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Abstract

Latent growth curve (LGC) models, implemented through structural equation modeling, are widely used to
analyze developmental and learning trajectories. Model selection in LGC often relies on goodness-of-fit
indices (e.g., Xz’ Akaike information criterion, and root-mean-square error of approximation), but these met-
rics fail to assess the temporal constancy, or stability of parameters, an important aspect when forecasting
longitudinal data. Addressing this gap, we propose a novel parameter constancy test (PCT) tailored for
LGC models. This test evaluates internal constancy, identifies potential breakpoints, helps determine the
minimal number of measurement waves needed for reliable modeling, and is also useful for comparing dif-
ferent explanatory models of the analyzed data. To validate this approach, we applied PCT to real-world data,
comparing the widely used quadratic function model with the negative exponential model and other nonlin-
ear functions. The results reveal that the negative exponential model, unlike the quadratic function, consis-
tently exhibits parameter constancy even with fewer sampling waves, making it particularly suitable for
longitudinal analysis. Additionally, PCT highlights how inappropriate model selection or instability may
lead to misinterpretations, particularly in evaluating interventions or extrapolating beyond observed time
frames. Our findings emphasize the dual importance of statistical fit and parameter constancy in selecting
LGC models. By integrating PCT into standard practice, researchers can better ensure model consistency,
optimize resource allocation, and avoid erroneous conclusions in developmental and learning studies.

Translational Abstract

Latent growth curve models are commonly used to track development and learning over time. However, select-
ing the best model often relies solely on statistical fit indices, which overlook a key factor: whether the model’s
parameters remain stable across different time points. This stability, or constancy, is critical when models are
used to predict immediate or long-term trends or evaluate interventions. To address this issue, we introduce a
new parameter constancy test (PCT) specifically for latent growth curve models. PCT not only evaluates
whether a model’s parameters are consistent across time but also compares models to identify the most reliable
option. For example, using PCT, we found that the widely used quadratic function model lacks constancy,
whereas the negative exponential model remains consistent even with fewer data points. This means research-
ers can confidently use fewer measurement waves without sacrificing accuracy. Practically, PCT offers four key
benefits: it helps select the best model by estimating more accurate forecast values, detects shifts in data trends,
determines the minimal number of data points needed, and reduces resource demands for future studies. By
adopting PCT, applied researchers in psychology, education, and health can make more informed decisions,
ensuring that their findings are both statistically more adequate and theoretically sounder.

Keywords: latent growth curves, parameter constancy test, structural stability, model comparison, structural
equation modeling
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Latent growth curve (LGC) models, implemented through confir-
matory factor analysis in structural equation modeling (SEM), have
become central to analyzing developmental and learning trajecto-
ries. They are widely used to understand growth patterns across
time in psychology, education, and health. However, selecting the
most suitable model (whether polynomial, nonlinear, or piecewise)
remains a complex challenge due to variability in data and theoreti-
cal assumptions.

In the field of statistics, tests for structural constancy, or structural
stability, and breakpoints are common in cross-sectional and time
series data, allowing researchers to detect changes in variable relation-
ships or shifts in the data-generating process (DGP) over time. Yet, in
psychological research, particularly in the analysis of LGC, the appli-
cation of constancy tests is rare. Structural constancy, or inner stabil-
ity, in a model indicates that relationships between variables remain
consistent across different conditions or over time; while breakpoints
signal moments where these relationships change significantly, sug-
gesting a shift in the DGP, or structural change. Recognizing these
breakpoints can enhance the accuracy and validity of models by
revealing when and why a model may no longer fit well, providing
insights into underlying changes in the studied phenomena.
Traditional SEM fit indices, such as Akaike information criterion
(AIC) and root-mean-square error of approximation (RMSEA), assess
overall model fit but overlook the temporal constancy of parameters.
Parameter constancy test (PCT) addresses this gap by evaluating a
model’s consistency across different time segments. By combining
assessments of fit and constancy, PCT allows researchers to compare
models more properly, ensuring the selection of models that remain
reliable under varying temporal conditions.

The concept of a DGP is integral to dynamic modeling theory in
econometrics (Campos et al., 2005; Florens & Mouchart, 1985;
Hendry et al., 1984; Pesaran, 2016). Simply put, a stable DGP ensures
that model parameters remain consistent throughout the longitudinal
data set. This consistency is essential for reliable forecasting and for
distinguishing between genuine developmental changes and model
misspecification. Consequently, the model should be capable of pro-
jecting into the future, enabling reliable short-, medium-, and long-
term forecasts. This aligns with the concept of a long-run trend
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(LRT), where the model yields credible forecasts over the long term
(Campos et al., 2005; Engle & Granger, 1987; Panik, 2014).

This study aims to identify the most suitable LGC models by eval-
uating both their fit indices and parameter constancy. A PCT pro-
vides critical insights into the structural stability of growth models,
enabling researchers to identify breakpoints, determine the mini-
mum number of waves of measurement, or measurement moments,
required for reliable modeling, and compare explanatory models to
select the most suitable option.

We will discuss the advantages of applying structural constancy
tests, including various versions of these tests as used in linear regres-
sion and time series analysis, and explore how these tools can provide
additional layers of insight beyond traditional model fit indices.

Structural Constancy Tests, in Linear Regression and in
Time Series

Suppose you have a data set that follows a linear regression pat-
tern. To evaluate whether the relationship between variables is con-
sistent or changes significantly at a specific point, the Chow test
(1960) can detect such change points. This test assesses whether
splitting the data into two segments and fitting separate regressions
improves model fit compared to using a single regression for the
entire data set. The Chow test has a long history and is widely
cited and explained in manuals, with various adaptations for specific
cases. However, it has not been widely applied in the analysis of real-
world data, perhaps because authors assume no structural break in
the data, or they fear that journals may reject the article if such a
structural break exists.

The procedure for conducting the Chow test in cross-sectional lin-
ear regression involves several steps (DeMaris, 2004; Gujarati et al.,
2013): (a) Initiate linear regression analysis across the entire data set,
employing a standard linear regression model to establish the best
fitting line for all data points collectively (Figure 1A). This pooled
regression yields a sum of squares of the pooled residuals (SSRp).
(b) Subdivide the data set into two distinct groups based on a prede-
termined criterion or hypothesis, labeled as groups A and B.
For instance, in a cross-sectional study comparing educational
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(A) Shows lineal regression with the complete sample. (B) Shows a breakpoint between the two subsamples. IQ = intellectual quotient. See the online
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achievement levels among students based on their intellectual quo-
tient (IQ; Figure 1B). (c) Fit separate regression lines for each
group of data points, resulting in respective sums of squares of the
residuals for Groups A (SSRA) and B (SSRg). These lines may
exhibit varying slopes or intercepts, suggesting potential changes
in the relationship between variables across the two groups. (d)
Calculate the Chow statistic by evaluating the disparity between
the sum of squared errors for the separate regression lines and that
of the combined line, SSRp — SSR4 — SSRg. This statistic gauges
the adequacy of the lines in fitting the data. If SSRp equals
SSRA + SSRg, the pooled and the two groups’ regression lines coin-
cide. A breakpoint is indicated when SSRp > (SSR4 + SSRp),
meaning significantly larger residuals in the pooled regression com-
pared to the two separated linear regressions. In Figure 1A and 1B, a
simulated depiction of the relationship between years of study (¥
axis) and IQ (X axis) is presented. Notably, there appears to be a
breakpoint around an IQ value of approximately 105 on the X axis
(a breakpoint exhibiting a lack of internal consistency relative to
the initial pooled model). Consequently, the function depicted in
Figure 1A and 1B lacks structural stability. Lee (2008) applied the
Chow test across three different cases. In the first case, he examined
the impact of placement in gifted educational programs on student
achievement, with IQ as the independent variable (IV). The results
showed no evidence that participation in the gifted program led to
higher achievement compared to students not in such a program.
Additional examples can be found in Anselin (1990), Hites
(2019), and Muggeo (2003).

In linear time series analysis, an adaptation of the Chow test serves
to identify structural breaks but is tailored explicitly for time series
data (Cuthbertson et al., 1992; Hendry, 2011). Suppose we have a
time series comprising 7 data points. When suspecting a change in
the statistical model at a specific point, 71, the following steps are
undertaken: (a) Segment the time series into two parts, one with a
length of 71 and the other with 72 =T —T1. (b) Fit the model to
segment 7’1 according to the assumed model. (c) Forecast the values
of T2 (Y71 + 1, Y71 4+ 25 ..., Y7) using the parameters derived from
segment 7'1. (d) Compare the variances of 72 and 71; equality sug-
gests structural constancy, whereas a greater variance in 72 than in
T1 indicates a breakpoint at value 71. Some examples can be
found in Bai and Perron (2003), Cooper et al. (2003) , Dao
(2022), Hansen (2001), and Luitel and Mahar (2015).

LGC Models

To outline the basic formulation systems of LGC models, two dis-
tinct approaches have been prominent. The first employs polynomial
linear functions (such as straight line, quadratic, and cubic), which
have been widely adopted in research publications (e.g., Johnson
& Hancock, 2019; Laursen et al., 2013; T. G. Little et al., 2007)
and textbooks (Bollen & Curran, 2006; Ferrer et al., 2019; Grimm
& Ram, 2018; T. G. Little, 2013; Preacher et al., 2008; Wood, 2011).

The second approach utilizes nonlinear functions (Blozis et al.,
2008; Ferrer & McArdle, 2003; Grimm & Ram, 2009, 2018;
Grimm et al., 2017; Harring et al., 2012; Laursen et al., 2013),
which encompass several variations. These may involve the IV
time appearing in the denominator of a fraction (as in Michaelis—
Menten or Shinozaki—Kira), or the use of logarithmic or exponential
functions (Blozis et al., 2008; Dziak et al., 2015; Harring et al., 2012;
Konishi, 2014; Marcoulides, 2018; McNeish & Dumas, 2017;

Panik, 2014; Preacher & Hancock, 2015; Ratkowsky, 1990; Seber
& Wild, 2003).

The landscape of modeling options is diverse, yet ideally, the rela-
tionships between variables should be informed by a robust theoretical
framework concerning the nature of the studied variables and hypoth-
eses regarding the trajectory of developmental curves (Collins, 2006;
Curran et al., 2010; Jaccard & Jacoby, 2020). However, despite the
widespread use of the quadratic function (QF) model in this domain,
it remains unclear why this model is favored over alternative
approaches in the exploration of human development or learning.

The study of developmental curves using nonlinear models pre-
sents several challenges. Firstly, there exists a plethora of nonlinear
models, none of which holds theoretical superiority over the others
(Aslin, 1993; Cheung, 2014; W. Johnson, 2022; Molenaar &
Newell, 1998; Panik, 2014). Secondly, some models exhibit mini-
mal graphical differences in their representation. Thirdly, achieving
parameter convergence across different statistical programs is often
challenging (Bates & Watts, 2007; Cudeck & Harring, 2007;
Gallant, 2009; Geiser, 2021; Grimm et al., 2017; Konishi, 2014;
Ratkowsky, 1990; Seber & Wild, 2003; Willett & Sayer, 1994;
Wood, 2011). Consequently, it has been suggested that the selection
of a nonlinear model should consider not only its theoretical validity
and statistical adequacy but also the interpretability of its parameters
and the clarity of graphical data representation (Bates & Watts, 2007;
Cudeck & Harring, 2007).

Nonlinear models are categorized into three main groups based on
their graphical representation: those without an inflection point,
those with one inflection point, and curves featuring a maximum
point and two inflection points (e.g., Beta, Gauss, Gamma). In devel-
opmental and learning research fields such as psychology, educa-
tion, and biology, only the first two types, with and without one
inflection point, are recommended. Models lacking an inflection
point are valuable for statistically modeling the final phase of growth
or learning, revealing asymptotic maximum trend values and pat-
terns of cognitive decline and memory loss, with the curve display-
ing an asymptotic minimum value. Various curves, including
nonlinear, negative exponential (NEXP; Brody, 1945; Stevens,
1951), monomolecular growth curves (Seber & Wild, 2003), and
the Michaelis and Menten function (2011), can be employed.

In the absence of a clear hypothesis guiding the selection of the
most suitable explanatory model for the data, researchers often rely
on goodness-of-fit indicators such as ¥ AIC, Bayesian information
criterion, and RMSEA (Bentler & Satorra, 2010; Satorra & Bentler,
2010; Bianconcini, 2012; Wu et al., 2009; Ye & Bollen, 2022).
However, dynamic modeling theory establishes specific requirements
for temporal statistical models applied to longitudinal data sets
(Hendry, 1995; Pesaran, 2016). Essentially, the temporal behavior
originates from a DGP that must adhere to a consistent statistical
model. This means that the DGP cannot be explained using different
equations or parameters across different segments of its trajectory, a
property known as structural constancy. Structural stability is assessed
through internal parameter stability or parameter constancy.

Conceptually, parameter stability in a model is akin to its statisti-
cal internal validity (Shadish et al., 2002). The PCT serves as a
method to verify whether the statistical relationship established
between the IV time and the dependent variable (DV) Y,, with T
measurements, remains intact even under more stringent temporal
conditions (e.g., considering trimmed temporal values from right
to left: T— 1, T— 2, etc.).
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In developmental models, both the mean and the variance can
change over time. For instance, in a learning or cognitive developmental
process, the trajectory might exhibit a monotonically increasing
curve (Y <Y,<--<Y,<--<Yp <Yy, with Yr representing
a limiting value and typically: (Y7—Y7_ ) <(Y7_|—Yr_>). This
indicates that the differences between consecutive values decrease as
the process progresses, suggesting asymptotic growth toward the end
of development. Additionally, the variance tends to slightly increase
with time. The observation of varying growth rates along this trajectory
implies a formal nonlinear relationship between time and Y.

Upon reviewing the NEXP models used in psychology, we found
that while there are comparisons of models applied to specific data
sets, there are no publications that comprehensively compare differ-
ent linear and nonlinear models based on their statistical fit and the
theoretical properties of an ideal growth model. Nonetheless, some
research has identified the NEXP model as the best or among the
best models for fitting real data (Chen et al., 2002; Kail & Ferrer,
2007; Murayama et al., 2013; Neale & McArdle, 2000).

PCT in LGCs

We have observed that tests for parameter constancy in linear
regression and time series typically utilize sums of squares or vari-
ances for comparing temporal segments. However, in SEM, the
assessment of fit differs from this approach. Instead of examining
residuals’ errors, the overarching hypothesis posits a set of parame-
ters, denoted as 07, for the 7’ moments. This hypothesis suggests that
the covariance matrix with observed data, Sz, should equal the esti-
mated matrix derived from the model’s involved values, denoted as
2(07). The null hypothesis states: Sy = Z(07).

To conduct a PCT in LGC, four steps are involved: (i) Initially, the
fit with the entire data set, in our example with 7= 6 [S7 = Z(07)], is
computed, referred to as the complete free model. (ii) Subsequently,
the last 72 temporal values for all individuals in the sample (71 +
T2 =T) are removed, and the model is estimated using only the
first T1 temporal values, with all parameters freed. This yields new
parameters, denoted as 07, constituting what we term the unre-
stricted trimmed model. (iii) The entire T series is reanalyzed, impos-
ing parameters from the 71 temporal values (071) on the model
through corresponding constraints. This results in Szry) (Chou &
Bentler, 2002), designated as the 7 complete restricted model with
T1 parameters. (iv) It is expected that if the unrestricted trimmed
model of 71 waves of measurement is stable with respect to the com-
plete model with the 7 moments, then Szcr1y = Z(07). That is, the
complete model restricted with the parameters of 71, Sycry), must
not differ from the complete free model, Z(07). To verify this,
since the model of the matrix for the restricted data, Sz(r1), is nested
within the model corresponding to X(87), the contrast hypothesis test
can be carried out using the % difference test of goodness-of-fit,
with its corresponding degrees of freedom, to compare the equality
of both matrices (Bentler & Satorra, 2010). If the complete model is
correct, with S7 = Z(07), then the restricted complete model with the
parameters of 71 (07) will not differ from the complete free model,
Stcr1y = Z(07). The basic idea is that there should be no structural
change. These steps systematically test whether trimming temporal
observations impacts the consistency of model parameters, thereby
assessing the constancy of the entire model.

In our examples, we employ not only the x> difference test but also
various overall fit indicators (AIC, comparative fit index [CFI],

Tucker—Lewis index [TLI], standardized root-mean-square residual
[SRMR], and RMSEA) as comparison criteria. Concerning the
PCT in LGC, a pertinent question arises: which parameters of the
model with 71 temporal values need to be constrained in the
model encompassing all values (i.e., with all waves 7, Step (iii) of
the PCT in LGC)? The answer lies in fixing the parameters govern-
ing the shape of the initial model (W, Ugi, Upo, -..), as constraining
the parameters of covariances (Wog ., Wop,» Wp,p, ---) and the var-
iances of model parameters (W3, W, W, --.) wWould severely
limit variability, hindering proper fitting. In our examples, attempts
to restrict both shape and covariance parameters resulted in noncon-
vergence, prompting us to only restrict shape parameters. It should
be noted that the greater the number of parameters is restricted, the
less likely it is to achieve correct convergence of the final model
St = Z(07), or complete restricted model with T1 parameters.

In the Chow (1960) test, there is no specific recommendation
regarding the number of values to consider for 72. Our suggestion
is setting 72 = 1, then incrementing it sequentially (72 =2, 72 =3,
and so forth) until Sz¢r1) # Z(07). It is important to note that in our
scenario, 71 should ideally be >3 to ensure an adequate number of
time values for generating a curvilinear function, while also consider-
ing the model’s degrees of freedom. Therefore, when comparing the
constancy of different models, such as polynomial or nonlinear
ones, the optimal model will be the one that demonstrates constancy
with the fewest number of 71 moments using the PCT.

We can liken a temporal SEM model to a data set viewed through
a window from a certain distance (Baird et al., 2021; Wagner et al.,
2018). Essentially, we observe a series of T temporal data points
from N individuals within this window, while recognizing that the
series extends indefinitely into the future beyond the window’s
right edge, encompassing times 7+ 1, T+ 2, and so forth.
Although our observer cannot access these future data points from
the current time sample, he can evaluate the model’s stability
based on its 7 waves of measurement. This process involves meta-
phorically closing the window to the future by concealing the
view of the latest waves of measurement and sliding an imaginary
curtain from right to left within the window. By doing so, the
observer can assess the model’s properties by progressively remov-
ing T2 observations.

Later, we will provide step-by-step examples showing how to con-
duct the respective PCT. Initially, we will outline the fundamental
methodological characteristics of the QF, representing a polynomial
LGC model, and elucidate the properties of the NEXP function as a
nonlinear model. Subsequently, we will delve into PCT examples
involving various other nonlinear models.

The Quadratic Growth Curve

The general formulation of an unconditional LGC, without exog-
enous Vs, is:

Y =An+e, )]

where for one individual, Y is a 7 x 1 vector of the measures (¥},
Y, ..., Y;7) of the observed DV, A is a T x m matrix of factor coef-
ficients, being m the number of latent factors, n is a vector of m x 1,
representing the latent factors, and € is a T x 1 vector of residuals.
When n is equal to a m x 1vector of factor means p,, equal to (i,
Up1, Mp2), plus a m x lvector of factor disturbances , equal to
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(Coui» Cp1i» Cpos)', then:
Y =A(p, +0 t+e )

In Equation 2, € are the Level 2 deviations, or errors, including all
the individuals of the sample with respect to the grand mean of each
respective wave; and € are the Level 1 errors, or the distance between
the empirical data and the forecasted data for a particular individual
of the sample.

For a model where a quadratic trajectory is postulated (m = 3),
Equation 2 will be:

Yi 1 n 7 €1
Yo 1 5 l‘% oc; €
Yo | |1 &1 t% B | + €3
: : : B :
Yir 1 T T1? &ir
1 I l‘i €1
} h t% Mo, + Cw’ 2
= R wp G |+ 2. B
oo g2 + Cgos :
1 T 17 &1

In any manual on LGC with SEM, we can find the properties of
Equations 1 and 2, and of LGC in general. The A matrix is a set
of fixed values for any SEM program, and the user has to provide
these values.

If we obtain the algebraic QF in Equation 3, for any subject i and
moment time:

Yie = 1y + Co) + (kg + Gai) + tjz(M[}z + Cpoi) + €irs G}

being Y;, the measured variable; 1, ;, and t_,-z are the respective time
values (given by the user); y,, is the intercept, or value of ¥; when
time = 0, g, is the coefficient of the linear trend (#;) of Equation 4,
and pg; is the common coefficient for the quadratic trend (tjz); Coin
Cp1i» and {po; are the respective Level 2 factorial punctuations for
the individual 7 in W, pig;, and pg,, and can be thought as the deviations
of the corresponding coefficients, as in any factor analysis; and €; is
the Level 1 forecast error. So, the general mean forecasted values for
all the subjects at moment time, Y/, in Equation 4 will be:

Y] = g + g + £ )

Note that Equation 5 is a classic QF but employing different
symbols.
The Cov(n) in Equations 2—4:

‘I’i Vapt  Yop2
Covim) =W = Vo1 Vi Vpip |- 6)
Vag2  Vpip2 ‘V[zsz

In considering the above, we will study, in the context of SEM, the
fit capability through a learning curve of an NEXP function in com-
parison with a QF.

The NEXP Function

The NEXP function has been used previously (Brody, 1945;
Stevens, 1951):

Yu =boi + bi(l — e™"') +g. 7

Equation 7 in the SEM modelization will be:

Yie = 101, + Go) + (1 — e )y + Cyyp) + - ®)

Figure 2
Quadratic and NEXP Models

He
q ﬁ” ﬁZz
1 12
1 1 1 2 3 42
1 2 3 4
Y Y, Y5 Yy
&1 I &2 I &3 I it I
A

Note. Representation of a latent growth model, with two factors and 7= 4
moments of measurement: (A) quadratic (polynomial) and (B) negative
exponential, both with initial # coefficients: 1, 2, 3, and 4. NEXP = negative
exponential.
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Table 1
Descriptive Statistics and Pearson’s Correlations of the Six Waves of Measurement for the ASV
ASV M SD N 1 2 3 4 5 6
1. ASV1 11.631 7.297 141 —
2. ASV2 21.156 8.723 141 T 1EEE —
3. ASV3 27.305 8.939 141 .603#** 813#k* —
4. ASV4 30.879 9.271 140 502%%% JT2THEE 892k —
5. ASV5 32.393 9.079 140 A8 HH* 691 #%* 836%** 910%** —
6. ASV6 34.204 9.844 137 A4627%%* 675%%* [799% 882k 928%** —

Note. ASV =Armed Services Vocational Aptitude Battery variable.
##% ) <001,

The between-subjects Level 2 random variability of the parame-
ters in Equation 7 (by; and by;) is transferred in Equation 8 to the var-
iability of the factors (Cy; and Cg;;). Note that Equations 4 and 8 are
very similar, except that in the quadratic Equation 4 the A coefficients
of the A matrix are ¢ and %, while (1 — e™"') is the NEXP coeffi-
cient of Equations 7 and 8.

If in Equation 3 we use A values corresponding to a QF, in an
NEXP function, the A matrix will be:

1 1 —eben
1 1—ehn

A=]|1 1—eti | 9)
I 1ot

A caveat, once more, is that the values of the parameters (uj’s,
g'ss \yjz/s, V'S, €'s, Var(g;)’s ...) are relative to each of the two
models in Equations 4 and 8, and they will be different, that is,
QF or NEXP, and we could obtain different values as a function

Figure 3

of the model analysed. We could have used different symbols for
each model (e.g., u? for the quadratic and u‘?XP for the NEXP
model), but we have chosen not to complicate the information
included in the equations. To consider the previous notions and
explain the PCT in a practical way, we will take a real data set
(Kanfer & Ackerman, 1989, K&A from now on) and compare
their corresponding statistical fits and properties using two models:
a QF and an NEXP.

In Figure 2, there is a representation of each latent growth model in
SEM: we show a QF in Figure 2A (that has three factors), and in
Figure 2B the NEXP model, with its two factors and both with
T = 4 moments of measurement. To represent the constants, we fol-
low the system put forward by McArdle and Epstein (1987) in which
the constants are distinguished by an arrow with a triangle placed at
the origin with a number “1” inside it. The difference between the
two models lies in the fixed effects from factors on the observed var-
iables, but in Figure 2A, for the QF, o, is the factor of 1 values, or
constant, f;; is the factor slope, and B; is the factor of quadratic val-
ues; in Figure 2B, o; is the factor of 1 values, or constant, and B; is
the factor of the NEXP model; and also this latest model has an

GM Profile, Thick Dashed Line, and Participants 1 (P1), 2 (P2), 3 (P3), 4 (P4), and 6 (P6)

S0 |

40 |

30|

ASV value

Q
< ~J

4 5

n
<D

time

Note. We have not included P5 because its profile is almost equal to that of the great mean, being their
profiles entangled. Asterisk indicates the GM of each moment of measurement; the other values of the line
are interpolations. GM = grand mean; ASV = Armed Services Vocational Aptitude Battery variable.
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internal coefficient in the second factor, By;, corresponding to the b,
coefficient.

Hypothesis

We hypothesize that PCT is sufficiently sensitive to identify differ-
ences in parameter constancy across various models. This study
employs PCT to compare the widely used QF model with nonlinear
exponential models such as NEXP, Michaelis—Menten, Allometric,
and Shinozaki—Kira. These models were chosen for their capability
to capture monotonic growth processes relevant to developmental
research. The QF model is widely used in manuals and applied
research, while the nonlinear exponential models were selected for
their comprehensive documentation in technical manuals and the pres-
ence of only one parameter in their equations. The choice of these
nonlinear models is intentional: like the NEXP model, they include
only one additional parameter and exhibit monotonic increases with-
out an inflection point, mirroring typical learning curve processes.
Consequently, we excluded other models used in child development
or learning research, such as Jenss and Bayley (1937), SITAR (Cole
et al., 2010) , and Berkey and Reed (1987), that do not share these
characteristics. Likewise, attempts to fit the data to other nonlinear
models with an inflection point, like the logistic and Gompertz models
(adding only one parameter), did not achieve parameter convergence
with the data set. We illustrate the application of the PCT using a lon-
gitudinal panel data set derived from a learning process.

Table 2

Method
Data

We will conduct secondary data analysis of one set of data previ-
ously published in open access referred to learning in adults, using
the Armed Services Vocational Aptitude Battery (ASV) variable
(Browne & Du Toit, 1991; Kanfer & Ackerman, 1989), which were
found in the files of LISRELS (Joreskog & Sorbom, 1996). It is a sam-
ple of 141 individuals in the U.S. Air Force who completed six trials of
a computerized air traffic controller task, and there is not specification
about age, gender, or any other personal characteristic; more details are
available in the referenced Browne and Du Toit’s (1991) article.

SPSS (2020), Mplus (Muthén & Muthén, 2021) and lavaan
(Rosseel, 2012) data and input files are freely available at https://
repositori.uji.es/items/f037¢221-a043-4d1c-9385-f5c056b0bbad.

Statistical Analysis and Results

We will carry out the data analysis by first describing the descrip-
tive results obtained with the original data, and then using the
Quadratic Model and the Negative Exponential Model.

Descriptive Results

Means, standard deviations, and Pearson’s correlations (r) of the six
measurements of the ASV variable in the sample are shown in Table 1.

Kanfer and Ackerman’s Data (T = 6) Main Results in Latent Growth Curve SEM Analysis,
Comparing the Quadratic and the Negative Exponential Model

Parameter Quadratic model, value (SE) NEXP model, value (SE)

o 1.123 (0.842) —5.190 (1.414)%**

g 11.525 (0.520)*** 40.478 (1.495)%**

g2 —1.017 (0.067)***

w2 97.440 (14.677)%** 127.670 (20.168)***

v, 30.251 (4.105)%** 253.114 (27.553)%*

‘4’[232 0.391 (0.071)*#*

Vop, —38.288 (5.511)*** —142.589 (20.977)***

Yop, 3.991 (0.627)%***

Vg8, —3.310 (0.518)***

by 0.537 (0.035)%*#*

Overall fit

x> (RML)* 61.001 (13)*#* 60.613 (16)***

Correction factor 1.158 1.121

AIC 5,099.703 5,090.936

CFI 942 946

TLI 933 949

SRMR 052 .050

RMSEA .162 141

90% CI [0.122, 0.204] [0.104, 0.179]

P(RMSEA® < .05) seokok Kk
Long-run trend

Y., —0 35.558

Level 2 SEg (Y.,) © 9.778

95% CI (Y.,) [—o0, +00] [16.393, 54.723]

Note. SEM = structural equation modeling; NEXP = negative exponential; RML = robust maximum

likelihood (Yuan & Bentler, 2000); AIC = Akaike information criterion; CFI = comparative fit index;
TLI = Tucker—Lewis index; SRMR = standardized root-mean-square residual; RMSEA = root-mean-
square error of approximation; CI = confidence interval.

% Probability of RMSEA.
sk p < 001,


https://repositori.uji.es/items/f037c221-a043-4d1c-9385-f5c056b0bbad
https://repositori.uji.es/items/f037c221-a043-4d1c-9385-f5c056b0bbad
https://repositori.uji.es/items/f037c221-a043-4d1c-9385-f5c056b0bbad
https://repositori.uji.es/items/f037c221-a043-4d1c-9385-f5c056b0bbad
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In Figure 3, we have displayed the general mean of all the data as a
function of the moment of measurement, and only five individuals of
the sample, because if we add more individuals, the figure could be
confusing.

As can be seen in Table 1 and Figure 3, the means follow a
gradually increasing process, as expected of a classic learning
curve, and the correlations between the repeated measured
variables are all statistically significant. Table 1 shows a repeated
measures structure, with high but decreasing correlations as
the temporal distance between moments increases. The intraclass
correlation (ICC) is .735, and its F =17.604(136, 680), p <.001;
this high ICC indicates that the participants have profiles that
are similar to one another. If we observe Figure 3, the participants
have very similar profiles, and are similar to the average profile,
differing from each other in the level of every profile, and with
deviations being almost equidistant to the mean path of the
participants.

Data Analysis: Quadratic “Versus” NEXP Models

In ASVI1 to ASV3, the sample included 141 people. ASV4
and ASV5 were answered by 140, and ASV6 had 137 responses, so
we have used missing data maximum likelihood estimation
(R. G. Little & Rubin, 2019), with free values of the initial parameters.
We have applied the Kolmogorov—Smirnov normality test, with the
Lilliefors correction to the six variables, with ASV3, ASV4, and
ASVS5 being nonnormal; we have applied the Mardia’s test (1970)
for multivariate normality with missing values (Yuan et al., 2004),
resulting in a value of 11.147, defining not multivariate normality,
and so we have used the robust maximum likelihood estimator
(Yuan & Bentler, 2000). Due to the nonnormality of data, the scarce
number of subjects in the sample and the very few degrees of freedom,
for comparison of x? in nested models, we will do the Asparouhov and
Muthén (2006, 2010) scaled * difference between models, Ax*(Adf),
considering the difference in x> values and their respective variances
(Pavlov et al., 2020).

Quadratic Model

According to the results obtained for the QF in Table 2 and sub-
stituting values in Equation 5, the forecasted values of the final equa-
tion are:

Y] = o+ttt + g = 1123 41+ 11.525 + £/(—1.017). (10)

With the aim of simplifying the calculus, in Table 3 we develop
several types of polynomials (degree 1, 2, and 3) and some of the
most used nonlinear models without inflection point, with only an
additional parameter, b, (Michaelis—Menten, monomolecular, allo-
metric and Shinozaki—Kira), with a quick demonstration of their
LRT values (Y,) when time trends to infinitive value (Panik,
2014), and the Level 2 variance of the forecasted general mean val-
ues, Varg(Y).

On Figure 4A there is a representation of the expected general
mean values of the QF, formulated in Equation 10, and its 95% con-
fidence interval (CI) of Level 2 general mean; Equation 10
(Figure 4A) has a maximum value on ¥ when the moment of mea-
surement is time = 5.50, yielding a value of ¥;_s 5, = 33.746, which
is no coherent with the data, and the expected QF mean for time = 6
is 33.661, but the real maximum value is obtained when time =6

Table 3

Forecasted Values (Y'), Long-Run Trend (Y.,), and Their Level 2 Variances, Varg (Y,,), on Long-Run Trend, in Polynomial and Nonlinear Models

Level 2 Varg (Yy)

Yoo(t — 00)

SEM equation

Arithmetic equation

Model

W2+ Py 420y, = oo

Var(Ye)

+l
Il

Mg + Mg

Y =

by + byt

d

Degree 1, straight line

Polynomial models

+ \Uél t2 + W%M t4 + 2‘“‘1[51)" + 2‘“‘1[52 t2 + 2Wﬁ|ﬁz t3 = oo

2
o

Var(Ye) = v

Mo+ g+ ppot?

Y =

d

by + bit+ bzl‘z

Y =

Degree 2, quadratic line

2
o

R G 1 2w o 20 P 2y 1

25,0 + 2 p 1+ 2w p 1 = 00

Var(Ye) = v,

+
Il

Mo+ Wi+ Mgt + st

Y =

by + bit+ byt> + by

Y =

Degree 3, cubic line

Nonlinear models

2
o

Var(Ye) = v,

Yo =pn+up

Y,

Y =1, 4 g (1 — e7”)

Vd

bo + by (1 — 221
Y =by+ bi(t/(by + 1)

Y =

Negative exponential

+ ‘V[25| + zw‘xﬁl
+ W, + 20,

2
o

Var(Yeo) = v,

Mo+ Up1
Yoo =g+ 1pi0

Y,

o =

Mo+ pg (/2 + 1)

Mo + e

Mo + ppy
Y=y, +ppt”

Michaelis—Menten

2
o

=y

i + \V%IO + 2‘“(1[3,0

Var(Ye) = v

= Ho,

Y =

by -‘rble_bzt
@) Y = by + b1

a

Monomolecular

2
o

+ OOWI23| :—200\410([5' = oo®
+ 0y, + 20y,5 =V,

2
o

2
o

Var(Ye) = v,
Var(Yo) =

o0
=Ha+0=1pq

Yo

by

2

Y =

b)Y = by + bt

Allometric®

2
o

Var(Yeo) = ¥

Yoo =Ha+011[51 = Ho,

Y =y, + pp (1/(b2 + 1)

bo + bi(1/(b2 + 1)

SEM = structural equation modeling.
? The positive allometric, option (a), and all the polynomial models are not bounded, so they must be avoided.

Y =

Shinozaki—Kira

® The bounded condition in an allometric model: b, < 0, which means that the value of the

parameter must be negative; we develop the two versions of the allometric model, but only negative option (b) is bounded.

Note.
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Figure 4

Forecasted Values and Their 95% Confidence Intervals From a Quadratic Model, Showing
Predictions for T = 6 Based on Either All Available Data (A), Data Up to T1 = 5 (B), or Data
UptoTI=4(C)

T=6
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(figure continues)
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(Yime—s = 34.204), so the real values trend is ascendant and the QF
is not, descending from time = 5.50.

NEXP Model

If we consider Equation 7 and Table 2, substituting the results, we
can obtain the forecasted values:

Y, =y + 1 — e g =—5.190 + (1 — ¢ 3740478 (11)

Equation 11 is more consistent with the data than Equation 10, as
it is monotonically increasing, as seen in Figure 5, having a maxi-
mum value of V' in time =6, ¥; = 33.783.

Models Fit Comparison

When examining the fit of each model separately, it turns out
that the quadratic fit is correct for the data. We see in Table 2
that CFI, TLI, and standardized root-mean-square residual statistics
show a good fit, but the x*/df ratio and RMSEA are not good,
so we can accept the QF as an adequate model describing the
original data. On the other hand, the overall fit indicators of the
NEXP model are better, the x*/df ratio is better too, but bigger
than 2, and both the CFI and the TLI present a good fit (>.95)
such that this model presents a slightly better good overall fit to
the data.

The AIC values are for the QF 5,099.703, and for the NEXP
model 5,090.936, so the empirical increment is A;aic) = 8.767, big-
ger than 7 (Burnham & Anderson, 2004; Burnham et al., 2011;
Claeskens & Hjort, 2010); in brief, the difference shows that, in
this case and across the entire data set, the fit of the NEXP model
is more sustainable than the quadratic.

PCT Analisys

In the paragraph about “parameter constancy test” we have
described the four steps recommended for running the PCT; so,
we will start by examining the PCT of the QF, to then proceed on
to the NEXP model, and we will finally compare the results of
both models.

Quadratic Model

If we revisit the four steps for running the PCT in the paragraph
about “parameter constancy test” applied to the QF, we have:

(i) Shown that complete free model, Sy, of the QF with all
the data (7'= 6) is, according to global fit indicators, an
acceptable representation of the data (Table 2).

(ii) Cut the series, making unrestricted trimmed model
parameters, deleting the measurements of the sixth
wave (T2 =1) of all the participants in the research,
first, and deleting the last two waves (72 =2) of

measurement of the data, after. We do not represent
the results of 72 =3, because the df have a negative
value, and the model cannot be estimated. The results
of T1 =5 and T1 =4 appear in Table 4, and we can
see that the overall fit of both models is good.
However, we are not interested in these results but in
the values of the parameters p, ugi, and pgo, with
the aim of using them as fixed parameters in the respec-
tive models ST(TI)-

Trimming the values for the last moment of measurement (72 = 1),
leaving the model 71 = 5, according to the results obtained for the QF
in Table 4, and substituting values in Equation 5, the general mean
forecasted values of the final equation for 71 =5, are:

Y, = —0.135 + 1; x 13.087 + £2(—1.320). (12)

In Figure 4B we show the representation of QF with 71 =5, cor-
responding to temporal forecasts according to Equation 12, and its
level two 95% CI.

Taking the results obtained for the QF in Table 4 for 71 =4, and
substituting values in Equation 5, the forecasted values of the final
equation are:

Y, = —0.742 + f; x 13.871 + £1(—1.498). (13)

In Figure 4C, we show the representation of QF with 71 = 4, for
the forecast of the observed values, and for the level two 95% CI of
the predicted mean values, according to Equation 13. In Figure 4B
and 4C, we have indicated the forecasted values for 7= 6, with a
grey color, in order to be able to directly compare the results of
the different curves with the original curve T = 6. It can be observed
that from 71 =5 or from T'1 = 4, the forecast of the values for all the
data of T'= 6 is not good, both in their expected values for 7= 6, and
in the CI of the forecasts.

(iii) If we take the results obtained in Table 4, of complete T’
restricted model with the parameters of 71, and copy
the values of the shape parameters of the QF u, ugi,
and pg,, from the analyses of the trimmed samples
T1 =5 and T1 =4, generating the respective complete
restricted models with the parameters of 71, so that
now those values of the parameters, Ly, Hg;, and gy,
are set as input values in the sample for all data,
Ser1=5) and Ser1 = 4), then we generate the overall
fit results shown in Table 5.

(iv) The contrast hypothesis test results of Sy = X(07) are
shown at the bottom of Table 5. In the statistical con-
trast between the original results (7=6) with the
model of all data, but imposing the shape parameters
of T1 =5 using all data, the difference, Ax*(Adf),
gives the result 40.793(3),with p <.001 [Ser1=5) #

Figure 4 (continued)

Note. Forecasted values, with Level 2 upper and lower at 95% CI limits, according to the quadratic model: (A) with all values, 7= 6, and their projection; (B)
with 71 =5 and the projection (gray Line), and 7 = 6 (Black Color); and (C) with the projection of 71 = 4 (gray line) and 7'= 6 (black color). Asterisk indicates
the grand mean of each moment of measurement on Panel (A). On Panels (B) and (C), we have left the forecasted values for 7= 6, with a black color always, in
order to be able to directly compare the results of the different curves. ASV = Armed Services Vocational Aptitude Battery variable; CI = confidence interval;

T1 = our or five measurement moments.
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Figure 5
Forecasted Values and Their 95% Confidence Intervals From a NEXP Model, Showing Predictions
for T = 6 Based on Either All Available Data (A), Data Up to T1 = 5 (B), or Data Up to T] =4 (C)
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Note.
exponential model: (A) with all data T=6; (B) with 71 =5 and its projection (gray line) and 7=06
(black color); and (C) with the projection of 71 =4 (gray line) and 7'= 6 (black color). Asterisk indicates
the grand mean of each moment of measurement on Panel (A). On Panels (B) and (C) we have left the fore-
casted values for 7= 6, with a black color, in order to be able to directly compare the results of the different
curves. ASV =Armed Services Vocational Aptitude Battery variable; CI = confidence interval, UL =
upper limit; LL = lower limit; 71 = four or five measurement moments; NEXP = negative exponential.
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Table 4
Parameter Stability Tests’ Main Results for the Quadratic Model, in Function of the Trimmed
Last Values
Trimming TI=5(T2=1) Tl=4(T2=2)
Parameter Value (SE) Value (SE)
Quadratic model
Ue, —0.135 (0.885)* —0.742 (0.959)b
Ugs 13.087 (0.624)***2 13.871 (0.801)*>k>kb
o —1.320 (0.090)##3#2 —1.498 (0.144)%++>
\vg 106.511 (15.203 )2 108.091 (17.482)***b
\y%‘ 47.859 (6.828)*** 58.916 (11.900)***
\4/[2ia 0.924 (0.181)*** 1.621 (0.597)**
Woc]}, —51.019 (7.651)*** —56.340 (11.768)***
Vo, 6.199 (1.125)% 7.632 (2.237)%
V.5, —6.391 (1.072)*** —9.170 (2.507)***
Overall fit
x> (RML) 8.543 (7), p= .287 1.812 (2), p = .404
Correction factor 1.017 1.083
AIC 4,302.034 3,527.988
CFI 998 1.000
TLI .996 1.001
SRMR .019 .022
RMSEA .040 .000
90% CI [0.000, 0.116] [0.000, 0.162]
P(RMSEA)° < .05 510 521
Long-run trend
Yoo —0o0 —0
Level 2 SE (Y.,) &) S
95% CI (Y..) [—00,+ 0] [—00,+0]

Note. Values with superscript letters indicate the freely estimated values in Table 4 that will be used as the
initial fixed values to fit the quadratic models in Table 5. 71 = number of waves used; 72 = number of
waves deleted, being: 71+ 72 =6. RML =robust maximum likelihood; AIC = Akaike information
criterion; CFI = comparative fit index; TLI = Tucker—Lewis index; SRMR = standardized root-mean-
square residual; RMSEA = root-mean-square error of approximation; CI = confidence interval.

“Initial fixed value for model Sqz - 5). ® Initial fixed value for model Ssr1—4)  Probability of

RMSEA.

#p < 0l ##%p < 001,

X(06)], and the original QF with T1 =5 in Table 2 is
not stable in their parameters at the PCT in comparison
with all data fit (7= 6). We have also made the statis-
tical comparison between the 7= 6 data and the 71 =
4, constraining over T=6 the shape parameters
of TI=4. As a result, Ay*(Adf) is 92.147(3),
p <.001, so as expected (because for 71 =5 the data
do not fit), we reject the equality of both models
[Secr1 =4) # Z(06)].

After applying the PCT, the QF is not internally stable in its shape,
neither for 71 = 5 nor for 71 =4, when it is applied to the 7= 6 of
the entire sample.

NEXP Model

We next reviewed the four-step procedure to run the PCT
explained in the section on “parameter constancy test”:

(i) We have seen in Table 2 that the NEXP model is an
acceptable representation of our data; this is now our
complete free model, so we will evaluate its internal
structural stability, comparing 71 =35, T1=4, and
T1 = 3 with the complete data 7= 6.

(i1)) Trimming the values for the last moment of measure-
ment, 72 = 1, leaving the model 71 =5, and using the
results on Table 6, if we take Equation 7, and substitute
the results obtained in Table 6 for 71 = 5, then we can
obtain the forecasted values on the NEXP model:

Y, =—57384+ (1 — ¢ )40.738.  (14)

In Figure 5B, we show a representation of the general mean and its
95% CI of the NEXP model with 71 =35, in agreement with
Equation 14.

Similarly, considering the results for 71 =4 from Table 6, and
taking them to Equation 7 for the forecast total mean of values:

Y, = —4.528 + (1 — e %)40.667. (15)

It is straightforward to obtain the forecasting equation based
on the result values in Table 6 for T1=3: Y, = —2.782+
(1 — e=*%0142.008.

In Figure 5C, we show a representation of NEXP model with
T1 =4, for the forecast of the observed values, according to
Equation 15. In both Figure 5B and 5C, we have left the forecasted
values for 7= 6, from Equation 15, in grey color, while the predicted
values from Equation 7 are in black, so that we can directly compare
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Table 5
Results of the PTS for the Quadratic Model
Se(r1 =5) Se(r1 =4
Parameter Value (SE) Value (SE)
Quadratic model
Uy —0.135° —0.742°
Hps 13.087° 13.871°
Hp2 —1.320° —1.498°
w2 97.890 (15.04 1) 99.941 (15.518)%*#*
wél 32.354 (4.496)*** 35.371 (4.997)%:#*
wéz 0.444 (0.087)%:* 0.560 (0.106)%**
Y, —39.374 (5.762)%** —41.908 (6.125)%*:#*
Vg, 4.157 (0.695)%* 4.656 (0.795)%#*
V.5, —3.655 (0.605)%*:* —4.248 (0.708)***
Overall fit
x> (RML) 98.980 (16)*** 144.419 (16)*+**
Correction factor 1.125 1.128
AIC 5,134.329 5,185.850
CFI .900 .845
TLI .906 .854
SRMR .083 .022
RMSEA 192 239
90% CI [0.157, 0.229] [0.204, 0.275]
p(RMSEA)° < .05 o o
Scaled fit change
A (AdfY 40.793(3)*+ 92.147(3)*

Note. Values with superscript letters indicate the initial fixed values taken from Table 4, used to fit the
models in Table 5. PTS = Parameter Stability Test; RML = robust maximum likelihood; AIC = Akaike
information criterion; CFI = comparative fit index; TLI = Tucker—Lewis index; SRMR = standardized
root-mean-square residual; RMSEA = root-mean-square error of approximation; CI = confidence interval.
*Initial fixed value from model 71=35. °Initial fixed value from model T1=4. ¢ Probability of
RMSEA. ¢ Ay*>AM = Ay® of Asparouhov and Muthén difference.

w0k p < 001,

the results of the different curves. We observe that from 71 =5 and
from T'1 =4, the forecast of the values for all the data of T=06 is
good, both in their expected values for 7= 6, and in the CI of the
forecasts, being very similar to the original shape.

(iii) To obtain the complete restricted model with the param-
eters of T'1, we take the results obtained in Table 6, and
copying the values of the shape parameters of the NEXP
model, p, pgy, and b, from the analyses of the trimmed
samples 71 =5, T1 =4, and T1 = 3, so that now those
values of the parameters, L, [g; and gy, are set as input
values in the sample for all data, S¢cr1 = 5), Seqr1 = 4),
and S¢r1 = 3), the results now appear in Table 7.

(iv) In order to verify the structural constancy of the NEXP
model, hypothesis S7 = X(07), we compare the results
with all the data, 7= 6, with the results of 71 = 5; in
Table 7, at the bottom, it is verified that Ay>*(Adf) =
0.326(3), with p =.955, so the difference between
both models is not statistically significant, thus accept-
ing S¢r1 — 5) = Z(06), indicating that there is structural
stability in the shape parameters of the NEXP function
between 7= 6 and T1 = 5. Likewise, we evaluated the
structural stability in the NEXP model between 7= 6
and T1 =4, shown in Table 7 at the bottom, and
since  Ax*(Adf)=1.0793), p=.782, we accept
Secr1 — 4y = X(06); therefore, we accept the structural

constancy of the model throw their parameters from
Tl=4t0T=6.

Since the NEXP model is internally stable for 71 =35 and for
T1 =4, the PCT has also been done for 71 = 3. The results appear
in the column to the right in Table 7, while in Table 7, we show
the results of the projection of Sy — 3). At the bottom of Table 7,
we also display the results of the comparison of S =3 with
X(06); the Sgr1 — 3y with values of 83.400(19), p <.001, which
when compared with those of X(Bg) results, the AXZ(Adf) is
17.003(3), p <.001, indicate that there is no structural stability
from T1=3 to T=06, where S¢1 = 3) # Z(0¢), despite the fact
that in Figure 5C it can be seen that the predicted trajectories for
NEXP with T1 = 4 are very similar to those for 7= 6.

Briefly, the NEXP model applied to our data, as shown in
Equation 7, demonstrates structural constancy in its shape parame-
ters when comparing 7= 6 with 71 =5 and 71 =4. However, it
lacks constancy when 71 = 3. In contrast, the QF model does not
exhibit any parameter stability at all.

Interpretation of Parameters

There are authors who propose choosing, among several models,
the one with the most easily interpretable coefficients (Cudeck &
Harring, 2007; Kaufman, 1996). Therefore, for the QF, we should
use the results in Equation 5 and Table 2 for the value of p,, or inter-
cept, indicating that the cutoff point of the QF with the Y axis is
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Table 6
PST Tests’ Main Results for the Negative Exponential Model, in Function of the Trimmed Last Values
Trimming TI=5T2=1) Tl=4(T2=2) T1=3(T2=3)
Parameter Value (SE) Value (SE) Value (SE)
Negative exponential model
U, —5.738 (1.453 )%+ —4.528 (1.459)%*® —2.782 (1.986)°
iny; 40.738 (1.516)***" 40.667 (1.493)% 3> 42.008 (2.936)%**¢
w2 135.032 (20.677)*** 127.572 (19.695)%*** 116.795 (20.491)%**
\yél 273.301 (30.027)%:#* 292.047 (32.064 )% 341.666 (57.749)%*
Yop, —154.612 (21.30)*** —152.021 (20.733)%** —151.768 (23.626)***
by 0.556 (0.039)%##* 0.506 (0.050)%*® 0.420 (0.097)#:#¢
Overall fit
»* (RML) 36.440 (10)*#* 12.655 (5), p = .027 3.179 (1), p= 075
Correction factor 1.010 0.917 0.892
AIC 4,324.152 3,531.627 2,724.948
CFI .958 983 991
TLI .958 979 973
SRMR .088 .070 .045
RMSEA 137 104 124
90% CI [0.091, 0.186] [0.033, 0.177] [0.000, 0.289]
P(RMSEA)* < .05 .002 .091 126
Long-run trend
Yoo 35.000 36.139 39.226
Level 2 SE (Ys) 9.955 10.751 12.447

95% CI (Y &) [15.488, 54.512]

[15.068, 57.210] [14.830, 63.622]

Note. Values with superscript letters indicate the freely estimated values in Table 6 that will be used as the initial fixed values to fit the negative exponential
models in Table 7. PTS = Parameter Stability Test; 71 = number of waves used; 72 = number of waves deleted, being: 7'l + 72 = 6;; RML = robust maximum
likelihood; AIC = Akaike information criterion; CFI = comparative fit index; TLI = Tucker—Lewis index; SRMR = standardized root-mean-square residual;

RMSEA = root-mean-square error of approximation; CI = confidence interval.
®Model 71 =4. °Model T1 =3. ¢Probability of RMSEA.

#Model T1 =5.
w9 p < 01, ##%p < 001,

1.123. For the value of pg,, or 2 coefficient, —1.017, the negative
value indicates that the QF has an inverted U shape, and the small
absolute value of ug, shows that the inverted U shape is very
open, with slow growth and slow decline. For the ¢ coefficient,
ugi, 11.525 indicates that the apex of the QF has shifted to the
right, this is, toward the positive end of the X axis. Note also the val-
ues of the covariances between them, Vg, = —38.288, indicating
an inverse relationship between the parameters i, and pg;, such
that a high value for p,, for any given participant is normally associ-
ated with a low value for ug;; if Wog, = 3.991, and yp g = —3.310,
this indicates significant shared variance, which adds complexity to
the interpretation.

In a NEXP model, the interpretation of the coefficients is more
straightforward, so in Equation 11 and Figure 5A, the intercept is
—5.190, for +=0. However, this value is meaningless because
the values of ¢ start in trial 1, with a value of Y,’:1 = 12.465; and
the LRT, when time trends to infinite, is the sum of p, and pg;,
35.288, so the DV mean expected value with a high value of
time, also trends to 35.288. The exponential b, value is the shape
of the function, with values of b, normally showing a very quick
increase at the beginning of the function, later an acute curve and
finally a stable line trending to p, + ug;. However, values of b,
close to zero show a very slow increase, in our case, b, = —0.537,
having a medium-growing arch shape. The negative covariance,
V,p, indicates that high intercept values, ., correspond to lower
values in g, values, and vice versa. Undoubtedly, the NEXP func-
tion is less well known than the QF, but its interpretation is much
simpler.

Other Polynomial and Nonlinear Models

To check the properties of the NEXP model with other nonlinear
models, we have selected only models without inflection point and
with a single additional parameter (b,), in addition to the Level 1
parameters (U, and ug;) of the proposed model: Michaelis—
Menten, monomolecular, allometric, and Shinozaki—Kira. In this
way, the models analysed here are maintained with the minimum
level of mathematical complexity, to facilitate their understanding,
in addition to their statistical comparison.

We have tried to fit each of these nonlinear models to our data, and
all of them converged except the Michaelis—Menten; the results are
shown in Table 8, where we see that the monomolecular model pro-
duces the same results (global fit, parameters, and LRT values) as the
NEXP model in Table 2; this occurs because in nonlinear models
there are some of them that are different reparameterizations of the
same model (Bates & Watts, 2007; Konishi, 2014), thereby the
NEXP and monomolecular functions are reparameterizations of
the same function.

We can observe in Table 8 that the negative allometric and the
Shinozaki—Kira models have a somewhat worse overall fit indicators
than the NEXP model, since their AIC are bigger (with values
exceeding seven points above the NEXP), as are the RMSEA, and
have smaller CFI or TLI, and so forth. One detail to consider is
that the negative allometric model failed to converge using lavaan,
but it successfully converged with Mplus.

We have examined their respective PCTs, and as shown in Table 9
(with the values of the Step (ii) of the PCT for the negative allometric
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Table 7
PST Tests’ Main Results for the Negative Exponential Model, Imposing the Constrictions of Values i, tig;, and by, Got in Table 6, From
Tl =5, Tl =4, and Tl = 3, But Applying These Values to All the Sample T = 6, Getting the Models With Matrices Seir; —5) Se(r1 =4)

and Se(ry = 3)

Se(r1 =5) Se(r1 =4 Se(r1 =3)
Parameter Value (SE) Value (SE) Value (SE)
Negative exponential model
™ —5.738% —4.528° —2.782°
Hps 40.738* 40.667° 42.008°
w2 131.817 (19.443)*** 121.315 (18.338)*** 106.793 (16.898)***
‘VLZM 257.314 (26.771)%*** 247.521 (25.509)%** 244.796 (24.836)***
Yop, —147.424 (19.574)*%* —135.325 (18.394)*** —120.590 (17.228)***
by 0.556* 0.506° 0.420°
Overall fit
x> (RML) 59.545 (19)*** 60.348 (19)*** 83.400 (19)***
Correction factor 1.150 1.156 1.167
AIC 5,085.501 5,086.804 5,114.385
CFI 951 .950 922
TLI 961 961 939
SRMR .052 .050 .059
RMSEA 123 124 155
90% CI [0.088, 0.159] [0.090, 0.160] [0.122, 0.190]
p(RMSEA)d <.05] sk stk sk
Scaled fit change®
Ax*(Adpf 0.326(3), p = .955 1.079(3), p =782 17.003(3)***

Note. Values with superscript letters indicate the initial fixed values taken from Table 6, used to fit the models in Table 7. PTS = Parameter Stability Test;
RML = robust maximum likelihood; AIC = Akaike information criterion; CFI = comparative fit index; TLI = Tucker-Lewis index; SRMR = standardized
root-mean-square residual; RMSEA = root-mean-square error of approximation; CI = confidence interval.

# Initial fixed value from model 71 = 5.

® Initial fixed value from model T1 = 4.

of PST test. ©Ax?AM = Ay® of Asparouhov and Muthén difference.

wx < 001,

model) and on Table 10, Steps (iii) and (iv) of the PCT, the negative
allometric model is stable for 71 =5 waves, sz(Adf) =1.365(3),
p =714, but not for T1 = 4, Ay*(Adf) = 22.882(3), p < .001.

Table 8

©Initial fixed value from model 71 = 3. ¢ Probability of RMSEA. © Step (d)

Similarly, in Table 11 (displaying the values of the Step (ii) of
the PCT for the Shinozaki—Kira model) and in Table 12, viewing
Steps (iii) and (iv) of the PCT, we see that the Shinozaki—Kira

Kanfer and Ackerman’s Data (T = 6) Main Results in Latent Growth Curve SEM Analysis, Exposing the Main Results of Monomolecular
(Equivalent to NEXP), Negative Allometric and Shinozaki—Kira Models

Models Monomolecular Negative allometric Shinozaki—Kira
Parameter Value (SE) Value (SE) Value (SE)
o 35.288 (0.955)*** 58.363 (7.215)*** 43.460 (1.490)*#*
Ug1 —40.477 (1.495)*** —46.732 (7.253)*** —67.336 (9.000)***
w2 95.604 (12.678)*** 302.891 (94.158)** 150.189 (20.059)***
\uél 253.110 (27.552)%** 336.357 (106.429)** 698.758 (192.912)***
Yop, —110.523 (15.449)*** —293.189 (99.254)** —268.088 (54.881)***
b, 0.537 (0.035)*** —0.365 (0.075)*** 1.116 (0.202)***
Overall fit
x> (RML) 60.613 (16)*** 72.432 (16)*** 67.150 (16)***
Correction factor 1.121 1.122 1.125
AIC 5,090.936 5,104.309 5,098.539
CFI .946 932 938
TLI .949 936 .942
SRMR .050 .054 .052
RMSEA 141 158 151
90% CI [0.104, 0.179] [0.122, 0.196] [0.114, 0.189]

p(RMSEA® < .05

sk

seskesk

seskesk

Y,
Level 2 SEg (Y.,)
95% CI (Y.,)

35.288
9.778
[15.732, 54.453]

Long-run trend

58.363
17.404
[24.252, 92.474]

43.460
12.255
[19.440, 67.480]

Note. The Michaelis-Menten model does not converge. SEM = structural equation modeling; NEXP = negative exponential; RML = robust maximum
likelihood; AIC = Akaike information criterion; CFI = comparative fit index; TLI = Tucker—Lewis index; SRMR = standardized root-mean-square residual;
RMSEA = root-mean-square error of approximation; CI = confidence interval.

@ Probability of RMSEA.
wEp < 01 *Ep < 001
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Table 9
PST Tests’ Main Results for the Negative Allometric Model, in Function of the Trimmed Last
Values

Trimming TI=5(T2=1) TI=4(T2=2)
Parameter Value (SE) Value (SE)

Negative allometric model

We 65.971 (12.312)**** 183.308 (196.667)°
Hps —54.339 (12.396)%*** —171.676 (196.782)°
w2 434.497 (205.178)* 4,921.092 (11,483.998)
\yﬁl 483.043 (228.898)* 5,172.903 (11,844.248)
Wop, —432.334 (216.176)* —5,020.562 (11,663.808)%**
by —0.306 (0.086)***" —0.086 (0.104)°
Overall fit

x> (RML) 50.593 (10)**=2 16.801 (5)**
Correction factor 1.008 .897
AIC 4,338.311 3,535.095
CFI 935 973
TLI 935 968
SRMR .092 .068
RMSEA 170 129
90% CI [0.125, 0.217] [0.065, 0.200]
P(RMSEA)° < .05 okk .026

Long-run trend
Yoo 65.971 183.308
SEp (Yo) 20.845 70.150

95% CI (Y) [25.116, 106.826] [45.813, 320,803]

Note. Values with superscript letters indicate the freely estimated values in Table 9 that will be used as the
initial fixed values to fit the allometric models in Table 10 (Step [ii] of the PST test). 71 = number of waves
used; 72 = number of waves deleted, being: 71 + 72 = 6; Step (ii) of the PST test. PST = Parameter
Stability Test; RML =robust maximum likelihood; AIC = Akaike information criterion; CFl=
comparative fit index; TLI= Tucker—Lewis index; SRMR = standardized root-mean-square residual;

RMSEA = root-mean-square error of approximation; CI = confidence interval.
"Model T1 =5. "Model T1 =4. ©Probability of RMSEA.

*p< 05 FEp< 0l ##¥p< 00

model is also stable for T1 = 5, Ax*(Adf) = 0.292 (3), p = .961, but
not for T1 = 4, Ax*(Adf) = 8.630(3), p = .035. We can observe that
the Shinozaki—Kira model shape of estimated Y mean values is
consistent with the NEXP and the negative allometric models,
but there is a technical problem with the Shinozaki—Kira, where
the Level 2 SEp(Y') is very big, and when its 95% CI(Y’) is calcu-
lated, the interval encompasses to the 100% of the Y’ values, so the
SE(Y’) in this data sample, does not have minimum variance.

The NEXP, the negative allometric model and the Shinozaki—Kira
models are represented jointly in Figure 6, where it is observed that
the NEXP and the negative allometric have very similar ¥ profiles
from t=1 to t=06, but Y, is higher in the negative allometric
than in the NEXP, and the SE(Y.,) is greater in the negative allome-
tric than in the NEXP. The highest value of SEg(Y.) is the
Shinozaki—Kira model, with the particularity that at the value of
t=1 it has the largest SE(Y’) of all the models and is the only
model whose SEp(Y.,) tends to decrease, stabilizing at Y.,
SER(Y,,) = 12.255 (see Table 8 and Figure 6).

In short, the NEXP model is the best of the models we have ana-
lysed so far, both for its internal constancy, verified by the PCT (both
for T1 =5 and for T1 =4), its better LRT constancy observed in
T=6 (Y,=35.558, 95% CI(Y,) [16.393, 54.723]), in T1=5
(Y, =35.000, 95% CI(Y.,) [15.488, 54.512]) and in T1 =4 (Y, =
36.139, 95% CI(Y..) [15.068, 57.210]), showing practically equal
profiles for waves from r=1 to =6 in the data with T=6, T1 =
5, and T1 =4 (Figure 5A-5C).

Discussion

In this article, we adapted a parameter structural constancy test
that compares the empirical covariance matrix (S) with the
model-implied covariance matrix [X(8)] (Bentler & Satorra, 2010).
Unlike traditional PCTs that rely on quadratic error sums (Chow,
1960; Cuthbertson et al., 1992; Hendry, 2011), our approach offers
relatively good sensitivity for assessing LGC models, particularly
quadratic and exponential forms.

While conventional LGC analyses prioritize overall statistical fit,
there has been a notable omission regarding parameter constancy,
which refers to the model’s ability to remain invariant when shape
parameters from individuals’ last measurements are removed. We
have stressed the description of the QF because it is the most used
(and other polynomial models, as straight line, cubic ...) in applied
research and the more explained in textbooks. By contrast, nonlinear
exponential models are rarely used in applied research, and few man-
uals cover them in depth.

Various authors argue that the selection of a data explanatory
model should stem from theoretical frameworks rather than heuris-
tics; however, in most LGC publications, analyses rely on the statis-
tical fit of basic polynomial models such as linear, quadratic, and
cubic (Brown et al., 2009; Burant, 2016; Guimond et al., 2022;
Livingston et al., 2022; Michel et al., 2021; Reynolds et al.,
2005). It is crucial to acknowledge that a good model must also
be parsimonious; while polynomial models may appear more
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Table 10

PST Tests’ Main Results for the Negative Allometric Model, Imposing the Constrictions of
Values o, g, and b,, Got in Table 9, From Tl =5 and T1 =4, but Applying These Values
to All the Sample T = 6, Getting the Models With Matrices Ser; = 5) and Se(r; = 4) Step (iii)
of PST Test

Sﬁ(’l‘l =5) S6(’I‘l =4)
Parameter Value (SE) Value (SE)
Negative allometric model
U, 65.971° 183.308°
Y —54.339* —171.676°
w2 395.061 (44.032)%*** 3,859.823 (395.468)***
\uél 441.160 (45.419)%*** 4,108.467 (418.325)*#:*
Wop, —391.675 (42.027)*** —3,957.710 (403.175)*%**
b, —0.306° —0.086"
Overall fit
x> (RML) 72.065 (19)%##* 95.626 (19)##*
Correction factor 1.147 1.163
AIC 5,099.668 5,128.201
CFI 936 907
TLI 949 927
SRMR .055 .062
RMSEA 141 .169
90% CI [0.107, 0.176] [0.136, 0.204]
P(RMSEA)® < .05 o e

Scaled fit changef
AH(Adf)° 1.365(3), p=.714 22.882(3)***

Note. Values with superscript letters indicate the initial fixed values taken from Table 9, used to fit the
models in Table 10. PTS = Parameter Stability Test; RML = robust maximum likelihood; AIC = Akaike
information criterion; CFI = comparative fit index; TLI = Tucker-Lewis index; SRMR = standardized
root-mean-square residual; RMSEA = root-mean-square error of approximation; CI = confidence interval.

*1Initial fixed value from model 71=35. °Initial fixed value from model T1=4. ¢ Probability of
RMSEA. ¢ Ay*AM = Ay® of Asparouhov and Muthén difference.  ©Step (iv) of the PST test. " Ay*AM =
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Ay of Asparouhov and Muthén difference.
w3k <001,

parsimonious initially, our findings indicate otherwise. Through our
analysis, we have determined that the NEXP model provides supe-
rior explanatory capacity, particularly evident in its internal con-
stancy estimated through the PCT, compared to QF models and
other nonlinear models with only an additional parameter, such as
Michaelis—Menten, allometric, or Shinozaki—Kira.

When comparing QF and NEXP models, we found that the QF
model showed acceptable fit only at 7= 6, but lacked internal con-
stancy when assessed from 71 =5 and 71 =4 to T = 6. Conversely,
the NEXP model maintained acceptable fit at 7= 6, with constancy
checked by the PCT from 71 =5 and 71 =4 to T= 6, making it a
more reliable choice for stable trajectory analysis. Other models, like
negative allometric and Shinozaki—Kira, were stable only from 71 =
5 to T=6. While NEXP emerged as the superior model in this
study, it is not universally the best choice for all asymptotically ascend-
ing curves without inflection points. Each model should be tested for
stability using the PCT. Consider a scenario where a treatment is intro-
duced at T1 = 4 within a language development curve. If the researcher
incorrectly identifies the curve as QF and analyzes data from 71 = 5 to
T = 6 using a PCT, it might erroneously infer a trend change due to the
treatment, as QF parameters would change. In contrast, the NEXP
model would show no structural change, avoiding misinterpretation
(McCleary et al., 2017; Tan et al., 2012).

Our findings have practical implications, especially regarding
sampling strategies. For example, when using the NEXP model,

researchers could limit their observations to only 7= 4 waves, as
the model remains valid from 71 =4 and 71 =5 to T= 6. In con-
trast, the QF model changes with each additional wave, lacks internal
constancy, increasing resource demands.

The PCT test extends beyond internal fit by identifying the “unique-
ness” of the DGP. For example, in the NEXP model, parameters
remain consistent across 71 =4, T1 =5, and T = 6, indicating high
stability. Conversely, the QF model shows parameter variation across
these time points, suggesting breakpoints at 71 = 4 and 71 = 5 relative
to T = 6, revealing internal instability, and this instability could be mis-
taken for a significant effect of a therapeutic intervention.

Regarding the use of a piecewise fitting approach in an LGC
model, we believe that researchers should aim to identify the under-
lying DGP. Therefore, piecewise fitting should be considered a last
resort. Similarly, when evaluating treatment effectiveness, it is cru-
cial to avoid relying on piecewise adjustments; instead, efforts
should focus on identifying the appropriate DGP, from which the
correct transfer function can be established.

While we are not claiming that the NEXP model is universally
superior, an internal constancy test should be conducted in each
case to determine the most stable model based on the sample and
results. Ultimately, establishing structural change requires a properly
modeled baseline equation with checked internal constancy.

Our study revealed a paradox: fewer measurement waves correspond
to better overall statistical fit. For instance, the QF fit is better at 71 = 4
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Table 11
PTS Tests’ Main Results for the Shinozaki—Kira Model, in Function of the Trimmed Last
Values
Trimming TI=5T2=1) Tl=4(T2=2)
Parameter Value (SE) Value (SE)
Shinozaki—Kira
U, 44.348 (1.777 )% 48.455 (2.948)%xP
oy ~72.361 (11.196)%** —101.227 (21.817)%>
w2 167.283 (26.590)%* 226.161 (41.997)%***
\yﬁl 858.577 (283.211)** 1,802.736 (782.891)*
Yop, —320.620 (79.756)%*** 566.079 (178.894)%**
b, 1.212 (0.235)***2 1.749 (0.379)*’"*h
Overall fit
x> (RML) 45.079 (10)*** 14.765 (5), p=.011
Correction factor 1.013 0.904
AIC 4,332.987 3,533.373
CFI .944 978
TLI 944 973
SRMR .091 .069
RMSEA 158 118
90% CI [0.113, 0.206] [0.051, 0.189]
p(RMSEA)° < .05 HkE .048
Long-run trend
Yo 44.348 48.455
Level 2 SEg (Y..) 12.934 15.039

95% CI (Y..)

[18.998, 69.698]

[18.979, 77.931]

Note. Values with superscript letters indicate the values (freely estimated) in Table 11 that will be used as
the initial fixed values to fit the Shinozaki—Kira models in Table 12. PST = parameter stability test; RML =
robust maximum likelihood; AIC = Akaike information criterion; CFI = comparative fit index; TLI=
Tucker—Lewis index; SRMR = standardized root-mean-square residual; RMSEA = root-mean-square

error of approximation; CI = confidence interval.

*From model 71 =5. °From model 71 =4. °Probability of RMSEA.

*p<.05. *Fp<.0l. **p<.001.

than at 71 =5 or T'= 6, and the NEXP model shows improved fit as
T1 decreases. Specifically, in the NEXP model, the fit indices
are better at 71 =3 (Table 6, last column: AIC =2,724.948,
CFI=.991) compared to T=6 (Table 2, last column: AIC=
5,090.936, CFI = .946), and similar trends are observed for 71 =5
and T1 = 4. However, despite excellent fit at 71 = 3, imposing the
shape parameters from NEXP 71 =3 onto NEXP 71 = 6 fails the
“contrast hypothesis test,” sz(Adf) =17.003(3), p < .001 (Table 7,
bottom right), indicating not parameter constancy. In summary,
good overall fit does not imply “parameter constancy’’; these are dis-
tinct concepts, and strong statistical fit should not be mistaken for
structural constancy over time.

Regarding parameter interpretation, initial impressions might sug-
gest that the coefficients of a QF would be the most straightforward
to interpret. However, this is not the case, possibly influenced by the
frequency of encountering QFs. Conversely, the interpretation of an
NEXP model or another nonlinear model with an additional parameter
(Tables 2 and 3) is notably more straightforward. The NEXP model is
defined by fundamental shape parameters such as i, ug;, and by, along
with their respective variances and a single covariance term, g
given its very straightforward shape, 1, represents the intercept, g,
corresponds to the increase from #=0 to the end of the learning or
development process, with LRT =y, + pg;, and b, represents the
speed of the process. In contrast, the QF model (Tables 2 and 3)
includes three shape parameters, [, Ug;, and ug,, each accompanied
by their variances and three additional covariance terms.

Based on our findings, we recommend discarding the QF or the
straight line model (the LRT in a straight line is infinite) in longitu-
dinal studies on development or learning, or at least comparing them
to other nonlinear models. This comparison should involve contrast-
ing their respective PCT results and overall fit indexes. Despite its
historical use as the primary model, particularly in developmental
or learning curve analysis, the QF model lacks the fit robustness
demonstrated by other nonlinear models.

We have studied a LGC model under “normal conditions” using
learning data, akin to developmental data. We recommend conduct-
ing a PCT on the normal trajectory before modeling an intervention.
In our example, the QF model shows parameter changes from 71 = 4
to 7= 6 and from 71 = 5 to T = 6. Prima facie, without checking the
parameter constancy, these changes might be misattributed to an
intervention, creating ambiguity. Additionally, the direction of
change must be examined for accurate interpretation. An unstable
model is prone to parameter shifts over time, making it difficult to
discern whether observed changes stem from the model’s instability
or the intervention’s effects.

This recommendation to model an LGC with internal parameter
constancy applies to cases where the LGC includes exogenous Vs
or aims to study internal groups through mixture modeling.
Without such stability, the effects of the LGC’s inherent develop-
ment could be confounded with those of the IVs or the mixture mod-
eling. We recommend that researchers prioritize models with
checked internal constancy, before incorporating exogenous
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Table 12

PTS Tests’ Main Results for the Shinozaki—Kira Model, Imposing the Constrictions of Values
Hes s, and by, Gotin Table 11, From T1 = 5 and T1 = 4, But Applying These Values to All the
Sample T = 6, Getting the Models With Matrices S = 5) and Se(r; = 4), Step (iii) of PST Test

Se(11 =53) So(r1 =4
Parameter Value (SE) Value (SE)
Shinozaki—Kira model
o, 44.348* 48.455°
Y —72.36 —101.227°
w2 154.451 (18.979)%** 181.023 (22.296)**
‘VIZS. 789.760 (81.479)%*:** 1,463.968 (149.448)%:#*
Wog, —290.865 (34.839)%%** —442.419 (51.612)%***
b, 1.212° 1.749°
Overall fit
x> (RML) 66.161 (19)*** 77.967 (19)***
Correction factor 1.149 1.160
AIC 5,093.045 5,107.486
CFI .943 .929
TLI 955 944
SRMR .053 .056
RMSEA 133 .148
90% CI [0.099, 0.168] [0.115, 0.183]
p(RMSEA)® < .05 Hkok sk
Scaled fit (:hanged

AyA(Ad® 0.292(3), p = .961 8.630(3), p =.035

Note. Values with superscript letters indicate the initial fixed values taken from Table 11, used to fit the
Shinozaki—Kira models in Table 12. PTS = Parameter Stability Test; RML = robust maximum likelihood;
AIC = Akaike information criterion; CFI = comparative fit index; TLI = Tucker—Lewis index; SRMR =
standardized root-mean-square residual; RMSEA = root-mean-square error of approximation; Cl=
confidence interval.

*Initial fixed value from model 71 =35. °Initial fixed value from model T1=4. ©Probability of
RMSEA. “¢Step (iv) of the PST test. © Ay*AM = Ay> Asparouhov and Muthén difference.

ik p < 001,

variables or testing interventions. The PCT should be employed sys- In the adjustment of nonlinear models using only five models

tematically to identify models that are both statistically adequate and (Table 4), we encountered several challenges highlighted in the

conceptually aligned with the DGP. scientific literature. For instance, some models with the same
Figure 6

Forecasted Values, With Level 2 Upper and Lower at 95% CI Limits, According to the Negative
Exponential Model (Continuous Line), Negative Allometric Model (Small Bar Lines and Dots),
and Shinozaki-Kira Model (Dotted Line)
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ASV value

2 NEXP

Level 2 lowger 95% (CT) limits

Note. Black lines are waves from 1 to 6, and gray lines are waves from 6 to 9. CI = confidence interval;
ASV =Armed Services Vocational Aptitude Battery variable.
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complexity index failed to converge (e.g., Michaelis—Menten and
logistic function), while others, like the allometric model, converged
in Mplus but not in lavaan. Additionally, some models with different
names (e.g., monomolecular and NEXP) were mathematically and
graphically equivalent. Moreover, graphical differences between
nonlinear models were minimal, as shown in Figure 6, where the
negative allometric and NEXP models yielded nearly identical val-
ues of ¥ and 95% CI(Y') of SEx(Y') from T=1 to T= 6. The pri-
mary distinction lay in their SEz(Y’") and the parameter constancy
(Konishi, 2014; Molenaar & Newell, 1998; Panik, 2014; Preacher
& Hancock, 2015; Ratkowsky, 1990; Seber & Wild, 2003).

Determining the minimum 7’1 required for conducting a PCT in LGC
modeling remains an open question. Given the absence of a definitive
guideline, researchers may inquire about the optimal number of mea-
surement occasions necessary for PCT execution. This consideration
stems from the imperative to possess a specific number of degrees of
freedom to facilitate the “clipping” of the final data. Our suggestion
entails a systematic approach whereby successive values of 7' (com-
mencing with 72 = 1, followed by 72 = 2, and so forth) are incremen-
tally eliminated until arriving at a juncture where either the model
exhausts its degrees of freedom or exhibits unstable PCT outcomes.
This iterative process facilitates the identification of an appropriate
threshold for 7'1, thereby ensuring the suitability of subsequent analyses.

In our perspective, LGC models should meet additional criteria
beyond those specified by van de Schoot et al. (2017). Firstly, we pro-
pose the inclusion of an exploratory figure featuring the total means of
each measurement moment and trajectories of randomly chosen indi-
viduals from the sample. This visual aid assists in identifying potential
inflection points and determining the most suitable group of functions
to fit the curve under investigation. Secondly, an evaluation of internal
structural constancy is essential, accomplished through techniques
like the PCT and comparative analyses with various nonlinear models.
These measures serve to elucidate both the geometric and statistical
properties inherent in the curves and functions under scrutiny.

This study has limitations that underscore the need for further
research: (a) systematic evaluation of parameter constancy across
models, including NEXP and QF, is essential to ensure alignment
with a valid DGP, using both real-world and simulated data
sets; (b) identifying the optimal number of measurement waves
(T1 =T) required for stable PCT outcomes remains an open ques-
tion; and (c) Investigating the influence of factors such as ICC, stan-
dard errors, and measurement correlations on constancy and fit will
further refine model selection. Future research should heed these
areas to advance the methodological robustness of LGC analyses.

In summary, advancing LGC methodologies requires moving
beyond traditional fit indexes by incorporating PCTs and developing
innovative tools for model comparison. Greater training in nonlinear
methodologies, combined with enhanced SEM software functional-
ities, will significantly improve accessibility and application, paving
the way for more suitable model analyses.
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