. Therefore, the sensor is attached to the body, where

one of its axes should be always parallel to the wheels’ axle. The angle and angular

velocity obtained around this axis show the pitch angle and its velocity, respectively.

Figure. 6.12 demonstrates that the position and orientation of the VN-200 attached to

the body, which its y axis remains parallel with the wheels’ axis when the body moves.

This IMU sensor is connected to a personal computer (PC) through a universal serial bus

(USB) port to read the sensor output. The LabVIEW block diagram developed by the

VN-200 manufacturer (Vectornav) is able to read and plot the angle and angular velocity

of the sensor’s local coordinate frame with respect to time. The VN-200 specifications

can be found in Table. 6.6.

Figure 6.11: VN-200 IMU sensor.

Figure 6.12: VN-200 attached to the body to measure the TWRW’s pitch angle and its
velocity.



Chapter 6. Experimental Evaluation 150

Table 6.6: VN-200 specifications.

VN-200 specifications Accelerometer Gyroscope

Range ±16g ±2000 ○/s

In-Run Bias Stability < 0.04mg < 10 ○/hr

Non-linearity < 0.5%FS 100ppm

Cross-axis sensitivity ±0.05 ○ < 0.05 ○

To measure the angle and angular velocity of the movable mechanism, a MPU6050

IMU sensor is utilized which contains 3-axis gyroscope, accelerometer and a digital

motion processor. The accuracy of MPU6050 is not as high as the VN-200, while

using a suitable filtering method we can reach the required feedback with an acceptable

accuracy. This sensor supports inter-integrated circuit (I2C) communications on its serial

interface. The MPU6050 used in the experimental setup can be seen in Figure. 6.13.

similar to the VN-200, the MPU6050 should be attached to the movable mechanism

properly, where one of its axis remains parallel to the wheels’axle. Figure. 6.14 depicts

the MPU6050 attached to the movable mechanism, where its y axis is always parallel to

the wheels’ axle. The MPU6050 specifications are listed in Table. 6.7.

Figure 6.13: MPU6050 IMU sensor.
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Figure 6.14: MPU6050 attached to the movable mechanism to measure its angle and
angular velocity.

Table 6.7: MPU6050 specifications.

MPU6050 specifications Accelerometer Gyroscope

Range ±8g ±1000 ○/s

In-Run Bias Stability < 5mg < 4○/s

Non-linearity < 0.5% < 0.2%

Cross-axis sensitivity ±2 ○ ±2 ○

6.3.2 TWRW’s microcontrollers

To implement the control schemes developed in Chapter. 4, the MyRIO-1900 which is

a real-time embedded microcontroller is used. This microcontroller is manufactured

by the National Instruments company which includes 10 analog inputs, six analog

outputs, and 40 digital input/output lines. It can connect to a host computer through a

USB port or wireless fidelity (WiFi). The IMU sensors output can be read or sent to
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this microcontroller, which they are used as the control feedback of PID, CTC, SMC,

and SOSMC controllers. All required computation to obtain the controllers input are

modelled in the MyRIO-1900. The MyRIO-1900 which is shown in Figure. 6.15 can be

programmed with LabVIEW.

Figure 6.15: The MyRIO-1900 microcontroller.

To provide the controller input by the MyRIO-1900 and send them to the motor

controllers, two type of signals including pulse width modulation (PWM) and UART

are commonly used. The maximum frequency of PWM which can be read by the motor

controller is 50 Hz. This frequency is very low and not usable for the TWRW which

requires a high frequency input to keep the body stable. Whereas, UART signal can be

provided with higher frequency than PWM, and its frequency can reach up to 2 MHz.

Therefore, the controller input computed by the MyRIO-1900 is provided by the UART

signal.

We couldn’t find the instruction to send the UART signal by the MyRIO-1900

to control input current through the motor controller (MTVESC50A). However, the

instruction to control the current by MTVESC50A through the UART signal of the
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Arduino mega 2560 was provided. To resolve this issue, The UART signal of MyRIO-

1900 is sent to the Arduino mega 2560. Then, according to the Arduino code provided

by the motor controller manufacturer, the input parameter is set as the input current for

the motor controller. Arduino mega 2560 depicted in Figure. 6.16 is an open source

hardware and software and is used to send the UART signals. This microcontroller

comprises sets of digital and analog input/output and it can be programmed using C

and C++ programming languages in the Arduino IDE.

Figure 6.16: Arduino mega 2560 microcontroller.

6.3.3 TWRW’s motor controller

The motor controller is a bridge between the microcontrollers and motors. In this

project, we use a MTVESC50A which is a programmable motor controller. Through

MTVESC50A, the current, speed, etc. of motors can be controlled, where it can be

programmed by the VESC Tool open source software. The type of input signal (e.g.

PWM, UART, etc.) are set and controlled through the VESC Tool. Figure. 6.17 depicts

the MTVESC50A utilized for the TWRW prototype. Also, Figure. 6.18 represents the

communication ports of the MTVESC50A.
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Figure 6.17: The MTVESC50A motor controller

Figure 6.18: The MTVESC50A communication ports

6.4 Controller devices settings

To develop the stability control of the TWRW for the conventional and proposed systems,

we need to set the proper setting for each controller devices. The IMU sensors are set
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to measure the required data and they are read by the MyRIO-1900 microcontroller.

In addition, the TWRW’s dynamic modelling and the control scheme structures are

modelled in the MyRIO-1900. This microcontroller output is the input current which

is sent to the Arduino mega 2560 by the UART signals. The proper code is provided

by the Arduino IDE to receive the MyRIO-1900 data and set them as the input current.

This data is sent to the MTVESC50A motor controller, where the motor controller input

signal is set as UART. The details of each controller devices setting are explained below.

6.4.1 VN-200 setting

The pitch angle and pitch angular velocity of the TWRW are obtained though the

VN-200. This sensor is connected to the host PC through a USB port. To read the

VN-200 output, a LabVIEW block diagram developed by the sensor’s manufacturer

(VectorNav) are used. Through this block diagram, and attaching the sensor to the body

in the proper position and orientation, the pitch and pitch angular velocity are achieved.

The block diagram is modified to send the sensor output to the MyRIO-1900. The

block diagram designed to read the VN-200 output can be found in Appendix C (see

Figure. C.1).

6.4.2 MPU6050 setting

To obtain the angle and angular velocity of the movable mechanism, the MPU6050 is

attached to the this mechanism, and send its output to the MyRIO though the I2C port.

To receive the MPU6050 output, a block diagram is developed in LabVIEW, where the

accelerations and angular velocities measured from the MPU6050 are filtered through

the Kalman Filter. This filter is one of the best known real-time filtering methods used

for state estimation.

The angular velocity of the movable mechanism can be measured directly from
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the filtered output of gyroscope, while the movable mechanism angle is measured by

the filtered accelerometer output. As the linear acceleration caused by the movable

mechanism motion is small, it can be neglected and the overall acceleration will be

solely due to gravity. The schematic view of the movable mechanism acceleration can

be seen in Figure. 6.19.

Figure 6.19: The scheme of the movable mechanism acceleration.

axp and ayp are the filtered acceleration of the movable mechanism in x and y axes

local frame, respectively. axp and ayp can be obtained as:

axp =
g

cosθp
ayp = −

g

sinθp
(6.2)

From Eq. 6.2, we have

cosθp =
axp
g

sinθp = −
ayp
g

(6.3)

Therefore, θp can be obtained as

θp = atan2(−ayp , axp)

The LabVIEW block diagram designed to obtain the angle and angular velocity of the

movable mechanism using the MPU6050 can be found in Appendix C (see Figure. C.2).
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To demonstrate the efficiency of the Kalman Filter in noise reduction, the movable

mechanism is set on stationary position and its angle and angular velocity are measured

by the MPU6050 sensor. The movable mechanism angle measured by the MPU6050

IMU sensor on stationary position without and with Kalman Filter are depicted in

Figure. 6.20. Additionally, Figure. 6.21 shows the movable mechanism angular velocity

measurement.

Figure 6.20: The movable mechanism angle measured by the MPU6050 IMU sensor on
the stationary position without and with Kalman Filter (KF)

Figure 6.21: The movable mechanism angular velocity measured by the MPU6050
IMU sensor on the stationary position without and with Kalman Filter (KF)
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It can be seen that Kalman Filter can significantly decrease the noise of the

MPU6050 output and keep the angle and angular velocity of the movable mechan-

ism around zero. Therefore, the MPU6050 output are reliable with the Kalman Filter

and can be used to develop the stability control systems.

6.4.3 MyRIO-1900 setting

To implement the stability control schemes for the conventional and proposed systems

through PID, CTC, SMC, and SOMSC control, the MyRIO-1900 is utilized. In PID

control, the pitch angle and its velocity are multiplied by the controller gains to obtain

the input torque. According to the input torque and torque constant of each motor,

the input current of motors are computed. The input currents are sent to the Arduino

through the UART signals.

For the conventional system developed by the model-based controllers (CTC, SMC,

and SOSMC), the pitch angle and pitch velocity are used to obtain the dynamic model-

ling elements derived in Chapter. 3. In addition to the pitch angle and its velocity, the

movable mechanism angle and its velocity are needed to establish the dynamic model-

ling elements of the proposed system. Considering the dynamic modelling components,

controller gains, and the motors’ torque constant, the input current of all motors are

achieved. Similar to PID control, the input currents are sent to the Arduino through the

UART signals.

Figures. C.3-C.6 provided in Appendix C depict the LabVIEW block diagram of

the conventional system stability control developed by PID, CTC, SMC, and SOSMC

control schemes, respectively. The TWRW’s stability control LabVIEW block diagram

for the proposed system through PID, CTC, SMC, and SOSMC control schemes are

shown in Figures. C.7-C.10 (Appendix C), respectively.
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6.4.4 Arduino mega 2560 setting

As there was no instruction to send the MyRIO-1900 output to the motor controller

to control current by UART signals directly, we used the Arduino mega 2560 to form

a communication between these two devices. The Arduino mega 2560 is one of the

most commonly used microcontrollers and there was instructions to send the control

input to the motor controller via UART channels. To receive the data from the MyRIO-

1900 and set them as the control input and feed them to the MTVESC50A (motor

controller), the code designed by the motor controller manufacturer for Arduino IDE is

properly modified. The Arduino IDE code devolved to make communication between

the MyRIO-1900 and MTVESC50A for the conventional and proposed approaches are

shown in Appendix C (see Figures. C.11 and C.12).

6.4.5 MTVESC50A setting

The MTVESC50A motor controller is used to receive the UART signal sent by the

Arduino mega 2560. This motor controller is configured by an open source software

called VESC Tool, where the motor configurations such as maximum and minmum

input current, voltage, speed, and duty cycle are set. In addition, the type of control

input signal (e.g. UART, PWM, I2C, and NRF) can be chosen in VESC tool. For safety

measurement, the maximum and minimum input current of each BLDC motors (wheels’

motors) are set 20A and −20A, respectively. Additionally, 1000rpm and −1000rpm

are chosen for the maximum and minimum speed, respectively. For the DC motor

(movable mechanism’s motor), the maximum and minimum current are set to 40A

and −40A, respectively, and the speed ranges are similar to the BLDC motors. As the

Arduino output are provided via the UART signals, the control input signal in VESC

tool is chosen as UART. Figure. 6.22 depicts the VESC tool setting configured for the

control input.
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Figure 6.22: The VESC tool setting for the motor controller input configuration.

6.5 Experimental Results

To demonstrate the superiority of the proposed method over the conventional one and

verify the simulation results obtained in Chapter. 4, the scaled-down TWRW prototype

are experimentally tested. The physical dimensions of the experimental model are listed

in Table. 6.8. To analyze the performance of the stability control for the conventional

and proposed systems, the TWRW prototype is tested under two cases. As applying the

disturbance with specific value to the model is a complicated procedure and requires

advanced equipment, the model is only tested with non-zero initial condition. In these

cases, the pitch angle is set to a desired initial angle when the control system is off.

When the desired angle is reached, the control system switches on and stabilized the

TWRW.
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Table 6.8: Physical dimensions of the TWRW prototype for the experimental tests.

Property Value Unit

mw 10 kg

mb 5 kg

mp 2 kg

Jwx , Jwy , Jwz 0.32, 0.32, 0.64 kg.m2

Jbx , Jby , Jbz 0.0182, 0.0097, 0.0099 kg.m2

Jpx , Jpy , Jpz 0.0024, 0.0014, 0.0016 kg.m2

r 0.37 m

d 0.5 m

b 0 m

l 0.15 m

l′ 0.25 m
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As reaching the precise desired pitch angle considered for each case is not easy,

the control system switches when the pitch angle is very close to the chosen initial

condition values. To select the ideal controller gains, the motors capacity constraints

including their maximum torque, current, speed, etc. are considered.

Case 1:

For Case 1, The initial values for pitch angle, the rotation angle of the right and left

wheels, and the rotation angle of the movable mechanism angle are respectively chosen

as

θb0 = 5deg θ̇b0 = 0 θr0 = 0 θ̇r0 = 0 θl0 = 0 θ̇l0 = 0 θp0 = 0 θ̇p0 = 0

As the physical parameters considered for simulation and experimental are different

(e.g. the mass of body for simulation and experimental tests are 80kg, and 5kg,

respectively.), their initial conditions are not the same. Additionally, there are no

external disturbances applied to the TWRW.

Case 2:

Similar to Case 1, in case 2 no external disturbances are applied to the system. The

initial conditions are set as below:

θb0 = 10deg θ̇b0 = 0 θr0 = 0 θ̇r0 = 0 θl0 = 0 θ̇l0 = 0 θp0 = 0 θ̇p0 = 0

For selecting the initial conditions and the controller gains, the constraint of the

wheels and the movable mechanism’s motors are considered.
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6.5.1 PID control

To stabilize the TWRW for the conventional and proposed systems through PID control,

the control gains below are selected for both control systems and both cases.

Kp = 12 Kd = 1 Ki = 0.1

Figure. 6.23 represents the experimental results of stability control for the conven-

tional and proposed systems through PID control in Case 1. It can be seen that the pitch

angle converges to zero in the proposed system, while it remains almost unchanged

in the conventional system (see Figure. 6.23a). The convergence duration of pitch

angle in the proposed system is almost 3sec, while it is more (around 6sec) for pitch

angular velocity. Figure. 6.23b depicts the pitch angular velocity which converges to

zero under both control systems. The required input torque for stability can be seen in

Figure. 6.23c, where both control methods require almost same initial torque.

The input torque almost stays on its initial value in the conventional system, while

it converges to zero in the proposed approach. It can be concluded that the initial torque

in the conventional system depicted in Figure. 6.23c is not enough to move the left

and right wheels. However it is enough for the movable mechanism to stabilize the

wheelchair. The input power in both control methods are shown in Figure. 6.23d, where

it doesn’t change and remains zero in the conventional system as the driving wheels

don’t move. Whereas, the oscillation of input power can be seen in the proposed system

which converges to zero when the TWRW reaches its stability.

The angle and angular velocity of movable mechanism in the proposed method are

depicted in Figures. 6.23e and 6.23f, respectively. They show that the range of angular

motion and velocity of the movable mechanism are small and in an acceptable range

which doesn’t affect the rider’s comfort. The experimental result in Case 2 are shown in

Figure. 6.24 which are similar to those obtained in Case 1.
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(a): Pitch angle (b): Pitch angular velocity

(c): Input torque (d): Input power

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 6.23: The TWRW experimental results for the stability control of the conven-
tional system (CS) and the proposed system (PS) through PID control in Case 1.
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(a): Pitch angle (b): Pitch angular velocity

(c): Input torque (d): Input power

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 6.24: The TWRW experimental results for the stability control of the conven-
tional system (CS) and the proposed system (PS) through PID control in Case 2.
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The energy consumption under both control systems through PID control in Case 1

and Case 2 are listed in Table. 6.9. It can be seen that the energy consumption of the

motors for the conventional system in both cases are almost zero as the input power of

the driving wheels are near zero. The input torque and power are small and insufficient

to drive the wheels, which causes failing control systems. To drive the wheels, larger

control gains should be chosen which leads to increasing initial input torque. The same

controller gains are chosen for both control systems to have reasonable comparison

between their performances. Selecting the larger controller gains can result in exceeding

the motor capacity of the movable mechanism. Therefore, the controller gains cannot

exceed the values chosen for them.

Table 6.9: Energy consumption of the conventional and the proposed systems through
PID control for the experimental tests of the TWRW stability control.

Case 1 2

Conventional system (Er +El) 0.0175 J 0.2108 J

Proposed system (Ep) 0.4335 J 0.9610 J

6.5.2 CTC control

To implement the experimental test for the TWRW stability control through CTC

control, the controller gains for the conventional and proposed control systems in both

cases are set as

Kp = 9 Kd = 6 Ki = 0.05
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(a): Pitch angle (b): Pitch angular velocity

(c): Input torque (d): Input power

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 6.25: The TWRW experimental results for the stability control of the conven-
tional system (CS) and the proposed system (PS) through CTC control in Case 1.
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(a): Pitch angle (b): Pitch angular velocity

(c): Input torque (d): Input power

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 6.26: The TWRW experimental results for the stability control of the conven-
tional system (CS) and the proposed system (PS) through CTC control in Case 2.
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The experimental results of the TWRW stability control under both control systems

through CTC control in Case 1 are represented in Figure. 6.25. It can be seen that the

pitch angle and pitch angular velocity under both control approaches converge to zero,

while they have less oscillation and faster convergence to zero in the proposed system

than conventional one (see Figures. 6.25a, 6.25b).

In addition, the required input torque and power in the proposed system are much

lower than the conventional approach (see Figures. 6.25c, 6.25d). The angle and angular

velocity of the movable mechanism depicted in Figures. 6.25e, 6.25f, respectively show

that they are very small and the movable mechanism can be operated with no effect on

the comfort of rider.

Figure. 6.26 shows the experimental results through CTC control in Case 2 which

are similar to the Case 1 results. Table. 6.10 depicts the energy consumption of the

motors in experimental tests through CTC control. It can be seen that the energy

consumption in Case 1 and Case 2 for the proposed method are significantly lower than

those obtained in conventional approach, which hugely increase the battery’s life.

Table 6.10: Energy consumption of the conventional and the proposed systems through
CTC control for the experimental tests of the TWRW stability control.

Case 1 2

Conventional system (Er +El) 1.1957 J 2.7169 J

Proposed system (Ep) 0.0754 J 0.1809 J
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6.5.3 SMC control

To provide experimental results through SMC control, the controller gains below are

chosen for both control systems.

c = 3 ρ = 2 ε = 0.3

Figures. 6.27 and 6.28 represent the experimental results obtained for the TWRW

stability control through SMC control in Case 1 and Case 2, respectively. Table. 6.11

depicts the energy consumption of motors in experimental tests through SMC control.

The performance analysis of SMC control experimental results are similar to those

provided in CTC control (section 6.5.2).

Table 6.11: Energy consumption of the conventional and the proposed systems through
SMC control for the experimental tests of the TWRW stability control.

Case 1 2

Conventional system (Er +El) 0.9136 J 3.0251 J

Proposed system (Ep) 0.0665 J 0.4393 J
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(a): Pitch angle (b): Pitch angular velocity

(c): Input torque (d): Input power

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 6.27: The TWRW experimental results for the stability control of the conven-
tional system (CS) and the proposed system (PS) through SMC control in Case 1.
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(a): Pitch angle (b): Pitch angular velocity

(c): Input torque (d): Input power

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 6.28: The TWRW experimental results for the stability control of the conven-
tional system (CS) and the proposed system (PS) through SMC control in Case 2.
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6.5.4 SOSMC control

The stability control of the TWRW are experimentally tested through SOSMC control

where its controller gains are the same for the conventional and proposed approaches

and chosen as below:

c = 3 λ = 2 α = 0.3 ε = 0.01

The experimental results of the TWRW stability control through SOSMC control in

Case 1 and Case 2 are depicted in Figures. 6.29, 6.30, respectively. Table. 6.12 shows

the energy consumption through SOSMC control under conventional and proposed

systems. The comparison investigation between the conventional and the proposed

systems for CTC, SMC, and SOSMC are similar. However, the maximum and minimum

values of the control input through these control schemes are different.

For instance, the maximum input power for the proposed system in Case 1 through

PID, CTC, SMC, and SOSMC are 0.6Watt, 0.5Watt, 0.4Watt, and 0.25Watt, re-

spectively. Similarly, for Case 2 these values are 2.8Watt, 1.5Watt, 1.2Watt, and

1.1Watt, respectively. It can be seen that the maximum input power required in

SOSMC control is the smallest value.

Table 6.12: Energy consumption of the conventional and the proposed systems through
SOSMC control for the experimental tests of the TWRW stability control.

Case 1 2

Conventional system (Er +El) 0.7462 J 2.8138 J

Proposed system (Ep) 0.1348 J 0.4750 J
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(a): Pitch angle (b): Pitch angular velocity

(c): Input torque (d): Input power

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 6.29: The TWRW experimental results for the stability control of the conven-
tional system (CS) and the proposed system (PS) through SOSMC control in Case 1.



Chapter 6. Experimental Evaluation 175

(a): Pitch angle (b): Pitch angular velocity

(c): Input torque (d): Input power

(e): Movable mechanism angle (f): Movable mechanism angular velocity

Figure 6.30: The TWRW experimental results for the stability control of the conven-
tional system (CS) and the proposed system (PS) through SOSMC control in Case 2.
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It can be seen that there are some differences on the trend of the system responses

with those obtained for the simulation results. The reasons of these differences are the

parameters that are not modeled in the simulation. They include sensor noise, internal

and external friction forces, uncertainty of all physical parameters, etc.

6.6 Summary

In this chapter, the scaled-down TWRW prototype was designed and modeled. The

model consists of two driving wheels equipped with BLDC motors, a 5kg steel mass

considered as the body, and the movable mechanism. The movable mechanism com-

prises a light rod and a 2kg mass placed at one end of the rod, which its motion is

powered by a DC motor. The input voltage and current of all TWRW’s motors are

provided by a 14 cell lithium battery. The high accuracy VN-200 and a MPU6050 IMU

sensor are used to measure the state space of the body and the movable mechanism,

respectively. The state space of these components including their angle and angular

velocity are controller’s feedback. To remove MPU6050 noise, a Kalman Filter is

utilized to provide more reliable state space feedback.

To design stability control systems developed by PID, CTC, SMC, and SOSMC

control (see Chapter. 4), the MyRIO-1900 microcontroller programmed by LabVIEW is

utilized. The control input are provided by a UART signal as their input frequency can

reach up to 2 MHz. However, there is no instruction to send the MyRIO-1900 UART

signal and receive it by the motor controller (MTVESC50A). To resolve this problem,

The Arduino mega 2560 is used to receive the MyRIO-1900 UART signal and send them

as a control input to the motor controller. The MTVESC50A which is programmed by

the VESC Tool is used as the motor controller to receive the microcontroller commands

and transfer them appropriately to the motors.

To prove the simulation results of stability control provided in Chapter. 4, the
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experimental results are provided. The experimental results verify the simulation results,

where the input torque, input power, and energy consumption in the proposed system

are much lower than the conventional approach. In addition, in the proposed system

the pitch angle and its velocity have less oscillation and faster convergence to zero than

those obtained in the conventional method.

In the next chapter, the conclusion and future works of this research are provided.



Chapter 7

Conclusion and Future Studies

7.1 Conclusion

The TWRW has drawn people’s attention and has become popular as they have better

maneuverability than conventional robotics wheelchairs (four-wheeled robotic wheel-

chairs). However, they are statically unstable and an active controller is needed to keep

the stability of the system. The stability control objective is to keep the rider in the

upright position which is shown by pitch angle. Therefore, the controller should be

designed in a way to keep the pitch angle near zero. The most conventional stability

controller relies on the motion of driving wheels. This control system requires huge

torque and power which can exceed the capacity of the wheels’ motors.

In this research, a novel approach is proposed for the stability control of TWRW. A

pendulum-like movable mechanism is added to the wheelchair to keep it stable. In this

system, the torque is applied to the added mechanism, while in the conventional system

the torque is applied to the right and left wheels. The Euler-Lagrange formulation is

applied to establish the dynamic model. The PID, CTC, SMC, and SOSMC control

schemes are developed for stability control. The effectiveness of the proposed system is

178
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simulated, while considering disturbances caused by uncertainties of the inertia para-

meter of the dynamic model and the rider’s motion. The simulation results demonstrate

that in the proposed approach, the stability of TWRW is achieved, while the input

torque, input power, and energy consumption for the control system are much lower

than the conventional method. The robustness of the control systems developed through

the control schemes mentioned above is evaluated. As seen in the results, the TWRW

can achieve the best robustness, and require the least input torque and power, when it is

developed by SOSMC.

In addition to stability, direction control is also important. In the conventional

system, the stability and direction control are achieved by the right and left wheels’

motion. In the proposed system, the movable mechanism is added to the TWRW to aid

the wheels for stability and direction control. This mechanism is mainly used for the

stability of the system. The simulation results prove the superiority of the proposed

system, where the controller objectives including pitch and yaw angle can follow their

desired values. Whereas, the input torque, power, and energy consumption for the

proposed system are smaller than the conventional one.

To verify the simulation results, the scaled-down prototype is built to achieve the

experimental results. The experimental setup is provided to evaluate the stability control

system, while the direction control is not considered. The prototype is equipped with

two BLDC driving wheels and a DC motor to power the movable mechanism. The

high-accuracy IMU sensor (VN-200) is used to measure the pitch angle and its velocity,

and a MPU6050 sensor is attached to the added mechanism to measure its angle and

angular velocity. The MPU6050 state feedback suffers from sensor noise. To reduce

the noise, a Kalman Filter is used. This filtering method can provide the state feedback

of the movable mechanism within an acceptable range. Two microcontrollers including

MyRIO and Arduino, which are embedded real-time systems are utilized to develop

the control system algorithm. The MTVESC50A motor controller is used to receive
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the commands from the microcontrollers and transfer them to the motors properly.

The experimental results represent that under both control systems (conventional and

proposed systems), TWRW can reach its stability. Whereas, the input torque, input

power, and energy consumption in the proposed system are much lower than the

conventional one, which significantly increases the battery’ life.

7.2 Future studies

The work presented in this thesis, designed and developed the stability control of

TWRW theoretically and implemented in practice. Due to time and budget constraints,

the prototype has been modelled in a scaled-down size of a real TWRW. We aim to build

a model in a larger size to be used as a wheelchair that a rider can sit on. In addition,

the stability and direction control was developed theoretically and it was not provided

for the experimental setup. We are interested in implementing this control system for

the experimental model. For future works, the joystick can be mounted on the system

to control the motion of the TWRW.

The performance of the proposed system should be evaluated under more cases. For

example, it should be tested when the system passes from uneven surfaces, steps, etc.

Additionally, the stability control can be analysed and tested for the different velocities

of driving wheels. Furthermore, we are keen to design a proper braking system using

the driving wheels and the movable mechanism.
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Dynamic Model Details of the

Conventional System

A.1 Dynamic model equations

If qi = θr

2r2

d2
Jyw(θ̈r − θ̈l) +mwr

2θ̈r + Jzw θ̈r +
1

4
mbr

2(θ̈r + θ̈l) +
l2r2

d2
mb[(θ̈r − θ̈l) sin2θb

+ 2(θ̇r − θ̇l)θ̇b cosθb sinθb] +
1

2
mbrl[θ̈b cosθb − θ̇b

2
sinθb] +

r2

d2
Jxb[(θ̈r − θ̈l)cos2θb

− 2(θ̇r − θ̇l)θ̇b sinθb cosθb] +
r2

d2
Jyb[(θ̈r − θ̈l) sin2θb + 2(θ̇r − θ̇l)θ̇b sinθb cosθb] = τr

If qi = θl

−
2r2

d2
Jyw(θ̈r − θ̈l) +mwr

2θ̈l + Jzw θ̈l +
1

4
mbr

2(θ̈r + θ̈l) −
l2r2

d2
mb[(θ̈r − θ̈l) sin2θb

+ 2(θ̇r − θ̇l)θ̇b cosθb sinθb] +
1

2
mbrl[θ̈b cosθb − θ̇b

2
sinθb] −

r2

d2
Jxb[(θ̈r − θ̈l)cos2θb

− 2(θ̇r − θ̇l)θ̇b sinθb cosθb] −
r2

d2
Jyb[(θ̈r − θ̈l) sin2θb + 2(θ̇r − θ̇l)θ̇b sinθb cosθb] = τl

201



Appendix A. Dynamic Model Details of the Conventional System 202

If qi = θb
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A.3 Disturbances elements
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A.4 EOM elements
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B.1 Dynamic model equations
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If qi = θl
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If qi = θp
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B.2 Inertia and Coriolis force matrix elements
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Mp12 =
1

4
(mb +mp)r

2 −
r2

d2
[mbl

2 sin2θb + 2Jwy + Jbx sin2θb + Jby cos2θb +mpb
2 sin2θb

+mpl
′2 sin2

(θb + θp) + Jpx sin2
(θb + θp) + Jpy cos2(θb + θp) − 2mpbl

′ sinθb sin(θb + θp)],

Mp13 =Mp23 =
1

2
r cosθb(mbl +mpb) −

1

2
mprl

′ cos(θb + θp),

Mp14 =Mp24 = −
1

2
mprl

′ cos(θb + θp),

Mp33 =mbl
2 +mp(b

2 + l
′2) + Jbz + Jpz − 2mpbl

′ cosθp,

Mp34 =mpl
′2 −mpbl

′ cosθp + Jpz , Mp44 =mpl
′2 + Jpz ,

Cp11 = Cp22 =Wp1 θ̇b +Wp2 θ̇p, Cp12 = Cp21 = −Wp1 θ̇b −Wp2 θ̇p,

Cp13 = Cp32 =
d

r
Wp1 θ̇y +

1

2
[mprl

′ sin(θb + θp)](θ̇b + θ̇p) −
1

2
[(mbl +mpb)r sinθb]θ̇b,

Cp14 =
d

r
Wp2 θ̇y +

1

2
[mprl

′ sin(θb + θp)](θ̇b + θ̇p),

Cp23 = Cp31 = −
d

r
Wp1 θ̇y +

1

2
[mprl

′ sin(θb + θp)](θ̇b + θ̇p) −
1

2
[(mbl +mpb)r sinθb]θ̇b,

Cp24 = −
d

r
Wp2 θ̇y +

1

2
[mprl

′ sin(θb + θp)](θ̇b + θ̇p), Cp33 =mpbl
′ sinθpθ̇p,

Cp34 =mpbl
′ sinθp(θ̇b + θ̇p), Cp41 = −

d

r
Wp2 θ̇y, Cp42 =

d

r
Wp2 θ̇y, Cp43 = −mpbl

′ sinθpθ̇b.

where

Wp1 =
r2

2d2
[(mbl

2 +mpb
2 + Jbx − Jby) sin2θb + (mpl

′2 + Jpx − Jpy) sin2(θb + θp)

− 2mpbl
′ sin(2θb + θp)],

Wp2 =
r2

2d2
[(mpl

′2 + Jpx − Jpy) sin2(θb + θp) − 2mpbl
′ sinθb cos(θb + θp)].
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B.3 EOM elements

Ap1 = −M̂
−1
p11(Cp11 θ̇r +Cp12 θ̇l +Cp13 θ̇b +Cp14 θ̇p) − M̂

−1
p12(Cp21 θ̇r +Cp22 θ̇l +Cp23 θ̇b +Cp24 θ̇p)

− M̂−1
p13(Cp31 θ̇r +Cp32 θ̇l +Cp33 θ̇b +Cp34 θ̇p +Gp3) − M̂

−1
p14(Cp41 θ̇r +Cp42 θ̇l +Cp43 θ̇b +Gp4),

Bp1 = −M̂
−1
p11(Dp1 +Rp1) − M̂

−1
p12(Dp2 +Rp2) − M̂

−1
p13(Dp3 +Rp3) − M̂

−1
p14(Dp4 +Rp4),

Ap2 = −M̂
−1
p21(Cp11 θ̇r +Cp12 θ̇l +Cp13 θ̇b +Cp14 θ̇p) − M̂

−1
p22(Cp21 θ̇r +Cp22 θ̇l +Cp23 θ̇b +Cp24 θ̇p)

− M̂−1
p23(Cp31 θ̇r +Cp32 θ̇l +Cp33 θ̇b +Cp34 θ̇p +Gp3) − M̂

−1
p24(Cp41 θ̇r +Cp42 θ̇l +Cp43 θ̇b +Gp4),

Bp2 = −M̂
−1
p21(Dp1 +Rp1) − M̂

−1
p22(Dp2 +Rp2) − M̂

−1
p23(Dp3 +Rp3) − M̂

−1
p24(Dp4 +Rp4),

Ap3 = −M̂
−1
p31(Cp11 θ̇r +Cp12 θ̇l +Cp13 θ̇b +Cp14 θ̇p) − M̂

−1
p32(Cp21 θ̇r +Cp22 θ̇l +Cp23 θ̇b +Cp24 θ̇p)

− M̂−1
p33(Cp31 θ̇r +Cp32 θ̇l +Cp33 θ̇b +Cp34 θ̇p +Gp3) − M̂

−1
p34(Cp41 θ̇r +Cp42 θ̇l +Cp43 θ̇b +Gp4),

Bp3 = −M̂
−1
p31(Dp1 +Rp1) − M̂

−1
p32(Dp2 +Rp2) − M̂

−1
p33(Dp3 +Rp3) − M̂

−1
p34(Dp4 +Rp4),

Ap4 = −M̂
−1
p41(Cp11 θ̇r +Cp12 θ̇l +Cp13 θ̇b +Cp14 θ̇p) − M̂

−1
p42(Cp21 θ̇r +Cp22 θ̇l +Cp23 θ̇b +Cp24 θ̇p)

− M̂−1
p43(Cp31 θ̇r +Cp32 θ̇l +Cp33 θ̇b +Cp34 θ̇p +Gp3) − M̂

−1
p44(Cp41 θ̇r +Cp42 θ̇l +Cp43 θ̇b +Gp4),

Bp4 = −M̂
−1
p41(Dp1 +Rp1) − M̂

−1
p42(Dp2 +Rp2) − M̂

−1
p43(Dp3 +Rp3) − M̂

−1
p44(Dp4 +Rp4).
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C.1.1 VN-200

Figure C.1: The LabVIEW block diagram for reading pitch angle and pitch angular
velocity by the VN-200 IMU sensor.
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C.1.2 MPU6050

Figure C.2: The LabVIEW block diagram for reading the movable mechanism’s angle
and its velocity by the MPU6050 IMU sensor.
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C.2 The LabVIEW block diagram for the TWRW sta-

bility control

C.2.1 Conventional system

Figure C.3: The LabVIEW block diagram for stability control of the conventional
system through PID control
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Figure C.4: The LabVIEW block diagram for stability control of the conventional
system through CTC control
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Figure C.5: The LabVIEW block diagram for stability control of the conventional
system through SMC control
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Figure C.6: The LabVIEW block diagram for stability control of the conventional
system through SOSMC control
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C.2.2 Proposed system

Figure C.7: The LabVIEW block diagram for stability control of the proposed system
through PID control
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Figure C.8: The LabVIEW block diagram for stability control of the proposed system
through CTC control
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Figure C.9: The LabVIEW block diagram for stability control of the proposed system
through SMC control
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Figure C.10: The LabVIEW block diagram for stability control of the proposed system
through SOSMC control
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C.3 Arduino IDE code for the TWRW stability control

C.3.1 Conventional system

Figure C.11: The Arduino IDE code for communication between the MyRIO-1900 and
MTVESC50A for the conventional system
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C.3.2 Proposed system

Figure C.12: The Arduino IDE code for communication between the MyRIO-1900 and
MTVESC50A for the proposed system
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