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ABSTRACT

In this study we model the warranty claims process and
evaluate the warranty servicing costs under non-renewing
and renewing free repair warranties. We assume that the
repair time for rectifying the claims is non-zero and the
repair cost is a function of the length of the repair time. To
accommodate the ageing of the product and repair
equipment, we use a decreasing geometric process to model
the consecutive operational times and an increasing
geometric process to model the consecutive repair times.
We identify and study the alternating geometric process
(AGP), which is an alternating process with cycles
consisting of the item’s operational time followed by the
corresponding repair time. We derive new results for the
AGP in finite horizon and use them to evaluate the warranty
costs over the warranty period and over the life cycle of the
product under a non-renewing free repair warranty
(NRFRW), a renewing free repair warranty (RFRW) and a
restricted renewing free repair warranty (RRFRW(n)).
Properties of the model are demonstrated using a simulation
study.
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NOMENCLATURE

{X;37° —astochastically decreasing geometric process with
parameters {a, Fx, (t)}, a = 1, representing the “on”
times;
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{Y;}7° — a stochastically increasing geometric process with
parameters {b, Fy, (t)}, 0 <b <1, representing the

“off” times;
Z;  — the length of the i cycle, with the cumulative
distribution function H;(t);
S, — the end of the n™ cycle, with the cumulative
distribution function G[*(t);
T — the length of the warranty period;
L — the length of the life cycle;

C(T) — the warranty cost over the warranty period;
C(L) — the warranty cost over the life cycle.

1. INTRODUCTION

In warranty cost analysis it is typically assumed that
the time required to rectify a warranty claim is negligible.
In many cases this assumption is reasonable but there are
situations where this assumption is hard to justify, e.g.,
having lengthy repairs with high penalty costs or lengthy
repair leading to substantial loss of income. In these cases,
ignoring the length of repair will lead to underestimation of
the expected warranty costs.

Chukova and Hayakawa [1, 2] studied models based
on an alternating renewal process (i.e., assuming
independent and identically distributed (i.i.d.) operational
times and independent and identically distributed repair
times) to evaluate the warranty costs under both non-
renewing and renewing warranties. Non-zero repair times
and a finite time horizon were taken into account in these
models. For details on alternating renewal processes, see



[3]. For more on the application of renewal theory in
warranty cost analysis, see [4]. For more on models with
non-zero repair times see [5]-[12].

The main goal of this paper is to study a generalization
of the aforementioned results in [1, 2] to more realistically
account for product ageing, i.e., the operational times are
stochastically decreasing and the repair times are
stochastically increasing. We use the geometric process to
model the stochastically increasing and decreasing times
(see [13] for an overview of the geometric process). In this
paper we model a scenario in which, as an item ages, the
operational time decreases and the time required to bring a
faulty product to a functioning condition increases. Hence,
the new model will be based on an alternating geometric
process (AGP), which we will introduce in Section 2.

2. THE MODEL

2.1. Alternating geometric process (AGP)

Consider an item, which initially operates for a length
oftime X; and then fails. After this, it undergoes repair for
a length of time Y;. After the repair, the item is again
operational for a time X,, which is followed by a repair for
atime Y, and so on. We assume that:

(1) {X;37° and {Y;}7° are independent sequences of
random variables;

2) {X;}7° is a stochastically decreasing geometric
process with parameters {a, FXl(t)}, a=1;

3) {Y;}7 is a stochastically increasing geometric
process with parameters {b, Fy, (t)}, 0<b<1.

A stochastic process {Z;}7° is referred to as a
geometric process with parameter [ if there exists a real
number B > 0 such that {871Z;}7 is a renewal process
[13]. A geometric process is stochastically increasing if
0 < B <1 and stochastically decreasing if § > 1.1f § =
1, then the process becomes a renewal process. See [14] for
a different parametrization of the geometric process. The
process described above is referred to as an alternating
geometric process (AGP) with parameters
{a, Fx,(©), b, Fy, (D }.

We refer to a period of time as a “cycle” if it consists
of an operational (“on”) time followed by the
corresponding repair (“off’) time. We suppose that the
repair cost is incurred at the end of each cycle. If the
warranty coverage expires during a repair period, the
corresponding repair is completed and its cost is fully
incurred by the warrantor. In this case we have a complete
cycle. If the warranty expires during an operational period,
the cost of the following repair is not covered by the
warrantor and the cycle is incomplete.

Similar to [1, 2], we assume that the cost of the i
repair has the form C; = A + §Y;, where A and § are
prespecified constants.

ith

The life cycle of a product is defined as the time while
the product is still usable and contemporary. We assume
that during the life cycle, after the expiration of the
warranty coverage for the initially purchased item, at the
time of the first off-warranty failure, the consumer
purchases an identical item to the initial one, with the same
warranty coverage.

2.2. AGP in finite horizon
Consider an AGP with the i “on” time distribution
Fy, and i “off” time distribution Fy;. We assume that the
“on” and “off” time processes are geometric processes. The
“on” time process is a decreasing geometric process with
parameters a =1, Fy,(t) = Fy,(a'"'t),i = 1,2,.... The
“off” time process is an increasing geometric process with
parameters 0 < b <1, Fy,(t) = Fyl(bi_lt),i =12, ...
Denote by Z; = X; +Y;, the length of the i cycle, i.e., the
sum of the i operational and i repair times, with the
cumulative distribution function H;(t) . Let S, =
" ,(X;+Y) . Then, the number of AGP cycles
completed by time 7, N(t), and its expected value, m,(t),
are given respectively by

N(t) = sup{n:S,, <t} and my(t) = E(N(t)).

Analogously to computing the renewal function (see [3]),
we can see that m, (t) can be represented as

m(© = Zp(sn <o= Zar(t)

wrHomy (D)

where
G{'(t) = H; * Hyq *

and “*” denotes a convolution.

Next, we summarize some of the results needed to
evaluate the expected warranty costs. Most of the results
are stated without proof. Firstly, by extending the results of
[13][Thm 2.3.1], the probability that the system is “on” at
time t can be obtained as follows

P(onatt) = Fy () + thﬁxnﬂ(t—s) dGr(s).
@

Let T > 0 be the length of a finite period of time.
Then, the following results hold:

Theorem 1.
E(YN(T)+1 | On at T)

E(Y,) _
P(onatT) {Fxl ©

1 (T
+ Zb—nf Fy ., (T—5) de(s)}.
n=1 0

3)



Theorem 2.

P(Sner + Anmer =t | on at T)
Fy,(T) — Fx,(®)
Fe,(D) + 32, [) Fy,py (T —5) dGP(s)
X 521y (FepanT =) = Frppy(t—5)) dGiGs)
Fe,(D) + X2, [) Fyppy (T =) dGR(s)

(4)
Theorem 3.
1
P(SN(T)+1 +XN(T)+2 <t | off at T) = m
T t—u
x (f f Fy,(t —u —v) dFy,(v) dFy, ()
0 YT-u
P T T-s pt-s-u
+ ZJ. f f Fy,,(t—s—u
n=1 0 0 T—s-u
—v) dFy,,, ) dFy, W) de(s))
(5)

3. WARRANTY COST ANALYSIS UNDER AN
NRFRW

Next, we consider a non-renewing free repair warranty
(NRFRW), i.e., the product is warrantied for a fixed period
of time T, usually starting right after the purchase. During
the warranty period all expenses are borne by the
manufacturer. We derive the expected warranty costs over
the warranty period 7 and over the life cycle of length L.

3.1. Expected warranty costs over (0, T)
The total cost over the warranty period, C(7), can be
represented as

N(T)

) = ’

N(T)+1

l z C; if"off" attimeT.

i=1

C; if "on" attime T
=1

Then,

N(T)+1
E(C(T) =E Z C,
i=1
— E(CN(T)+1| on at T)P(on atT),
(6)

where P(onatT) is given by (2). For b # 1, we have

E(C)=E(A+06Y) =A+522 ©)

E(Cn(ry+1| onatT) = A+ SE(Yyrys1| onatT), ®)
and,

N(T)+1 N(T)+1
E Z ¢ |=E Z (4 + 6Y)
i=1 i=1
N(T)+1
= A(my(T) + 1) + 6 Z Y,
i=1
E(YD{E(b™™) — b}

=Am(T) +1)+6 -

)

Note that when b = 1, the repair time process is a renewal
process. For the expected warranty cost under this scenario
refer to [1].

3.2. Expected warranty costs over (0, L)

Let L* be a prespecified time during which a
product is considered to be contemporary and competitive
with similar products in the market. Let L be the time of
the first off-warranty failure of the product after L*. Then,
we call (0,L) the life-cycle of the product. Let ¢ bea
positive random variable, representing the time between
two consecutive purchases, i.e.,

Snery + Xnery+n if"on" attime T
{SN(T)+1 + XN(T)+2' if "off" attime T

Then, the expected cost over (0,L) is given by
E(c(L)) = (mz(L) + 1)E(C(D)),

where mg(t) is the renewal function of the renewal
process generated by ¢. Based on the definition of ¢, its
distribution can be represented via the respective
conditional  distributions  of Sy + Xyy+1  and
Snary+1 + Xnry+2, given in (4) and (5) respectively.

4. WARRANTY COST ANALYSIS UNDER A RFRW
AND A RRFRW(n)

Next, we consider a renewing free repair warranty
(RFRW) under which, following a warranty repair, the item
is warranted anew for a period of length 7. If the warranty



period ends during an operational period, the cost of the
following repair is not incurred by the warrantor and the
warranty coverage expires. Here we will distinguish
between the warranty coverage Wy, which is a random
variable, and the warranty period, which is a predetermined
constant T. We define W; as the time from the purchase
of the product until the expiry of the warranty coverage. We
also consider a restricted renewing free repair warranty
(RRFRW(n)), in which the number of warranty repairs is
limited to some predetermined number n. We define W}
as the warranty coverage under a RRFRW(n).

4.1. Cost analysis for a RFRW

4.1.1. Expected warranty costs over (0, W)
Due to the mechanism of the renewing warranty, Wris
equal to:

T if X, >T
W, = if X, <T,i=12 .,k
T+ Z(Xi +1) Xi41 > T, for some k.
i1

(10)

Then, the warranty cost C(Wy) over the warranty
coverage is a random variable and its distribution is as
follows:

0, with probability 1-— FX1 (T)
C1 with probability (1 - FX2 (T)) FX1 (T)

€y + Cownprananiny (1 = Fy, (1)) Fiy (T)Fiy, (T)

C(MGJ = <;

k k
z Ci with probability(l - FXk+1 (T)) 1_[ FX,(T)
LL'=1 i=1
' (1)

where E(C;), for b # 1, is given in (7).

Next, we consider the expected warranty costs
E(C(Wr)) over (0,Wy). After some algebraic
manipulations, we obtain that

E(cW) = i( e )]_[FX ™).

k=1

(12)

It can be shown that the series (12) is divergent (based on
d’Alembert’s test and the Stolz-Cesaro theorem [15]).
Hence, E(C(W7)) goes to infinity. Therefore, assigning a
warranty period of length T for a product, with
operational/repair times that form an AGP with parameters

{a, Fx,(t), b, Fy,(t)} is not a viable business option. It
may, however, be practical to offer a restricted renewing

free repair warranty, with at most n warranty repairs
(RRFRW(n)), which we will present in subsection 4.2.

4.2. Cost analysis for a RRFRW(n)

As an alternative to a RFRW strategy we will consider
its modified version, called a restricted renewing free repair
warranty with parameter » (RRFRW(n)), under which at
most n warranty repairs are covered by the warranty
coverage, where n is a known, fixed constant.

4.2.1. Expected warranty costs over (0, W?3)
Under a RRFRW(n), the warranty coverage W7 can
be represented as follows:

(T if X, >T
k-1

JZ(X tyy+r FXSTi=12. k=1
i i

W = X, >T,2<k<n
| n
kz(Xl-I_le)
i=1

ifX,<T,i=12..,n

Then, the warranty cost C(W7) over the warranty
coverage is a random variable and its distribution is as
follows:

0, with probability 1-— FXl (T)

C1 with probability (1 - FXZ (T)) FX1
k-1 k-1
Z Ci with probability (1 - FXk (T)) 1_[ FXL(T) ’
i=1 i=1
cwr) = for k <n

Z CL with probablllty 1 - FX (T) 1_[ FX (T)
Z Ci with probability 1_[ FXi (T) .
i=1 i=1

It is easy to derive that under a RRFRW(#n) the expected
warranty cost is given by

n k
SE(Y,
sco = Y (a+ F2)[ [mm,

k=1 j=1

(13)



which is a truncated version of the divergent series (12) to
its n'" partial sum. Hence, for a RRFRW(n) under an AGP
with parameters {a, Fy,(t),b, Fy, (t)}, the expected
warranty cost is always finite, and this warranty strategy
might be considered as an appropriate warranty strategy by
some producers.

4.2.2. Expected warranty costs over (0,L)

Similar to section 3.2, expressions for the expected
warranty costs over (0, L) can be derived under a
RRFRW(n). Consider the positive random variable " as
the time between two consecutive purchases under a
RRFRW(n). By definition

(% if X, >T
|"‘1 ifX,<T,i=12.,k—1,
. Z(Xi+Yl-)+X;c X, >T, 2<k<n
= 1=
n
{Z(Xi VY 4 Xy, X <Ti=12 .1

i=1

Then, it can be shown that the cdf of " is given by

PE <) =P(T <X, <t)+
L,TP(T < X, <t—s) dGi(s) +
L,TP(T < X3 <t—s) dGF(s) + -
JTP(T < X, <t—s) dGI(s) +
Jo P(Xny1 <t —s) dGI(s).

Therefore, the following theorem holds:

Theorem 5.

an(t) = (Fxl(t) - FX1(T)) +

n

R .
; J{; (FXi+1(t —-s)— FXiH(T)) dGi(s) +
fo (FXn+1(t - S)) dGi(s),

where Gi(s) is given by (1.
Then, the expected warranty costs over (0,L), say

E(C(L)), are expressed in terms of ™ in the following
way

E(CW) = (mgn(L) + DE(CW)),

where mjn is the renewal function of the renewal process
i3 p
generated &".

5. SIMULATION RESULTS FOR A NRFRW

In this section, using simulation, we study the
expected warranty cost for a NRFRW under an AGP with
parameters {a, Fy, (), b, Fy, (t)} The expected warranty
costs over the warranty period, as well as the life cycle, are
estimated using the average cost over 5 million warranty
cost simulations under a NRFRW.

The expected warranty cost E(C(T)), given in (6), is
influenced mainly by the following two factors:

i. the number of claims and
ii.  the cost of these claims.

The cost of the claims depends on the length of the
repair time (driven by the repair time distribution Fy, and
0<b<1). The number of claims depends on the
operational time (driven by operational time distribution
Fy, and a > 1) as well as the repair times. Recall that the
cost of the i claim is C; = A + §Y;, where 4 could be
interpreted as a fixed cost incurred for each repair and &
could be interpreted as a variable cost per time unit.

Figure 1 explores the relationship between the repair
rate 4 = 1/E(Y;) and warranty cost for an exponential
repair time distribution for various values of the cost
parameter 8. The operational times are modelled by an
exponential distribution with rate 1 = 1/E(X;) = 0.0055.
If the time unit for the simulation is a day, then this
corresponds to a failure rate of approximately 2 per year
and thus an average operational time of about 182 days. A
repair rate of yu = 1/E(Y;) = 2 corresponds to an average
repair time of 0.5 days and a repair rate of u = 1/E(Y;) =
0.01 corresponds an average repair time of 100 days. As
expected, a comparison of the three graphs in Figure 1
shows that as the cost parameter J increases, the expected
warranty cost will increase. Notice that an increase by a
factor of 100 from § = 0.01 to § = 1 leads to a similar
percentage increase in the warranty costs for small values
of b. The shape of the graphs, however, changes for
different values of §.

It might be expected that as the repair rate increases
(i.e., the length of the repair time decreases) the cost would
decrease. That is, we may expect the expected warranty
cost for y = 2 to be less than the cost for ¢ = 0.01. This
can be observed in the third graph of Figure 1 for § = 1.
However, in the first two graphs of Figure 1, for high values
of b this is not the case. This can be explained by examining
Figure 2. When b is low and u is low the expected number
of cycles is much lower than when b is high and u is high,
and correspondingly, the expected cycle length is much
larger. In Figure 1, the first graph has a very small variable
cost parameter 6 = 1/365 = 0.00274 compared with
the fixed cost parameter 4 = 1, so the number of cycles
dominates the expected warranty cost. Notice that the cost
is comparable to the expected number of cycles shown in
Figure 2. In the third graph in Figure 1, for § = 1, the
expected warranty cost is dominated by the repair time,
rather than the number of cycles, and thus the cost is
comparable to the average cycle length shown in Figure 2.
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Figure 3 shows that as the parameter a increases (i.e.,
the operational times decrease more rapidly) the expected
warranty cost increases. This is to be expected since shorter
operational times mean that there will be more claims
within the warranty period. The operational times are also
influenced by the failure rate A = 1/E(X;). Figure 3 also
shows that higher values of A4 (i.e., shorter operational
times) lead to higher warranty costs. It also shows that for
higher values of u (i.e., shorter repair times), the expected
warranty cost is lower for values of a, which are close to 1.
For larger values of a (approximately a > 1.3)and A (A =
0.0055 and A =0.01), the expected warranty cost is
higher for larger values of p (shorter repair times). This
suggests that as operational times decrease (larger @ and 1)
and repair times decrease (larger u), the cost is driven by
the frequency of repairs rather than the length of the
repairs.
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6 CONCLUSIONS

In this paper, we studied non-renewing, renewing and
restricted renewing free repair warranties under a new
failure/repair process based on an alternating geometric
process (AGP), which accounts for the shortening behavior
of the operational times and for the lengthening behavior
of the repair times. Using an AGP, we derived the expected
warranty costs over the warranty period and over the life
cycle for NRFRW, RFRW and RRFRW(n) models. Also,
using simulation, we demonstrated some properties of the
NRFRW model. In our future work, we will explore the
properties of the RRFRW(#) using simulation and work on
providing some insight on the statistical inference for the
proposed warranty models.

ACKNOWLEDGMENTS

This research was supported by Waseda University,
Grant for Special Research Projects (2016B-267, 2017B-
325).

REFERENCES

[1] S. Chukova and Y. Hayakawa, “Warranty cost
analysis: non-zero repair time,” Applied Stochastic Models
in Business and Industry, vol. 20, no. 1, pp. 59-71, 2004.
[2] S. Chukova and Y. Hayakawa, “Warranty cost
analysis: renewing warranty with non-zero repair time,”
Int. J. Rel. Qual. Saf. Eng., vol. 11, no. 02, pp. 93—112, Jun.
2004.

[3] S. M. Ross, Stochastic Processes, 2nd Revised
Edition. New York: John Wiley and Sons Ltd, 1996.

[4] E. P. C. Kao and M. S. Smith, “Computational
approximations of renewal process relating to a warranty
problem: The case of phase-type lifetimes,” European
Journal of Operational Research, vol. 90, no. 1, pp. 156—
170, Apr. 1996.

[5] W. Sungkharit and J. Pongpech, “Optimal
Sequential PM Policy for Leased Equipment: Negligible
and Non-Negligible Repair Time.,” in Lecture Notes in
Engineering and Computer Science, 2006, pp. 636—639.
[6] X. Yao, X. Xie, M. C. Fu, and S. 1. Marcus,
“Optimal joint preventive maintenance and production
policies,” Naval Research Logistics, vol. 52, no. 7, pp.
668-681, Oct. 2005.

[7] S. S. Gokhale, “Software failure rate and
reliability incorporating repair policies,” in [0th
International Symposium on Software Metrics, 2004.
Proceedings., 2004, pp. 394-404.

[8] V. Thangaraj and U. Rizwam, “Optimal
replacement policies in burn-in process for an alternative
repair model,” International journal of information and
management sciences, vol. 12, no. 3, pp. 43-56, 2001.

[9] H. Vahdani, H. Mahlooji, and A. Eshraghnia
Jahromi, “Warranty servicing for discretely degrading
items with non-zero repair time under renewing warranty,”



Computers & Industrial Engineering, vol. 65, no. 1, pp.
176-185, May 2013.

[10] Y.-T. Fang and B.-Y. Liu, “Preventive repair
policy and replacement policy of repairable system taking
non-zero preventive repair time,” Journal of Zhejiang
University-SCIENCE A, vol. 7, no. 2, pp. 207-212, Aug.
2006.

[11] L. M. A. Pintelon, F. L. B. van Puyvelde, and L. F.
Gelders, “An age-based replacement policy with non-zero
repair times for a continuous production process,”
International Journal of Production Research, vol. 33, no.
8, pp- 2111-2123, Aug. 1995.

[12] G. J. Wang and Y. L. Zhang, “Optimal periodic
preventive repair and replacement policy assuming
geometric process repair,” [EEE Transactions on
Reliability, vol. 55, no. 1, pp. 118122, Mar. 2006.

[13] Y. Lam, The geometric process and its
applications. Hackensack, NJ: World Scientific, [2007],
2007.

[14] H. Pham and H. Wang, “Imperfect maintenance,”
European Journal of Operational Research, vol. 94, no. 3,
pp- 425-438, Nov. 1996.

[15] W. Rudin, Principles of Mathematical Analysis,
3rd ed. New York: McGraw-Hill, Inc., 1976.



