
Academic Editors: Mohamed Ichchou

and Noureddine Bouhaddi

Received: 18 August 2026

Revised: 1 September 2026

Accepted: 4 September 2026

Published: 9 September 2026

Copyright: © 2026 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license.

Article

A Nonlinear Approach to the Delamination Characterization of
Solid Structures Using Impact Response—Part II: Volterra-Series
Formulation and Bispectral Analysis
Yousef Sardahi 1,* , Asad Salem 2, Loulin Huang 3 , Isaac Wait 4 and Gang S. Chen 1,*

1 Department of Mechanical and Industrial Engineering, College of Engineering and Computer Science,
Marshall University, Huntington, WV 25755, USA

2 Battery Research Institute, Marshall University, Huntington, WV 25755, USA; asad.salem@marshall.edu
3 School of Engineering, Computer and Mathematical Sciences, Auckland University of Technology (AUT),

Auckland 1010, New Zealand; loulin.huang@aut.ac.nz
4 Department of Civil Engineering, College of Engineering and Computer Science, Marshall University,

Huntington, WV 25755, USA; isaac.wait@marshall.edu
* Correspondence: sardahi@marshall.edu (Y.S.); chenga@marshall.edu (G.S.C.)

Abstract

This study develops a third-order Volterra-series and bispectral framework for examin-
ing nonlinear vibration behavior at a delaminated region under impact excitation. The
local response is represented by a nonlinear oscillator with quadratic and cubic stiffness
terms, and the corresponding Volterra formulation relates these terms to the fundamental,
second-harmonic, and third-harmonic response components. Bispectral analysis is then
applied to measured responses above an artificial delamination under very small and
small impact conditions. Within the calibrated frequency region, the very-small-impact re-
sponse exhibits a relatively concentrated bispectral distribution, whereas the small-impact
response exhibits a broader and more distributed pattern. The third-order cumulant shows
a corresponding change from a localized to a more distributed lag-domain structure. Be-
cause the records are independently normalized, absolute bispectrum magnitudes are not
compared quantitatively. An equal-duration sensitivity analysis using 614 samples for
both conditions confirmed that the broader small-impact bispectral distribution persists
after controlling for record duration. The results demonstrate how bispectral measures
complement conventional spectral analysis by describing changes in third-order statistical
structure and phase relationships among frequency components. The findings are inter-
preted as a proof-of-concept comparison at a known delamination location rather than as a
generalized delamination-identification criterion.

Keywords: nonlinear vibration; delamination detection; impact response; impact echo; Volterra
series; bispectrum; higher-order spectrum; structural health monitoring; concrete structures

1. Introduction
Impact-response techniques are widely employed in the nondestructive assessment of

solid structures since they are able to detect subsurface defects such as cracks, voids, and
delamination; these defects alter the local stiffness and dynamic response of the structure.
Impact-echo methods have therefore been used to evaluate delamination and internal
defects in concrete structures [1]. Recent studies have also shown that defects can introduce
nonlinear features into impact-echo responses [2]. For a delaminated region, the separated
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interfaces can open, close, or interact during vibration [3]. This behavior can generate
harmonics and other frequency components that are absent from a purely linear response.

Recent nondestructive-testing developments also include noncontact laser-ultrasonic
methods for localized defect and material characterization in additively manufactured
structures, as well as data-driven methods for detecting changes in measured structural
vibration responses [4–6]. These studies illustrate the broader trend toward extracting local
or response-sensitive features beyond conventional global spectral indicators.

Nonlinear vibration methods have received increasing attention in structural health
monitoring. They can provide damage-sensitive features when changes in linear modal
properties are small. Hammami et al. [7] studied composite structures with controlled de-
lamination and reported changes in their nonlinear vibration behavior. Dolbachian et al. [8]
reviewed linear and nonlinear vibration methods for structural health monitoring and dis-
cussed the value of nonlinear response features for damage detection. Related studies have
shown that crack opening and closing can produce higher harmonics and other nonlinear
vibration characteristics [9]. These results support the use of nonlinear vibration mea-
surements for detecting contact-type defects. Recent nonlinear-vibration studies in other
structural applications have also demonstrated how nonlinear stiffness, adjustable struc-
tural parameters, and amplitude-dependent dynamics can substantially alter measured
vibration responses [10,11].

Conventional frequency-domain methods remain useful for identifying dominant
frequencies and harmonics. The fast Fourier transform (FFT) and power spectral density
are commonly used for this purpose. However, these measures do not directly describe
phase coupling between different frequency components. This information becomes im-
portant when nonlinear interactions are present. For example, two frequency components
may interact and produce another component while maintaining a fixed phase relation-
ship. A conventional power spectrum cannot determine whether these components are
independent or are related through nonlinear coupling [12,13].

Higher-order spectral analysis provides additional information about such interactions.
Unlike second-order spectra, higher-order spectra retain information about statistical
dependence among multiple frequency components [12,13]. The bispectrum is the lowest-
order spectrum beyond the power spectrum. It is the two-dimensional Fourier transform
of the third-order cumulant. It can reveal quadratic phase coupling among frequency
components. It is also less sensitive to independent additive Gaussian noise because the
theoretical third-order cumulant of a Gaussian process is zero [12,13].

Bispectral methods have been applied to several nonlinear vibration problems. Rivola
and White [14] used bispectral analysis to study a bilinear oscillator and fatigue-crack
behavior. Hillis et al. [15] applied the method to global crack detection. Nichols et al. [16]
investigated auto-bispectral density for detecting quadratic nonlinearities in structural
systems. Nichols and Olson [17] later studied the detection of weak quadratic nonlinearities.
Higher-order spectra have also been used to identify nonlinear modal coupling [18].

Bispectral analysis has also been applied directly to structural damage problems.
Cui et al. [19] studied beam-type structures containing a breathing crack and showed
that bispectral features are sensitive to the associated nonlinear response. More recent
studies have applied higher-order spectral methods to nonlinear vibro-acoustic modulation
for structural damage detection [20], micro-crack localization in steel strands [21], and
microcrack detection using an S-transform bispectrum [22]. Together, these studies show
that higher-order spectra can reveal damage-related frequency interactions that may not be
clear from conventional spectra alone.

A mathematical description of nonlinear input–output behavior can be obtained from
the Volterra series. The Volterra series extends linear convolution by introducing higher-
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order kernels [23]. The first-order kernel describes the linear response. Higher-order
kernels describe nonlinear contributions. Their multidimensional Fourier transforms define
higher-order frequency-response functions. These functions describe how nonlinear terms
contribute to harmonics and frequency interactions.

Volterra-series models have been widely studied for nonlinear system identifica-
tion [24,25]. Their ability to separate linear and nonlinear response contributions has
also led to their use in structural damage detection. Shiki et al. [26] used a discrete-time
Volterra model for damage detection in an initially nonlinear system. Villani et al. [27] used
stochastic Volterra-series models to detect damage in nonlinear structures while accounting
for uncertainty. These studies show that Volterra kernels can be used to relate measured
structural responses to different orders of nonlinear behavior.

Part I of the present study developed a nonlinear approach for characterizing delamina-
tion from impact-response measurements [3]. The delaminated region was represented by
a nonlinear oscillator. Perturbation and harmonic-balance methods were used to describe
its response. The results showed that higher-order harmonics can provide information
about the nonlinear behavior of the delaminated region. The experimental signals were
examined mainly using the FFT and power spectrum. These methods clearly identify
dominant frequencies and generated harmonics. However, they do not directly quantify
phase coupling among the frequency components. The perturbation-based formulation is
also most suitable when the nonlinear terms remain sufficiently small.

The present study extends Part I in two directions. First, the nonlinear impact response
is represented using a Volterra series. The response is expressed in terms of higher-order
kernels and higher-order frequency-response functions. A third-order representation is
used to relate the quadratic and cubic stiffness terms to the fundamental, second-harmonic,
and third-harmonic response components. Second, bispectral analysis is applied to the
experimental impact-response signals reported in Part I. Responses measured at the de-
lamination location under very small and small impact excitations are compared using the
third-order cumulant, bispectrum magnitude, and bispectrum phase. The objective is to
determine whether changes in higher-order spectral structure provide information about
the nonlinear response that is not available from the conventional power spectrum alone.
The present Part II analysis is intended primarily to characterize changes in higher-order
spectral structure at a known delamination location. It does not independently estab-
lish spatial localization or quantitative delamination severity. Localization would require
measurements over multiple spatial positions, while severity estimation would require
calibration against defects with systematically varied geometry and interface conditions.

The remainder of this paper is organized as follows. Section 2 describes the Volterra-
series model of the system and the higher-order spectral measures used throughout the
paper. Section 3 describes the application of the higher-order spectral analysis to the
experimental impact response data and the comparison of the two excitation conditions.
Closing remarks, study limitations, and recommendations for future work are provided in
Section 4.

2. Volterra-Series Formulation and Higher-Order Spectral Characterization
2.1. Nonlinear Dynamic Model

Part I represented the local response of a delaminated solid structure using a nonlinear
oscillator model [3]. Following that formulation, the response is written as

mẍ(t) + cẋ(t) + k1x(t) + k2x2(t) + k3x3(t) + · · · = F(t), (1)
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where x(t) is the local structural response, F(t) is the applied excitation, m is the equivalent
mass, c is the damping coefficient, k1 is the linear stiffness, and k2 and k3 are the quadratic
and cubic stiffness coefficients, respectively.

The perturbation formulation used in Part I assumes that the nonlinear contribution
remains sufficiently small. Here, the response is represented using a Volterra series. This
representation breaks the response into contributions of successive input orders [23–25]:

x(t) = x1(t) + x2(t) + x3(t) + · · · . (2)

The nth-order contribution is

xn(t) =
∫︂ ∞

−∞
· · ·

∫︂ ∞

−∞
hn(τ1, . . . , τn)

n

∏
r=1

F(t − τr) dτ1 · · · dτn, (3)

where hn(τ1, . . . , τn) is the nth-order Volterra kernel. The first-order kernel gives the linear
response. Higher-order kernels describe nonlinear contributions.

For the underdamped linearized system, where 0 ≤ ζ < 1, we define

ωn =

√︃
k1

m
, ζ =

c
2mωn

, ωd = ωn

√︂
1 − ζ2. (4)

The first-order impulse-response function is

h1(t) =
1

mωd
e−ζωnt sin(ωdt)u(t), (5)

where u(t) is the unit-step function.
The multidimensional Fourier transform of the nth-order Volterra kernel defines the

corresponding higher-order frequency-response function (HFRF) [24,25]:

Hn(Ω1, . . . , Ωn) =
∫︂ ∞

−∞
· · ·

∫︂ ∞

−∞
hn(τ1, . . . , τn)e−j ∑n

r=1 Ωrτr dτ1 · · · dτn. (6)

For n = 1, Equation (6) gives the dimensional linear frequency-response function

H1(Ω) =
1

k1 − mΩ2 + jcΩ
. (7)

This dimensional form is used throughout the following derivation. It avoids the need
to introduce normalized nonlinear stiffness coefficients.

2.2. Higher-Order Frequency-Response Functions

The Volterra series is retained through third order. Substitution of Equation (2) into
Equation (1), followed by collection of terms of equal input order, yields the second- and
third-order HFRFs [24,25].

The second-order HFRF is

H2(Ω1, Ω2) = −k2H1(Ω1 + Ω2)H1(Ω1)H1(Ω2). (8)

Assuming symmetric Volterra kernels, the third-order HFRF is given by
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H3(Ω1, Ω2, Ω3) = − H1(Ω1 + Ω2 + Ω3)

[︄
k3

3

∏
r=1

H1(Ωr)

+
2k2

3

(︂
H1(Ω1)H2(Ω2, Ω3)

+ H1(Ω2)H2(Ω1, Ω3)

+ H1(Ω3)H2(Ω1, Ω2)
)︂]︄

.

(9)

Equations (8) and (9) show that the higher-order response depends on the nonlinear
stiffness coefficients k2 and k3.

Consider a harmonic excitation

F(t) = A cos(ωt), (10)

where A is the excitation amplitude and ω is the angular excitation frequency. For compact
notation, we define

Hp,q
n (ω) = Hn(ω, . . . , ω⏞ ⏟⏟ ⏞

p

,−ω, . . . ,−ω⏞ ⏟⏟ ⏞
q

), p + q = n. (11)

The required second-order terms are

H2,0
2 (ω) = −k2H1(2ω)H2

1(ω), (12)

and
H1,1

2 (ω) = −k2H1(0)H1(ω)H1(−ω). (13)

For a system with real coefficients,

H1(−ω) = H∗
1 (ω), (14)

where (·)∗ denotes complex conjugation.
Using Equation (9), the third-order HFRF associated with the fundamental frequency is

H2,1
3 (ω) = H3

1(ω)H1(−ω)

×
{︄

2k2
2

3
[H1(2ω) + 2H1(0)]− k3

}︄
.

(15)

The third-order HFRF associated with the third harmonic is

H3,0
3 (ω) = H1(3ω)H3

1(ω)
[︂
2k2

2H1(2ω)− k3

]︂
. (16)

These expressions relate the nonlinear stiffness coefficients to the harmonic compo-
nents of the response.

2.3. Harmonic Response

Retaining terms through third order, one can write the steady-state response of
Equation (10) as

x(t) ≈ X0 + |X1(ω)| cos(ωt + ϕ1)

+ |X2(ω)| cos(2ωt + ϕ2)

+ |X3(ω)| cos(3ωt + ϕ3),

(17)
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where
ϕr = arg[Xr(ω)]. (18)

The leading harmonic coefficients are

X0 =
A2

2
H1,1

2 (ω), (19)

X1(ω) = AH1(ω) +
3A3

4
H2,1

3 (ω), (20)

X2(ω) =
A2

2
H2,0

2 (ω), (21)

and

X3(ω) =
A3

4
H3,0

3 (ω). (22)

Substitution of Equations (12) and (15) yields

X1(ω) = AH1(ω) +
3A3

4
H3

1(ω)H1(−ω)

×
{︄

2k2
2

3
[H1(2ω) + 2H1(0)]− k3

}︄
,

(23)

and

X2(ω) = − A2

2
k2H2

1(ω)H1(2ω). (24)

Equations (20)–(22) show how the nonlinear stiffness generates additional harmonic
components. The quadratic term contributes to the zero-frequency and second-harmonic
components. The cubic term contributes directly to the fundamental and third-harmonic
components. Repeated quadratic interactions also contribute to the third-order response.

Although the experimental excitation is impulsive, the harmonic formulation shows
how the quadratic and cubic nonlinearities generate frequency interactions. A broadband
impact excites a range of frequency components simultaneously, allowing these nonlinear
interactions to appear in the measured response.

Within the third-order model, if k2 = k3 = 0, then these higher-order kernels vanish.
The response then reduces to the linear component. Within the present structural model,
the higher-order harmonics therefore provide information about nonlinear contributions to
the response. Their experimental interpretation assumes that nonlinear distortion from the
excitation and measurement system is negligible.

The third-order truncation is adopted because the present structural model retains
quadratic and cubic stiffness terms and the analysis focuses on their leading contributions
through the third harmonic. It should therefore be regarded as a model-order assumption
rather than as an experimentally demonstrated convergence order. The present study does
not identify a complete set of Volterra kernels from measured input–output data, so a
residual-based convergence test of successively identified Volterra orders is not available.
Higher Volterra orders should be retained when fourth- and higher-order contributions
become non-negligible or when the third-order model no longer provides an adequate
description of the measured response [23–25].
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2.4. Power Spectrum and Bispectrum

The Volterra formulation describes how nonlinear terms generate and couple fre-
quency components. Higher-order spectral analysis provides another way to study these
interactions from measured vibration signals [12,13,28].

Let the centered response be

x̃(t) = x(t)− µx, (25)

where
µx = E[x(t)]. (26)

For a stationary process, the second-order autocovariance is

Rxx(τ) = E[x̃(t)x̃(t + τ)]. (27)

The power spectral density is the one-dimensional Fourier transform of Rxx(τ):

Px(Ω) =
∫︂ ∞

−∞
Rxx(τ)e−jΩτ dτ. (28)

The third-order cumulant is

C3,x(τ1, τ2) = E[x̃(t)x̃(t + τ1)x̃(t + τ2)]. (29)

The bispectrum is the two-dimensional Fourier transform of the third-order cumu-
lant [12,13]:

Bx(Ω1, Ω2) =
∫︂ ∞

−∞

∫︂ ∞

−∞
C3,x(τ1, τ2)

× e−j(Ω1τ1+Ω2τ2) dτ1 dτ2.
(30)

Unlike the power spectrum, the bispectrum contains information about third-order
statistical dependence and phase relationships among frequency components [12,13,28]. A
nonzero component at (Ω1, Ω2) can also indicate the relationship to Ω1, Ω2, and the sum
frequency Ω1 + Ω2.

For an ideal Gaussian random process, cumulants above second order are zero. There-
fore, independent additive Gaussian noise has zero theoretical third-order cumulant and
does not contribute to the theoretical bispectrum [12,13]. A finite-record estimate, however,
is not expected to be exactly zero.

A nonzero bispectrum is not, by itself, proof of structural nonlinearity. A linear system
driven by a non-Gaussian input can also produce a nonzero bispectrum. Accordingly, attri-
bution of a measured bispectral component specifically to structural nonlinearity requires
consideration of both the excitation characteristics and an appropriate reference structural
response. The bispectral results presented here are therefore interpreted comparatively and
not as unique evidence of structural nonlinearity. Finite-record estimation can introduce
additional variability [12,28]. For this reason, the present study uses the bispectrum to
compare changes in higher-order spectral structure between the two impact conditions.

The impact responses considered in Section 3 are transient and have finite duration.
The quantities in Equations (28) and (30) are therefore represented experimentally by
finite-record spectral estimates rather than exact ensemble quantities [29]. The bispectrum
magnitude and phase distributions are compared between the two impact conditions.

In the experimental analysis presented in the next section, cyclic frequency f is used
in place of angular frequency Ω, with Ω = 2π f .
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3. Experimental Bispectral Analysis and Discussion
The experimental impact-response signals reported in Part I [3] are examined here us-

ing third-order statistical and bispectral analysis. Two excitation conditions are considered:
a very small impact and a small impact. The purpose is to compare the higher-order spec-
tral structure of the measured responses and relate the observed changes to the nonlinear
behavior discussed in Section 2.

3.1. Experimental Setup and Signal Processing

The experimental signals analyzed in this study were obtained from the concrete
specimen and measurement system reported in Part I [3]. The slab dimensions were
812.8 mm × 406.4 mm × 152.4 mm. The artificial delamination was formed using an
expanded-polystyrene insert with dimensions 304.8 mm × 304.8 mm × 3.175 mm, with its
upper surface located 25.4 mm below the top surface of the slab. The specimen consisted of
normal concrete with a reported compressive strength of 27 MPa. The accelerometer was
positioned near the center of the region directly above the artificial delamination, and the
impact was applied close to the sensor. A simplified representation of the specimen, defect,
impact position, and measurement position is shown in Figure 1. Additional photographs
and details of the test setup are provided in Part I [3].

Here, “impact response” denotes the transient structural response following a finite-
duration mechanical impact. This terminology is distinguished from the ideal impulse-
response function used in the theoretical Volterra formulation. The experimental impacts
followed the low-to-moderate, nondestructive excitation regime used in Part I [3].

Figure 1. Schematic of the experimental specimen and measurement configuration: (a) top view
showing the concrete slab dimensions, artificial delamination region, accelerometer location, and
nearby impact point; (b) cross-sectional view showing the slab thickness, delamination dimensions
and depth, accelerometer location, and impact point. The artificial delamination was formed using
an expanded-polystyrene insert.

Because the impact and measurement positions are located directly above the artificial
delamination, the recorded response is sensitive to the localized flexural dynamics of the
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separated near-surface region. The delamination dimensions, depth, and interface condi-
tions affect the effective local mass, stiffness, boundary conditions, and modal frequencies.
The present single-location analysis does not, however, reconstruct an unknown defect
position or shape. Spatial localization would require measurements over multiple positions,
while quantitative shape or severity estimation would require calibration or an appropriate
inverse model.

Acceleration was measured using a PCB Piezotronics Model 352B30 ICP® piezoelectric
accelerometer (PCB Piezotronics, Inc., Depew, NY, USA). The sensor has a nominal sensi-
tivity of 10 mV/g, a measurement range of ±500 gpk, and a specified frequency range of
15–4500 Hz within ±5%. It also includes an internal low-pass filter with a corner frequency
of 10 kHz and a roll-off of 12 dB/octave [30]. The accelerometer was powered and condi-
tioned using a PCB Piezotronics Model 482A22 four-channel ICP® signal conditioner [31].
The results reported here are based on this measurement chain.

The vibration signals were recorded as uncompressed .wav files using Audacity
and imported into MATLAB R2026a. The sampling frequency was read from the file
header. Both records were sampled at Fs = 44.1 kHz. The very-small-impact record
contained 614 samples and had a duration of 13.923 ms. The small-impact record contained
1102 samples and had a duration of 24.989 ms. The complete recorded response was
retained for each condition. Because the records have different durations, the comparison
is made primarily in terms of the distribution and structure of the higher-order spectral
components rather than their absolute bispectral magnitudes.

To examine the influence of unequal record duration on the higher-order spectral
estimates, an additional equal-duration sensitivity analysis was performed. The complete
614-sample very-small-impact record was used as the reference, and a 614-sample seg-
ment was extracted from the small-impact record, giving a common analysis duration
of 13.923 ms. The two windows were aligned using the maximum absolute value of the
mean-removed response as a reproducible marker of the main impact-response event. The
same preprocessing, normalization, maximum lag, Hamming lag window, biased estimator,
frequency-triad restriction, and biphase-display criterion were then applied to both records.

Before the higher-order spectral analysis, each record was converted to a single-column
signal. If more than one recorded channel was present, the channels were averaged. The
sample mean was then removed,

xc(t) = x(t)− x, (31)

where x is the sample mean. Each record was then normalized by its own maximum
absolute amplitude,

xn(t) =
xc(t)

max |xc(t)|
. (32)

This normalization removes differences in overall signal scale. It allows the two responses
to be compared mainly through their waveform and higher-order spectral structure. Since
the signals are normalized independently, absolute bispectrum magnitudes are not used as
a quantitative measure of the difference between the two excitation conditions.

The third-order cumulant and bispectrum were estimated using the bisp3cum MAT-
LAB routine developed by McMurray [32]. The same processing parameters were used
for both records. A maximum lag of 60 samples was used. At Fs = 44.1 kHz, this corre-
sponds to

τmax =
60

44,100
≈ 1.36 ms. (33)
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A Hamming lag window and a biased cumulant estimator were used. The bispectrum
magnitude and phase were calculated as

|Bx( f1, f2)| (34)

and
ϕB( f1, f2) = arg[Bx( f1, f2)], (35)

respectively, with the phase expressed in degrees. The same preprocessing, maximum lag,
lag window, and estimator settings were applied to both impact records.

Although the bispectrum was calculated over the discrete frequency range defined by
the sampling frequency, the displayed bispectral results were restricted to avoid interpreting
frequency combinations above the specified upper measurement limit of the accelerometer.
Since a bispectral component Bx( f1, f2) involves the frequency triad f1, f2, and f1 + f2, only
combinations satisfying

| f1| ≤ 4.5 kHz, | f2| ≤ 4.5 kHz, | f1 + f2| ≤ 4.5 kHz (36)

were retained for display and physical interpretation.
For the phase plots, an additional relative-magnitude criterion was applied. The

biphase was displayed only where

|Bx( f1, f2)| ≥ 0.05Bmax, (37)

where Bmax is the maximum bispectrum magnitude within the retained frequency-triad
region for the corresponding record. The threshold was therefore calculated separately
for each impact condition. It was used only for visualization and does not modify the
bispectrum estimate or the magnitude distributions. In the magnitude plots, blank regions
denote frequency combinations excluded by Equation (36). In the phase plots, blank regions
additionally include locations where the corresponding bispectrum magnitude is below
the threshold in Equation (37).

Table 1 summarizes the experimental configuration and processing parameters.

Table 1. Experimental configuration and signal-processing parameters used for the higher-order
spectral analysis.

Parameter Specification or Procedure

Specimen
Concrete slab containing an artificial delamination formed
using an expanded-polystyrene insert; complete specimen
geometry is reported in Part I [3].

Measurement location
Accelerometer positioned near the center of the region di-
rectly above the artificial delamination; impact applied close
to the sensor.

Accelerometer
PCB Piezotronics Model 352B30 ICP®; nominal sensitiv-
ity 10 mV/g; range ±500 gpk; specified frequency range
15–4500 Hz (±5%) [30].

Signal conditioner PCB Piezotronics Model 482A22 four-channel ICP® signal
conditioner [31].

Recording format Uncompressed .wav files recorded using Audacity and ana-
lyzed in MATLAB R2026a.

Sampling frequency Fs = 44.1 kHz for both records.
Very-small-impact record 614 samples; duration 13.923 ms.
Small-impact record 1102 samples; duration 24.989 ms.
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Table 1. Cont.

Parameter Specification or Procedure

Mean removal Sample mean removed before normalization and higher-
order spectral analysis.

Normalization Each record independently normalized by its maximum ab-
solute amplitude, as defined in Equation (32).

Maximum lag 60 samples, corresponding to approximately 1.36 ms at
Fs = 44.1 kHz.

Lag window Hamming window.
Cumulant estimator Biased estimate.
Bispectrum magnitude |Bx( f1, f2)|.
Bispectrum phase arg[Bx( f1, f2)], reported in degrees.

Phase display criterion
Biphase displayed only where |Bx( f1, f2)| ≥ 0.05Bmax within
the retained frequency-triad region. Bmax was determined
separately for each record.

Displayed frequency triads | f1| ≤ 4.5 kHz, | f2| ≤ 4.5 kHz, and | f1 + f2| ≤ 4.5 kHz.

For context, Part I also examined an intact region of the same specimen using the same
experimental procedure [3]. The intact response exhibited a different spectral pattern, with
a dominant component near 5 kHz, whereas the response measured above the artificial
delamination was dominated by a local component near 1 kHz. Under the small-impact
condition, an additional component near 2 kHz was observed at the delamination location.
The present Part II analysis focuses specifically on the higher-order spectral structure of the
responses measured at that known delamination location.

To illustrate the difference between conventional and higher-order spectral representa-
tions, Figure 2 compares the normalized power spectrum and the bispectrum magnitude
obtained from the same small-impact response.

(a) (b)
Figure 2. Comparison of conventional and higher-order spectral representations for the same small-
impact response: (a) normalized power spectrum showing the distribution of signal power with
frequency; (b) bispectrum magnitude showing third-order statistical relationships among frequency
components associated with the triplet ( f1, f2, f1 + f2).

Figure 2a provides a one-dimensional representation of the spectral content and
identifies the frequencies at which the measured response contains appreciable power.
However, the power spectrum does not indicate whether different frequency components
participate in third-order statistical relationships. Figure 2b introduces a second frequency
axis and shows how pairs of frequencies f1 and f2 are associated with the sum frequency
f1 + f2. The distributed local features in the bispectrum therefore provide information
about higher-order spectral structure that is not available from the conventional power
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spectrum alone. The numerical scales of the two panels are not directly comparable because
the power spectrum is normalized and expressed in decibels, whereas the bispectrum panel
shows bispectrum magnitude.

3.2. Response Under Very Small Impact

Figure 3 presents the normalized vibration response, third-order cumulant, bispectrum
magnitude, and bispectrum phase for the very-small-impact case.

(a) (b)

(c) (d)
Figure 3. Measured response and higher-order spectral quantities at the delamination location
under very small impact excitation: (a) normalized vibration waveform; (b) third-order cumulant;
(c) bispectrum magnitude; and (d) bispectrum phase. Bispectral results are restricted to the frequency
triads defined by Equation (36). In panel (d), phase is displayed only where the corresponding
bispectrum magnitude is at least 5% of Bmax for the record.

Figure 3a shows a short transient response. The largest oscillations occur approxi-
mately between 4 and 8 ms. A decaying ring-down follows the main response, and the
signal approaches a relatively low amplitude near the end of the record.

The third-order cumulant in Figure 3b contains a pronounced localized structure near
zero lag. A dominant negative region is surrounded by alternating positive and negative
bands. The diagonal distribution of these features shows that the third-order dependence
extends over several combinations of τ1 and τ2.

The corresponding bispectrum magnitude is shown in Figure 3c. Within the frequency
region retained for physical interpretation, the dominant components are concentrated
near the central portion of the bifrequency plane. Several distinct local maxima are visible
within this region, while the surrounding components have lower magnitudes. The overall
bispectral distribution therefore remains relatively concentrated.
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A nonzero bispectrum indicates third-order statistical dependence among frequency
components. Under suitable conditions, this dependence can be associated with quadratic
phase coupling [12,13,16]. However, a nonzero estimated bispectrum alone does not
establish structural nonlinearity. The measured impact response is transient and has finite
duration, and these factors can affect the estimate.

Figure 3d shows the biphase within the retained frequency-triad region. To avoid
displaying phase values associated with very weak bispectral components, the phase is
shown only where the corresponding bispectrum magnitude is at least 5% of Bmax for
this record. The displayed phase is therefore concentrated mainly around the bifrequency
region containing the dominant bispectral components in Figure 3c. A cyclic color scale is
used because phase is periodic, with −180◦ and 180◦ representing the same phase direction.

The bispectrum magnitude is shown in more detail in Figure 4. The three-dimensional
representation in Figure 4a shows a concentrated group of dominant peaks surrounded by
lower-magnitude components. The contour representation in Figure 4b shows the same
distribution. The dominant components occupy a relatively limited portion of the retained
bifrequency region, with weaker components surrounding the main group. This pattern is
used as the reference for comparison with the small-impact case.

(a) (b)
Figure 4. Bispectrum magnitude of the response under very small impact excitation within the retained
frequency-triad region: (a) three-dimensional surface representation; and (b) contour representation.

3.3. Response Under Small Impact

Figure 5 presents the corresponding results for the small-impact condition. The wave-
form in Figure 5a differs from the very-small-impact response. The main oscillatory event
occurs approximately between 8 and 12 ms. It contains a denser sequence of oscillations
and is followed by a longer ring-down that extends through much of the remaining record.
Since the signals are normalized independently, the peak values in Figures 3a and 5a should
not be used to compare their physical amplitudes.

The time–frequency behavior of these same responses was examined in Part I using
spectrograms and wavelet scalograms [3]. That analysis showed greater spectral enrichment
and more pronounced time-varying frequency content under the small-impact condition.
The present bispectral analysis complements those results by examining third-order statisti-
cal dependence among the frequency components rather than their time-localized spectral
amplitude alone.

The third-order cumulant in Figure 5b also differs from that of the very-small-impact
response. Positive and negative regions are distributed over a larger portion of the lag plane.
Several localized structures appear at different combinations of τ1 and τ2. The small-impact
response therefore exhibits a more distributed third-order lag-domain structure.
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The difference is also evident in the bispectrum magnitude shown in Figure 5c. Within
the retained frequency region, the small-impact response exhibits a broader and more
distributed bispectral pattern than the very-small-impact response. Multiple local maxima
occur at different bifrequency combinations and extend farther from the center of the
plane. The small-impact response therefore exhibits more prominent secondary features
distributed over a broader portion of the bifrequency plane than the more concentrated
pattern observed under the very small impact.

Figure 5d shows the corresponding biphase after application of the same 5% relative-
magnitude display criterion. The displayed phase features extend over a broader set
of bifrequency locations than in the very-small-impact case, consistent with the more
distributed bispectrum magnitude in Figure 5c. Because the threshold is defined relative to
the maximum magnitude of each record, this comparison describes the spatial distribution
of the phase features and should not be interpreted as a quantitative comparison of phase-
coupling strength.

(a) (b)

(c) (d)
Figure 5. Measured response and higher-order spectral quantities at the delamination location under
small impact excitation: (a) normalized vibration waveform; (b) third-order cumulant; (c) bispectrum
magnitude; and (d) bispectrum phase. Bispectral results are restricted to the frequency triads
defined by Equation (36). In panel (d), phase is displayed only where the corresponding bispectrum
magnitude is at least 5% of Bmax for the record.

3.4. Comparison of the Bispectral Characteristics

The bispectrum magnitude for the small-impact response is shown in surface and
contour form in Figure 6.
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Comparison of Figures 4 and 6 shows a clear difference within the frequency region
retained for physical interpretation. The very-small-impact response contains a relatively
concentrated group of dominant bispectral components. In contrast, the small-impact
response exhibits a broader bispectral distribution with more prominent secondary features
distributed over the bifrequency plane. The surface and contour representations show the
same trend.

(a) (b)
Figure 6. Bispectrum magnitude of the response under small impact excitation within the retained
frequency-triad region: (a) three-dimensional surface representation; and (b) contour representation.

To assess the influence of record duration, an equal-duration sensitivity analysis was
performed using 614 samples for both responses, as shown in Figure 7.

(a) (b)
Figure 7. Equal-duration sensitivity analysis of the bispectrum magnitude using 614 samples
(13.923 ms) for both impact conditions: (a) very-small-impact response; (b) small-impact response.
The same preprocessing and bispectral estimation parameters were used for both records. The
small-impact response retains a broader and more distributed bispectral pattern after controlling for
record duration.

The equal-duration sensitivity analysis confirmed that the main spatial difference
between the two bispectral distributions was retained when both records were limited to
614 samples. The very-small-impact response remained relatively concentrated within
the central bifrequency region, whereas the small-impact response retained a broader and
more distributed pattern with multiple local features. A similar distinction remained in
the third-order cumulant distributions. Truncation altered the numerical magnitudes and
some fine local features of the finite-record estimates, but it did not remove the main
qualitative difference in their spatial distributions. The conclusions are therefore based on
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the distribution and structure of the higher-order spectral components rather than on their
absolute magnitudes.

The masked biphase distributions show a similar qualitative difference: phase fea-
tures associated with appreciable bispectral magnitude are relatively concentrated for the
very-small-impact response and more spatially distributed for the small-impact response.
Because the 5% criterion is defined separately for each record, this observation is qualitative
and does not represent a comparison of coupling strength.

These results are consistent with the measurements reported in Part I, where the
small-impact condition introduced additional harmonic content [3]. The present analysis
adds a third-order description of that change. The small-impact response exhibits a richer
and more distributed bifrequency structure.

Representative nonzero-frequency triplets associated with prominent local bispectral
maxima are listed in Table 2. Both impact conditions contain the same dominant triplet,
( f1, f2, f1 + f2) = (735, 735, 1470) Hz. For the small-impact response, the secondary triplet
(2572.5, 735, 3307.5) Hz has a relative magnitude of 0.588, corresponding to 58.8% of the
dominant peak within that record. In contrast, the next strongest representative triplet
for the very-small-impact response, (2572.5, 1470, 4042.5) Hz, has a relative magnitude
of only 0.040, or approximately 4.0% of its dominant peak. This difference supports the
observation that the very-small-impact bispectrum is strongly concentrated around one
dominant interaction, whereas the small-impact response contains a substantially more
prominent secondary component. The reported relative magnitudes are normalized within
each record and are used only to describe the distribution of the bispectral peaks, not to
compare absolute nonlinear coupling strength between impact conditions.

Table 2. Representative nonzero-frequency bispectral triplets associated with prominent local maxima.
Relative magnitude is normalized by the largest bispectral magnitude within each individual record.

Impact Condition f1 (Hz) f2 (Hz) f1 + f2 (Hz) Relative Magnitude

Very small 735.0 735.0 1470.0 1.000
Very small 2572.5 1470.0 4042.5 0.040

Small 735.0 735.0 1470.0 1.000
Small 2572.5 735.0 3307.5 0.588

The results should therefore be interpreted as evidence of a change in higher-order
spectral structure between the two impact conditions, rather than as a quantitative mea-
sure of nonlinear coupling strength. The raw bispectrum is not a normalized coupling
measure. A normalized quantity such as bicoherence would be more appropriate for this
purpose [12,13]. However, reliable bicoherence estimation generally requires sufficient
ensemble or segment averaging, which is difficult to obtain from the short transient records
considered here without substantially reducing frequency resolution. Quantitative bicoher-
ence analysis is therefore reserved for future experiments specifically designed to provide
sufficient repeated or segmented data.

The experimental scope should also be recognized. The present Part II study examines
higher-order spectral changes at a known artificial delamination location and should be
regarded as a proof-of-concept characterization. The results do not establish universality
across delamination sizes, depths, shapes, measurement positions, or structural materi-
als. Validation over multiple defect configurations and spatial measurement locations is
required before generalized diagnostic criteria can be established.

Although the nonlinear-oscillator and higher-order spectral framework is not mathe-
matically restricted to concrete, the experimental validation presented here is specific to the
tested concrete specimen. Application to composites, metallic plates, or other layered solids
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would require recalibration because defect-interface behavior, local modal frequencies,
damping, sensor response, and wave propagation differ among materials and geometries.
Field implementation would also need to account for environmental and operational noise,
sensor coupling and placement, impact repeatability, boundary-condition variability, and
the influence of finite record length on higher-order spectral estimation.

Overall, the experimental results show a consistent change in the higher-order re-
sponse. The very-small-impact case is characterized by a relatively concentrated bispectral
distribution. The small-impact case exhibits a broader, more distributed, multi-feature pat-
tern within the calibrated interpretation region. The third-order cumulant shows a similar
change from a localized lag-domain structure to a more distributed one. These observations
complement the conventional spectral results reported in Part I and are consistent with
the higher-order interactions represented by the Volterra-series formulation developed in
Section 2.

4. Conclusions
This study extended the nonlinear delamination-characterization approach developed

in Part I by introducing a Volterra-series formulation and higher-order spectral analysis.
The local response of the delaminated region was represented using a nonlinear oscillator
with quadratic and cubic stiffness terms. A third-order Volterra approximation was used
to relate these nonlinear terms to the fundamental, second-harmonic, and third-harmonic
components of the response.

The experimental impact responses reported in Part I were then examined using the
third-order cumulant and bispectrum. Two excitation conditions were considered. Under
the very small impact, the third-order cumulant showed a dominant localized structure,
and the bispectral components were relatively concentrated within the retained bifrequency
region. Under the small impact, the cumulant became more distributed over the lag plane.
The bispectral pattern also became broader and more distributed, with more prominent
secondary features.

Because the two records were normalized independently, their absolute bispectrum
magnitudes were not compared quantitatively. An equal-duration sensitivity analysis
using 614 samples for both conditions retained the main qualitative difference between the
two bispectral distributions, indicating that the broader small-impact pattern is not solely a
consequence of the different original record durations. The main difference between the
two conditions is therefore the distribution and complexity of the higher-order spectral
content. The small-impact response exhibits a broader and more distributed bispectral
structure than the very-small-impact response. This change is consistent with the addi-
tional harmonic content reported in Part I and with a more distributed set of higher-order
frequency interactions.

Bispectral analysis provides information that complements conventional FFT and
power-spectrum analysis. The power spectrum describes the strength of individual fre-
quency components, whereas the bispectrum provides information about third-order statis-
tical dependence and phase relationships among frequency components. In the present
measurements, these quantities reveal changes in the higher-order spectral structure that
are not described by spectral amplitude alone.

The results should be interpreted as a comparative characterization of the two im-
pact conditions. Accordingly, the observed change in higher-order spectral structure with
impact condition should not be interpreted as equivalent to a validated criterion for identi-
fying delamination in an unknown structure. The measured responses are transient and
finite in duration, and a nonzero estimated bispectrum alone does not establish structural
nonlinearity. In addition, the raw bispectrum is not a normalized measure of coupling
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strength. Future work will consider additional impact conditions and delamination con-
figurations and will investigate normalized higher-order measures, such as bicoherence,
for quantitative comparison of nonlinear frequency coupling. These developments may
further support the use of higher-order spectral features for delamination detection and
characterization in solid structures.
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