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ABSTRACT

We perform time series analysis of small networks where every node is the slow–fast version of the denatured Morris–Lecar neuron proposed
by Schaeffer and Cain. We choose popular coupling strategies from the literature and provide a detailed account of how varying their strength
drives the dynamics of the small networks. Algorithms for time series analysis range from measuring their persistence (ability to remem-
ber past values), irregularity, chaos, and quasiperiodicity, to synchronization between time nodes within a network. Chaos is observed for
inhibitory coupling strengths and for temperatures higher than a reference temperature when the coupling is thermally sensitive. We observe
quasi-periodicity when the coupling is very weak and synchronized bursting for high excitatory coupling strength. In certain cases, we also
observe decay oscillations. Finally, a causality test is performed to detect whether the dynamics of one neuron influences the dynamics of the
other in the coupled system.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0291493

Time series analysis of networks, where each node is a dynam-
ical system, is a hot topic in recent times. In this study, small
topological networks are considered where each node is a reduced
version of the Morris–Lecar neuron model, called the denatured
Morris–Lecar (dML) model, put forward by Schaeffer and Cain.
Additionally, these neurons are time-scale separated and produce
realistic bursting behavior. By leveraging different algorithms for
time series analysis, we explore whether we can quantify certain
complex behaviors exhibited by small networks of these dena-
tured Morris–Lecar neurons. We are able to use a combination of
different measures to quantify chaos, quasiperiodicity, synchro-
nized bursting, anti-phase oscillations, and decay oscillations.
Furthermore, Granger’s causality test gives us an intuition on
whether the time series of one node causes the time series of
another in a two-coupled system.

I. INTRODUCTION

In this work, we provide a unified approach to time series
analysis methods implemented to study the behavior of coupled

neurons over time. A system that evolves in time can be mathemat-
ically modeled using dynamical systems. Neurons are fundamental
units of the nervous system, generally categorized as excitable cells
that exhibit a plethora of highly complex dynamics. They act as
suitable candidates for analysis using various tools and techniques
from the dynamical systems literature. In this work, we explore
continuous-time models of neuron dynamics. We pick a handful
of model equations for coupling strategies from the literature on
neuronal dynamics and investigate their behavior using a collec-
tion of methods that have been utilized recently by the research
community.

Schaeffer and Cain, in their book,1 introduced a variant of
the popular Morris–Lecar model,2 which they called the denatured
Morris–Lecar (dML) model, whose equations are given by

ẋ = x2(1 − x) − y + I,

ẏ = Aeαx − γ y.
(1)

It can be noticed that (1) looks structurally similar to the
FitzHugh–Nagumo (FHN) model3 with a subtle difference in their
y-nullclines. The y-nullcline in (1) has an exponential growth term,
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whereas in FHN, the y-nullcline is linear. The two variables in (1) are
the voltage-like variable (x) with cubic nonlinearity and the corre-
sponding recovery variable (y), governing the dynamics of a typical
excitable cell-like neuron. The variable x is self-reinforced as demon-
strated by the positive feedback to the neuron via the nonlinearity,
leading to its firing mechanism. The variable y, on the other hand,
demonstrates a negative feedback via the exponential term, lead-
ing to the dynamics of the refractory period after the neuron fires.
This has been detailed by Izhikevich and FitzHugh4 for the case of
the FitzHugh–Nagumo model. Parameter γ represents the excitabil-
ity of the neuron and together with the parameter A determines
the dynamics of the recovery variable y. Parameter α controls the
exponential growth rate of y. Furthermore, I is the external stimulus
current that depolarizes the neuron, leading to the triggering of an
action potential when the voltage crosses a critical value. All these
parameters are kept positive for (1). We urge the readers to refer
to Izhikevich’s book5 to learn more about mathematical modeling
of neuron dynamics. The original Morris–Lecar model2 has sig-
moidal activation functions, which is biophysically inspired. Model
(1) although looks structurally similar to FitzHugh–Nagumo type
model, has the exponential component, which pushes its dynam-
ics more toward the sigmoidal nonlinearity seen in the original
Morris–Lecar system. That is why (1) is closer to a Morris–Lecar
model rather than a FitzHugh–Nagumo model. Also, because (1)
drops its biophysical details, it is called a “denatured” Morris–Lecar
system. In a previous work, Fatoyinbo et al.6 have performed an
extensive bifurcation analysis in terms of codimension-one and -two
bifurcation plots for (1).

One intriguing direction of research is to build the energy char-
acteristics of (1), which can cement the reliability of the model. The
pipeline is to first come up with the equivalent electrical circuit of
the model followed by a scale transformation and then define an
energy function, which is, in more popular terms, known as the
Hamilton energy. The electrical circuit can be constructed using the
basic circuit elements: a resistor (R), a capacitor (C), and an induc-
tor (L), along with a voltage source. To maintain the oscillation of
this circuit, it is necessary to maintain a constant energy flow and,
thus, define an energy function. On the availability of the energy
function, it becomes easier to explain the energy-based control law,
for example, the self-reinforcement of variable x in (1) following
an energy flow. To learn more about the energy characteristics of
neuron models, the readers are referred to the review work by Ma.7

The two-dimensional model (1), however, does not portray
repeated periodic bursting. Bursting with quiet intervals can be
incorporated if the external current I were to vary very slowly with
time, rather than being a constant parameter. Schaeffer and Cain1

discussed that the dynamics would then exhibit bistability between a
stable periodic solution and a stable equilibrium point, which would
lead to bursting. The system is now modified to a three-dimensional
slow–fast variant given by

ẋ = f(x, y, I) = x2(1 − x) − y + I,

ẏ = g(x, y, I) = Aeαx − γ y, (2)

İ = h(x, y, I) = ε

[

1

60

{

1 + tanh

(

0.05 − x

0.001

)}

− I

]

,

FIG. 1. Typical time series and a phase portrait of (2) exhibiting bursting. Parame-
ters considered are A = 0.0041, α = 5.276, γ = 0.315, and ε = 0.0005. Initial
condition x(0) is sampled randomly from the uniform distribution [−1, 1], and
(y(0), I(0)) = (0.1, 0.019).

where ε is the timescale parameter that separates the system
into two different time scales.8 A time series and a phase por-
trait of (2) are shown in Fig. 1. Here, we have fixed A = 0.0041,
α = 5.276, γ = 0.315, and ε = 0.0005. We set the parameters
to these values throughout the manuscript. The initial value
x(0) is sampled randomly from a uniform distribution with a
closed interval [−1, 1]. The other initial conditions are (y(0), I(0))
= (0.1, 0.019). We observe a fold/homoclinic type bursting where the
resting state transitions to the spiking limit cycle via a saddle-node
(fold) bifurcation and from the spiking limit cycle to the resting state
via a saddle homoclinic orbit bifurcation. For a detailed discussion
about fold/homoclinic type bursting, please refer to Izhikevich.5 A
detailed account of the qualitative analysis of the single-celled model
(2) can be found in Ghosh et al.9

The purpose of this manuscript is twofold: (i) popularize the
dML model and (ii) provide a tutorial to perform time series analy-
sis on data generated from various coupled systems of dML neurons.
We extensively report how varying the coupling strength for dif-
ferent strategies gives rise to a battery of complex dynamics in the
coupled systems. In some cases, we observe chaos for inhibitory cou-
pling. Chaos is mitigated as the coupling strength becomes weaker
and a quasi-periodic regime arises close to zero coupling strength.
The behavior of the time series can be distinctly quantified using
Hurst exponent and sample entropy, showing a higher value close
to chaos. The 0–1 test quantifies chaos by allowing us to plot phase
portraits of some translated variables from the dynamical variables,
which show random Brownian motion. Synchronization and phase
coherence are computed using a cross-correlation coefficient and
Kuramoto’s order parameter, which help us quantify the collective
dynamics of the coupled system. Intuitively, the nodes are asynchro-
nized and out of phase when the systems behave chaotically. As cou-
pling becomes more excitatory and positive, the nodes either display
a synchronized bursting behavior or they decay into a symmetric
equilibrium point. When the nodes are exhibiting bursting, they are
mostly found to be phase-locked. In certain coupling strategies, we
also observe anti-phase decay when the coupling strength is excita-
tory. Furthermore, temperature plays an important role in thermally
sensitive coupling, where chaos is observed in the inhibitory cou-
pling regime when the temperature is above a threshold. Below this
threshold, the nodes always exhibit bursting; however, they oscil-
late in anti-phase for high inhibitory coupling and settle to in-phase
oscillation for excitatory coupling.
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The manuscript is organized as follows: In Sec. II, we introduce
different coupling strategies implemented in this paper. They are
gap junction, thermally sensitive gap junction, chemical, Josephson
junction, memristive, higher-order gap junction, and random chem-
ical couplings. Then, in Sec. III, we review a combination of algo-
rithms used to perform time series analysis on the data generated
from the coupled systems. These are the Hurst exponent, sample
entropy, 0–1 test, Pearson’s correlation coefficient, and Kuramoto’s
order parameter. We report all numerical analysis in Sec. IV and
develop an account of how the above concepts work together to tell
a story about the coupled dML neurons. In Sec. V, we provide a note
on how Granger causality can be utilized to argue how one neuron
drives the behavior of the other in the coupled system. We discuss
an open problem in terms of Hebbian interaction in Sec. VI. Finally,
in Sec. VII, we detail concluding remarks and future steps.

II. COUPLING STRATEGIES

Neuronal interactions are usually modeled using a network-
theoretic framework by the applied mathematics and computational
neuroscience community. A network consists of nodes and edges
connected via some coupling strategies that govern the dynamics of
the network over time. A node can either represent a single neu-
ron (in the microscopic scale) or a brain region (in the mesoscopic
scale). Thus, nodes form the interacting unit within a network. An
edge, on the other hand, represents how two neurons or regions
are connected and can be categorized into three types of connec-
tivities: (i) structural connectivity for physical and anatomical links,
(ii) functional connectivity for undirected statistical dependencies,
and (iii) effective connectivity for directed causal relationships.

In this work, we will mathematically establish coupling strate-
gies in small-network models of identical neurons that will emulate
these connectivities in one way or another. By “identical,” we mean
the local parameters of each neuron are kept the same. For a detailed
discussion on these connectivities, refer to the review article by
Park and Friston.10 Our goal is to study how the properties of these
couplings drive the dynamics of a small network as a whole. Fur-
thermore, these couplings will have a scalar value associated with
them, which will dictate their strength. This value can be either pos-
itive (excitatory coupling), negative (inhibitory coupling), or zero
(absence of coupling). Positive coupling represents those consisting
of asymmetric junctions alongside a dense protein complex associ-
ated with the postsynaptic membranes of the excitatory synapses,11

and negative coupling represents those consisting of symmetrical
synaptic junctions alongside lacking the dense protein complex.12

Similarly to the single neuron model (1), the circuit equations
of the individual neurons in the coupled systems can also be formu-
lated from the basic electric components, as proposed in the review
article by Ma.7 Then, to implement the coupling strategies, one could
incorporate a thermistor, a memristor, a Josephson junction, and
their combinations thereof. Considered as the fourth fundamen-
tal circuit element besides the resistor, capacitor, and the inductor,
a memristor13,14 consists of two terminals whose resistance fluctu-
ates dynamically as a function of charge that has flowed through
it already. A Josephson junction, on the other hand, has a similar
effect as an inductor, in addition to which it also has characteris-
tics of a resistor and a capacitor, making it a hybrid component.7

FIG. 2. Schematic of a gap junction coupling between two neurons, with coupling
strength θ . The coupling is bidirectional.

Including Josephson junctions increases the sensitivity of the neuron
circuit built, to external electromagnetic field (again see Ref. 7, and
the citations referred therein15,16). Understanding how to build the
neuron circuit equations for the coupled system and perform a scale
transformation further lets us define energy functions for these. This
way, the controllability and adaptive property of the coupled neuron
systems can be realized from a physical point of view.

A. Gap junction coupling

Gap junctions are intricate intercellular channels that pro-
vide a direct communication pathway between the cytoplasm of
two-coupled neurons via ions. It is the synapse that controls the
connectivity between two neurons. A gap junction coupling can
transmit signals equally in both directions. See Hormuzdi et al.17

for an extensive report on electrical synapses. This straightforward
strategy is given by

ẋi = f(xi, yi, Ii) +
∑

j∈B(i)

θ(xj − xi),

ẏi = g(xi, yi, Ii), (3)

İi = h(xi, yi, Ii),

with B(i) representing the neighboring nodes of the node i. For
a two-coupled system, i, j = 1, 2. Note that the gap junction cou-
pling θ is considered bidirectional (see Fig. 2). The flow from node
j to i is given by xj − xi. Gap junction coupling is by far the most
extensively studied coupling strategy found in the computational
neurodynamics literature.9,18–24

B. Thermally sensitive gap junction coupling

One can modify the gap junction coupling to incorporate tem-
perature effects into it. This kind of coupling has been looked into
by Feudel et al.25 and Yoshioka26 for Hodgkin–Huxley27 type coupled
neurons. More recently, Follman et al.28 explored the effects of tem-
perature on neuronal synchronization in a network of Huber–Braun
neurons and how it regulates seizures. Motivated by these, we have
also modified (3) to include thermal effects,

ẋi = f(xi, yi, Ii) +
∑

j∈B(i)

θδ(T)(xj − xi),

ẏi = g(xi, yi, Ii), (4)

İi = h(xi, yi, Ii),

where δ(T) is the Arrhenius function given by

δ(T) = δ

T−Tref
10 ◦C

0 , (5)
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FIG. 3. Schematic of a chemical coupling between two neurons, with coupling
strength θ . The coupling is unidirectional.

which is a temperature-dependent scaling factor. The coupling
strength θ and temperature T are the main bifurcation param-
eters, with δ0 = 1.3, and Tref = 20 ◦C fixed. Yoshioka26 showed
that temperature dependence drives chaotic firing in a modified
Hodgkin–Huxley system of coupled neurons. Temperature fluctu-
ations regulate the rate at which ions flow in and out of the neurons.
A high temperature can lead to a neuron firing with higher frequen-
cies, which needs to be mitigated via a higher excitatory coupling
strength, such that synchrony is restored.28,29

C. Chemical coupling

Next, we move to chemical coupling, which has a non-local
configuration. There is no continuity between the cytoplasm of two
neurons, and the synaptic cleft is wider in comparison to the synap-
tic cleft in gap junction coupling to accommodate for neurotrans-
mitter release and distribution.17 Furthermore, chemical coupling
is unidirectional, unlike electrical coupling, which is bidirectional
(see Fig. 3). We model the coupling strategy for two dML neurons
following the work of Belykh et al.30 fetching us

ẋ1 = f(x1, y1, I1),

ẋ2 = f(x2, y2, I2) + θ
vs − x2

1 + exp{−λ(x1 − q)}
,

ẏi = g(xi, yi, Ii),

İi = h(xi, yi, Ii),

(6)

where θ is again the coupling strength and vs is the reversal poten-
tial. In the sigmoidal function 1

1+exp{−λ(x−q)} , the parameter λ > 0 is

the slope and q is the synaptic threshold. Somers and Kopell31 call
this coupling scheme a fast threshold modulation. Like gap junc-
tion coupling, researchers have shown interest in studying chem-
ical coupling.21–23,32,33 Throughout the manuscript, we kept vs = 2,
λ = 10, and q = −0.25.

D. Josephson junction coupling

Next, we move on to a more complicated coupling scheme
that models a hybrid mechanism incorporating both electri-
cal and chemical synapses. This was popularized by Njitacke
et al.,34 where they built a hybrid synapse by using a Joseph-
son junction and a linear resistor. The coupling was incorpo-
rated between a two-dimensional Hindmarsh–Rose and a two-
dimensional FitzHugh–Nagumo model. We employ this coupling
scheme between two identical dML neurons (see Fig. 4), which

FIG. 4. Schematic of a Josephson junction coupling, with coupling strength θ and
the periodic junction current Ic sin(φ).

gives us

ẋ1 = f(x1, y1, I1) − Ic sin(φ) + θ(x2 − x1),

ẋ2 = f(x2, y2, I2) + Ic sin(φ) + θ(x1 − x2),

ẏi = g(xi, yi, Ii),

İi = h(xi, yi, Ii), i = 1, 2,

φ̇ = µ(x1 − x2),

(7)

where Ic sin(φ) is the junction current across the Josephson junc-
tion that acts as an oscillatory modulation of the coupling strength
consisting of two components, a phase difference variable φ ∝ (x1

− x2), and the amplitude of the current Ic that regulates the neu-
rotransmitter release. The phase difference φ is time varying and
evolves according to x1 − x2, which incorporates feedback. The con-
stant of proportionality µ is the rate at which the phase difference φ

evolves. We have kept Ic = 3 and µ = 3 in our manuscript.
The readers are also encouraged to look at Zhang et al.,35

where the authors have built and studied the novel properties of a
neural circuit including memristor and Josephson junction in paral-
lel. Segall et al.36 studied the synchronization between two coupled
Josephson junction neurons, and Mishra et al.37 found neuron-
like firing and bursting behaviors in superconducting Josephson
junctions.

E. Memristive coupling

Another family of coupling strategies that recently garnered
some attention is the memristive coupling. Memristor can be used
to model a coupling between the membrane potential of the neu-
ron and an electromagnetic flux, as was done by Xu et al.,38 where
the authors coupled two FitzHugh–Nagumo neurons via a mem-
ristor. We follow the same approach to couple two dML neurons
(see Fig. 5), giving us

ẋ1 = f(x1, y1, I1) + θρ(φ)(x2 − x1),

ẋ2 = f(x2, y2, I2) + θρ(φ)(x1 − x2),

ẏi = g(xi, yi, Ii),

İi = h(xi, yi, Ii), i = 1, 2,

φ̇ = θ(x1 − x2),

(8)

where θ is the induction coefficient (the coupling strength that we
vary), and ρ(φ)(xi − xj) denotes the current induced by neuron i on
j. The function ρ(φ) = κ + 3βφ2 represents the conductance of the
memristor. In our manuscript, we fix κ = 10 and β = 5. There has
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FIG. 5. Schematic of a memristive coupling between two neurons, with θ as the
coupling strength.

also been an extensive study on memristor-based couplings between
neurons in recent years.39–42

F. Higher-order gap junction coupling in the smallest

ring-star network

Next, we take a bit of a digression to study a small network
of dML neurons, which not only involves pairwise (dyadic) inter-
actions but also higher-order (polyadic) interactions. By “higher-
order,” we mean nonlinear interactions involving more than two
nodes within a network. Higher-order interactions in networks
are mathematically modeled using hypergraphs and simplicial com-
plexes. A hypergraph is a generalization of a classical graph, which
consists of hyperedges connecting multiple nodes instead of just
two. Standard references to learn more about hypergraphs and sim-
plicial complexes are Bick et al.43 and Berge.44 In this work, we
consider the smallest ring-star network of dML neurons, having one
node at the center and three nodes surrounding this central node in

FIG. 6. Schematic of a small ring-star network with gap junction couplings
between neurons. This diagram depicts the pairwise couplings σ between two
peripheral nodes and µ between the central node and a peripheral node.

the periphery (see Fig. 6). Nair et al.45 considered the smallest ring-
star network of neurons with higher-order interactions where the
dynamics of each node was governed by Chialvo’s model46 (which is
discrete in time unlike dML which is continuous).

Our network model is schematically represented by Fig. 6
depicting the smallest complete ring-star network. The central node
is connected to the peripheral nodes with coupling strength µ and
the peripheral modes are connected to each other with coupling
strength σ . The nodes are numbered as (1) for the central node and
(2, 3, 4) for the peripheral nodes. We consider bidirectional elec-
trical couplings, thus omitting the directionality of the edges in the
schematic. An edge is assumed to be bidirectional. Now, for allowing
higher-order couplings, we incorporate two-simplicial complexes in
the network. This means the highest-dimensional simplex is a trian-
gle. There are four possible triangles: {1, 2, 3}, {1, 3, 4}, {1, 2, 4}, and
{2, 3, 4}. The higher-order coupling strength is denoted as θ , which is
the primary bifurcation parameter in our network model (see Fig. 7).
The model equations are given by

ẋ1 = f(x1, y1, I1) + (µ + 2θ)(x2 + x3 + x4 − 3x1),

ẋ2 = f(x2, y2, I2) + µ(x1 − x2) + σ(x3 + x4 − 2x2)

+ 2θ(x1 + x3 + x4 − 3x2),

ẋ3 = f(x3, y3, I3) + µ(x1 − x3) + σ(x2 + x4 − 2x3)

+ 2θ(x1 + x2 + x4 − 3x3),

ẋ4 = f(x4, y4, I4) + µ(x1 − x4) + σ(x2 + x3 − 2x4)

+ 2θ(x1 + x2 + x3 − 3x4),

ẏi = g(xi, yi, Ii),

İi = h(xi, yi, Ii), i = 1, . . . , 4.

(9)

We have fixed µ = σ = 0.01 for the smallest higher-order ring-star
network of dML neurons in this manuscript. We have closely fol-
lowed the modeling of Nair et al.45 Ring-star network topology of the
Chua circuit was studied by Muni and Provata.47 Since then, ring-
star networks of neuron models45,48–50 and other dynamical systems51

FIG. 7. Schematics of higher-order connections within a triangle of neurons
represented by two-simplicial complexes.
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have been widely studied. The research community has recently
developed a widespread interest in higher-order network models of
neuron dynamics.52–57 More recently, Majhi et al.58 have provided an
extensive review of how pairwise and higher-order interactions drive
the synchrony patterns in neuron networks of the Hindmarsh–Rose
model, the stochastic Hodgkin–Huxley model, the Sherman model,
and the photosensitive FitzHugh–Nagumo model. In contrast, we
consider higher-order interaction in the smallest ring-star network
of the dML model.

G. A small random network with autapse and

chemical couplings

Finally, we introduce a small random network made of four
nodes (dML neurons), which are connected via chemical couplings
(which are unidirectional in structure) (see Fig. 8 for example).
In this network, we add an extra level of complexity in this small
network by allowing autapses, however, ignore any higher-order
interactions. An autapse is a self-loop, which biologically represents
a “single neuron with a synapse onto itself.”59 In the brain network,
an autapse can be of two categories: excitatory (glutamate-releasing)
and inhibitory (GABA-releasing).60 Thus, it makes sense to con-
sider chemical coupling as the coupling strategy. A schematic of an
autapse is shown in Fig. 9. The model equations are given by

ẋi = f(xi, yi, Ii) +
∑

j∈B(i)

θAi,j

vs − xi

1 + e−λ(xj−q)
,

ẏi = g(xi, yi, Ii), (10)

İi = h(xi, yi, Ii),

with B(i) representing the neighboring nodes of i. We consider four
nodes i, j = 1, . . . , 4. Also, Ai,j indicates {i, j}th element of the adja-
cency matrix A of the small network with binary values. This means
that there exists a directional coupling from node i to j if Ai,j = 1,
else Ai,j = 0. The asymmetric structure of Ai,j indicates directional
couplings. As this network allows autapse, the diagonal of matrix A
can have values 1, meaning a node coupling to itself.

FIG. 8. Schematic of a random network of four networks connected by chemical
couplings.

FIG. 9. Schematic of an autapse. Note that the coupling considered is chemical.

III. METHODS

In this section, we review a list of tools and techniques
from non-linear dynamics literature that allow us to analyze the
time series data generated from our dynamically simulated small-
network models. We discuss Hurst exponent, sample entropy, 0–1
test, Pearson’s cross-correlation coefficient, and Kuramoto’s order
parameter. We report how these measures indicate different dynam-
ical properties of the time series data we have at hand.

A. Hurst exponent: Measuring persistence in time

series

We employ the classical Hurst exponent61 computed using
the rescaled-range (R/S) analysis following Qian and Rasheed.62

Although the above paper explores the dynamics of financial time
series data using Hurst exponent, this statistical measure has been
explored to classify models like Lorenz’s chaotic model.63 Given a
time series data {x(t), t = 1, . . . , N} with length N, the steps to com-
pute the Hurst exponent using the R/S analysis starts by computing
the mean

x =
1

N

N
∑

t=1

x(t).

Then, the time series is shifted by the mean to calculate the adjusted
series

xadj(t) = x(t) − x, t = 1, . . . , N.

From this adjusted series, one can next compute the cumulative
deviate series

Q(t) =
t
∑

j=1

xadj(j), t = 1, . . . , N.

We now utilize Q(t) to devise the last two important series: the range
series

R(t) = max(Q(1), Q(2), . . . , Q(t))

− min(Q(1), Q(2), . . . , Q(t)), t = 1, . . . , N,

and the standard deviation series

S(t) =

√

√

√

√

1

t

t
∑

j=1

(x(j) − z)2, t = 1, . . . , N,
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where z is the mean given by z = 1
t

∑t
k=1 x(k). Thus, the rescaled-

range series is given by

RS(t) =
R(t)

S(t)
, t = 1, . . . , N,

which is an element-wise fraction. It should be noted that the
series RS(t) is averaged over all partial time series {x(1), x(t)},
{x(t + 1), x(2t)}, until {x((m − 1)t), x(mt)}. Here, m = b N

t
c. Hurst

reported that

RS(t) = ctH,

where c is a constant and H is the exponent we are trying to evaluate.
The simplest way to do it is to plot the series RS(t) as a function of
t on a log – log scale. The slope of the line will be the approximation
of the exponent H. Note that the length of the time series should be
N > 10. Otherwise the approximation of H would be inaccurate.

Note that the value of H lies in the range [0, 1]. Depending on
the value a time series can fall into three major categories: (i) an
anti-persistent time series with H ∈ [0, 0.5) meaning the time series
exhibits some negative dependence on previous values, (ii) a random
time series with H ≈ 0.5 behaving like a random walk, and (iii) a per-
sistent time series with H ∈ (0.5, 1] meaning the time series exhibits
some positive dependence on previous values. An H < 0.5 indicates
that if a time series has an upward trend, it is more likely to exhibit a
downward trend next, and an H > 0.5 indicates that if a time series
exhibits an upward trend, it is more likely to go upward in the sub-
sequent time steps. Persistence in a time series refers to its tendency
to memorize its past values. As put forward by Mandelbrot,64 the
Hurst exponent is related to the fractal dimension D for a self-similar
time series by the formula D = 2 − H. A higher value of H implies a
smoother time series, having a lower fractal dimension.

B. Sample entropy: Measuring complexity of time

series

Next, we discuss the implementation of the sample entropy on
a time series data following Richman and Moorman.65 For a time
series {x(t), t = 1, . . . , N}, let p ≤ N be a non-negative integer, using
which we can define N − p + 1 vectors from the time series,

x̃p(j) = {x(j + k)|0 ≤ k ≤ p − 1},

with 1 ≤ j ≤ N − p + 1. This set consists of p elements, which enu-
merates from x(j) to x(j + p − 1). Now, the Euclidean distance
between two such vectors is given by

E (x̃p(j), x̃p(n)) = max
0≤k≤p−1

{|x(j + k) − x(n + k)}.

For a positive tolerance ε, Richman and Moorman defined the
term B

p
j (ε) as 1

N−p−1
times the number of vectors xp(j) satisfying

E (xp(j), xp(n)) ≤ ε. Note that 1 ≤ j ≤ N − p with j 6= i (this is to
ensure that self-matches are excluded). The weighted average is then
given by

Bp(ε) =
1

N − p

N−p
∑

j=1

B
p
j (ε),

which represents the probability that two series will match for p
points. Similarly, the authors defined the term A

p
j (ε) as 1

N−p−1
times

the number of vectors xp+1(j) satisfying E (xp+1(j), xp+1(n)) ≤ ε.
Note that again 1 ≤ j ≤ N − p with j 6= i to exclude self-matches.
The weighted average is then given by

Ap(ε) =
1

N − p

N−p
∑

j=1

A
p
j (ε),

which represents the probability that two series will match for p + 1
points. Then, the sample entropy is given by

SE(p, ε, N) = lim
N→∞

(

− loge

Ap(ε)

Bp(ε)

)

.

A higher sample entropy value indicates higher irregularity in the
time series, directly relating to a higher complexity and lesser self-
similarity.

C. 0–1 test: Measuring chaos from time series

We employ the 0–1 test to detect chaos from our time series
data following the works of Gottwald and Melbourne.66–68 From
the time series {x(t), t = 1, . . . , N}, the first step is compute two
translation variables given by p̃(t; e) and q̃(t; e) given by

p̃(t; e) =
t
∑

k=1

x(k) cos(ek),

q̃(t; e) =
t
∑

k=1

x(k) sin(ek).

Here, e ∈ (0, 2π) is a small number. The plot of p̃(t; e) vs q̃(t; e)
will generally be bounded for a regular dynamical variable from the
system in question or will approximate a two-dimensional Brow-
nian motion with

√
n evolution rate and a drift of 0 for when the

dynamical variable of the system behaves irregularly/chaotically.
A mean-square displacement term can be computed as

m(t; e) =
1

N

N
∑

j=1

[

(

p̃(j + t; e) − p̃(j; e)
)2 +

(

q̃(j + t; e) − q̃(j; e)
)2
]

.

For better numerical results with N → ∞, t must follow t � N. We
also require to have a critical value Ncrit such that m(t; e) is com-
puted only for an t ≤ Ncrit, with the extra requirement Ncrit � N.
Gottwald and Melbourne recommend a value Ncrit ≤ N

10
for a better

performing algorithm. The next step is adding a correction term to
m(t; e),

m̃(t; e) = m(t; e) −
(

lim
N→∞

∑N
j=1 x(j)

N

)2

×
1 − cos(et)

1 − cos(e)
.

This updated term m̃(t; e) converges better than m(t; e) and grows
asymptotically at the same rate as m(t; e). This rate can be com-
puted by

K(e) = lim
t→∞

log m(t; e)

log t
.

Now, this term can be computed in two different statistical ways:
a regression approach or a correlation approach. For the regression
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approach, one deals with the term m̃(t; e) because it exhibits a lesser
variance than m(t; e). As m̃(t; e) can have negative values, it can be
updated further to accommodate for the correction,

r(t; e) = m̃(t; e) − min
1≤t≤N

m̃(t; e).

One can then evaluate K(e) numerically by plotting r(t; e) against
t on a log – log scale and using a regression method to approximate
the growth rate. If the mean-square displacement m(t; e) is bounded,
then K(e) ≈ 0 (indicates regular dynamics in the system), whereas if
m(t; e) grows linearly then K(e) ≈ 1 (indicates chaos in the system).
It is recommended to compute different K(e) values for a range of e
values and taking the median of these K(e) values to approximate an
accurate value of the growth rate.

Now to compute this growth rate using the correlation
approach, we start by preparing a vector of time steps s1 = (1,
2, . . . , Ncrit) and a corresponding vector of m̃(t; e) values given by
s2 = (m̃(1; e), m̃(2; e), . . . , m̃(Ncrit; e)). The growth rate is then given
by the correlation formulation between the two vectors,

K(e) =
s
adj
1 s

adj
2

√

(

s
adj
1

)2 (

s
adj
2

)2
,

where s
adj
i = si − si and si = 1

Ncrit

∑Ncrit
j=1 si(j). Note that K(e) ∈ [0, 1].

Again, it is advisable to compute different K(e) values for a range of
e values and take the median of these K(e) values to approximate an
accurate growth rate value.

D. Pearson’s correlation coefficient: Measuring

synchronization

Nodes in a dynamical network tend to synchronize69,70 as a sig-
nature of complex collective behavior. Neurons synchronize when
the voltage variables coincide on a spatiotemporal regime, leading
to coordinated changes to the extracellular ionic activities. Neu-
ron synchronization depends on gap junction, chemical, and other
types of nonlinear synaptic interactions.71 As a quantity to charac-
terize this synchronization, researchers have widely employed Pear-
son’s normalized correlation coefficient in both neuron dynamical
systems,9,45,49,72 and other kinds of dynamical systems.73–76

Given the time series data generated for two different nodes m
and n from a network, the correlation coefficient is defined by

0m,n =
x

adj
m (t)x

adj
n (t)

√

(

x
adj
m (t)

)2 (

x
adj
n (t)

)2
. (11)

Now, for a network of M nodes connected via some form of coupling
strategies, the normalized correlation coefficient is given by

0 =
1

M − 1

M
∑

n=1,n6=m

0n,m.

When the nodes are synchronized with each other, we will
have |0| = 1. Asynchrony between the nodes is characterized by

|0| < 1. Moreover, 0 = 1 represents in-phase synchrony and
0 = −1 represents anti-phase synchrony.

E. Kuramoto order parameter: Measuring

synchronization

Kuramoto and Battogtokh77 introduced an order parameter
to quantify coherence in phases of Kuramoto oscillators, that is,
measure how stable the phase difference between these oscilla-
tors are. Since then, Kuramoto’s order parameter has been uti-
lized to study synchronization in neuron dynamics models like the
leaky integrate-and-fire neurons,78 FitzHugh–Nagumo neurons,72,79

Chialvo neurons,45 and others.
In order to compute the order parameter, one starts by finding

the phase ζm of an oscillator at time t, which is given by

ζm = tan−1

(

ym(t)

xm(t)

)

. (12)

The complex-valued Kuramoto index B is then given by

Bm(t) = exp(iζm(t)), i =
√

−1. (13)

The index at time t is B(t) =
∣

∣

∣

1
N

∑N
m=1 Bm(t)

∣

∣

∣
. This notation repre-

sents the mean of all phases within the unit circle. Thus, the time-
averaged value is given by B = 〈B(t)〉t. When B = 1, this means the
nodes are all fully coherent and their phases are all locked. Any value
B < 1 represents incoherence, with the magnitude of incoherence
increasing as B → 0. More detailed explanations on Kuramoto’s
order parameter are provided in Kuramoto,80 Strogatz,81 Bick et al.,82

among others.

IV. NUMERICS

In this section, we implement the methodologies from Sec. III
to the models introduced in Sec. II. A reminder to the readers on
the parameter values are provided in Table I. These parameter val-
ues were chosen after performing extensive numerical experiments
and ensuring that the dynamics of the network do not diverge. For
each model, we first provide a collection of phase portraits and time
series by varying the primary bifurcation parameter. For every value
of the bifurcation parameter, we also compute the metrics from
time series analysis and display them on top of the respective phase
portrait-time series plot. This provides an overview of the qualita-
tive nature of the dynamics of the coupled system, governed by the
primary bifurcation parameter. Additionally, we show how these
metrics behave over a parameter sweep, which allows us to com-
pare how the different coupling strategies control the dynamics of
the coupled system.

We now describe various numerical tools and techniques that
we have incorporated to perform the time series analysis for our
models. For every simulation, we run it for t ∈ [0, 4000] time span.
We generally create a time series consisting of 50 000 data points
that we utilize for most of our simulations except as otherwise
stated. Note that our models are initial value problems and we solve
them using the solve_ivp() function from Python scipy’s
integrate package. For the time integration of the differen-
tial equations, we use method = ‘RK45’ which is the explicit
Runge–Kutta method of order 5(4).83
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TABLE I. Parameter values considered for models introduced in Sec. II.

Model Constants Bifurcation range

(2) A = 0.0041 N/A
α = 5.276
γ = 0.315
ε = 0.0005

(3) (2) θ ∈ [ − 10, 10]

(4), (5) (2)
δ0 = 1.3 θ ∈ [ − 5, 5]

Tref = 20 °C T ∈ [0, 40] ◦C

(6) (2) θ ∈ [ − 0.005, 0.1]
vs = 2
λ = 10

q = −0.25

(7) (2) θ ∈ [ − 1, 1]
Ic = 3
µ= 3

(8) (2) θ ∈ [ − 0.02, 0.01]
κ = 10
β = 5

(9) (2) θ ∈ [ − 0.1, 0.1]
µ= 0.01
σ = 0.01

(10) (2) θ ∈ [ − 0.01, 0.01]
vs = 2
λ = 10

q = −0.25

Let us first talk about the nolds84 package written in Python,
which stands for “NOnLinear measures for Dynamical Systems.”
We utilize nolds to compute the Hurst exponent and sample
entropy from a time series. The function to compute the Hurst
exponent is hurst_rs() that is built upon the rescaled-range
approach that we talked about in Sec. III. In the package, there exists
flexibility to choose the number of partial time series {x(1), x(t)},
{x(t + 1), x(2t)}, until {x((m − 1)t), x(mt)}, with m = b N

t
c. By

default, it says “15 logarithmically spaced values in the medium
25% of the logarithmic range.” We keep the default value for our
simulations. We report the averaged Hurst exponent in our simu-
lations by first computing the Hurst exponent from time series of
every node in the network and then taking the average. The func-
tion sampen() provides for evaluating the sample entropy of the
nodes in our coupled network models. We then similarly report
the averaged sample entropy of the system. This function is built
on the algorithm by Richman and Moorman.65 We have employed
this package to analyze both continuous-time neuron dynamics9 and
map-based models of neuron dynamics.45,49,85 The default values of p
and ε in the function are set as 2 and 0.2 times the standard deviation
of the input time series, respectively.

For testing chaos in our time series, we implement the 0–1 test.
We refer to the open-source Julia package 01ChaosTest.jl86

for this purpose. The Julia package is converted to Python87 to
keep the code base entirely homogeneous. For the computation of K,
we divide the time range t ∈ [0, 4000] to 10 000 data points instead
of 50 000. For every model in II, we keep c = 1.1. Also, Ncrit = 20
≤ 103 except for (8) and (9), where Ncrit = 50 ≤ 103, and for (10),
where Ncrit = 80 ≤ 103. We use both the correlation method and
the regression method of 0–1 test in our simulations. The p vs q
plots generated from the time series are displayed besides the phase
portraits of the coupled systems.

Finally, the computations of the cross-correlation coefficient
0 and the Kuramoto order parameter B are very straightforward,
and we have implemented the formulas from Sec. III in Python.
For 0, we discard the first 5000 data points from our time series,
except for (10) in which case we discard the first 500 data points.
Note that the stability of synchronization depends on the energy
balance between neurons in the network, initial and the bound-
ary conditions imposed on them. All data files and Python

scripts are openly available for download and implementation from
our GitHub repository: https://github.com/indrag49/TS-SlowFast-
dML.

We start with simulating (3) (see Fig. 10). Parameter θ is
varied from −10 to 10, and we show six instances in this range.
The initial conditions x1(0) and x2(0) are sampled randomly from
the continuous uniform distribution over the interval [−1, 1].
Other initial conditions are fixed as y1(0) = y2(0) = 0.1, I1(0)
= 0.019, and I2(0) = 0.022. For a highly inhibitory coupling
strength θ = −10, we notice an anti-persistent behavior in the time
series with H = 0.0682 � 0.5 and a higher unpredictability with its
sample entropy being a high value of SE ≈ 0.05. From the phase
portrait, p vs q plot (exhibiting a random Brownian motion), and
the time series itself, we observe a clear chaotic pattern (reflected
by the Hurst exponent and the sample entropy already). This is
further strengthened by K = 0.973, which is very close to 1. Both
nodes are oscillating in anti-synchronous fashion with respect to
each other, thus a value of 0 = −0.2325. The value of B = 0.9448
does not tell a story yet, but will be more evident when we com-
pare the behavior of the system’s dynamics for a higher value of
θ . As θ increases to θ = −5, the qualitative property of the sys-
tem remains similar to that of θ = −10. On increasing θ further
to θ = −1, we see the appearance of a quasi-periodic orbit. The
time series becomes less anti-persistent with an increase in the Hurst
exponent to H = 0.1827. There is even higher unpredictability with
sample entropy increasing to SE = 0.0923. The attractor exhibits a
thinner trajectory; however, it still shows irregularity. The p vs q
plots for both nodes have become more regular compared to a more
negative value of θ . Quasiperiodicity is supported by a smaller value
of K = 0.3195. The nodes are still asynchronous with 0 = −0.7464.
Note that B = 0.783 indicates asynchrony between the phases of
both nodes. As soon as θ > 0, both nodes show fold/homoclinic
bursting behavior. The time series for both nodes become highly
persistent with H > 0.88, with sample entropy dropping down to
SE ≈ 0.0143. Note that the p vs q plots become more bounded with
K value dropping down to K ≈ 0.159. Both nodes oscillate in syn-
chrony as 0 = 1 and they are phase-locked with B ≈ 1, indicating a
high coherence.
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FIG. 10. Phase portraits, p vs q plots, and time series of (3) with varying θ ∈ [−10, 10]. Other parameters are fixed as in Table I, and initial conditions x1(0) and x2(0)
are sampled randomly from the continuous uniform distribution over the interval [−1, 1]. Other initial conditions are fixed as y1(0) = y2(0) = 0.1, I1(0) = 0.019, and
I2(0) = 0.022.We observe anti-persistence and chaos for a strong inhibitory coupling, which dies down to amore regular behavior exhibiting quasi-periodicity as θ approaches
0.When θ becomes excitatory andmore positive, the system exhibits persistence, with the two nodes portraying bursting and fully synchronized. The corresponding parameter
sweep plots are shown in Fig. 11. (a) θ = −10, (b) θ = −5, (c) θ = −1, (d) θ = 1, (e) θ = 5, and (f) θ = 10.

We then portray a collection of bifurcation plots of these
metrics doing a parameter sweep on θ ∈ [−10, 10] (see Fig. 11).
We do this by dividing the range of θ into 50 equally spaced val-
ues. When θ < 0, we observe an anti-persistent behavior in the
time series with H � 0.5, and an unpredictable complexity with
SE increasing monotonically from close to 0.05 to approximately
0.1 as θ approaches 0. A maximum is reached around θ ≈ −0.25.
In this range, the system is chaotic with K ≈ 1. Both nodes are
asynchronous to each other with −1 < 0 < 0 and exhibits incoher-
ence as indicated by B decreasing monotonically from slightly above
0.9 to below 0.8. As θ increases and approaches the quasiperiodic
regime close to θ ≈ 0, the system behaves in a more persistent man-
ner with SE lowering down to ≈0.0144. We see a sharp decrease in K
close to ≈0.32, supporting a quasiperiodic behavior. We see a sharp
jump of 0 to 1 indicating the nodes becoming totally synchronous to
each other and a sharp increase in their coherence as B approaches
1 as well. As soon as θ > 0, H stabilizes to ≈0.88 > 0.5, showing a
highly persistent behavior, and SE stabilizing to ≈0.0144. Also, K
stabilizes to ≈0.159 showing a regular behavior. Furthermore, both
nodes show a total in-phase synchrony (0 = 1, B ≈ 1). A compre-
hensive analysis of a gap junction coupled dML system is provided
recently by Ghosh et al.9

We then move on to the thermally sensitive gap junction model
of two-coupled dML neurons given by (4). In this case, we have two
bifurcation parameters: the coupling strength θ that we vary in range
[−5, 5] and the temperature T ∈ [0, 40] ◦C. We show 12 instances of
varying θ and T in Fig. 12. The initial conditions x1(0) and x2(0)
are sampled randomly from the continuous uniform distribution
over the interval [−1, 1]. Other initial conditions are fixed as y1(0)
= y2(0) = 0.1, I1(0) = 0.019, and I2(0) = 0.022. The first six panels

FIG. 11. Bifurcation plots of different metrics performing a parameter sweep on
θ ∈ [−10, 10] for model (3).
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FIG. 12. Phase portraits, p vs q plots, and time series of (4) with varying θ ∈ [−5, 5] for two different temperature values: T = 10◦ for panels (a)–(f) and T = 35◦ for panels
(g)–(l). Other parameters are set in Table I. The initial conditions x1(0) and x2(0) are sampled randomly from the continuous uniform distribution over the interval [−1, 1].
Other initial conditions are fixed as y1(0) = y2(0) = 0.1, I1(0) = 0.019, and I2(0) = 0.022. For T = 10◦, the model exhibits anti-phase oscillations between the nodes
for inhibitory coupling, which slowly aligns to show in-phase synchronized oscillations as θ slowly becomes positive. Throughout the coupling strength regime, both nodes
exhibit bursting. For T = 35◦, the behavior is similar to that exhibited in Fig. 10. The corresponding two-dimensional parameter sweep plots for different metrics are shown
in Fig. 13. (a) θ = −5, (b) θ = −2, (c) θ = −0.1, (d) θ = 0.1, (e) θ = 2, (f) θ = 5, (g) θ = −5, (h) θ = −2, (i) θ = −0.1, (j) θ = 0.1, (k) θ = 2, and (l) θ = 5.

have T = 10 ◦C < Tref and the last six panels have T = 35 ◦C > Tref.
We report for θ = −5, −2, −0.1, 0.1, 2, 5. When T = 10 ◦C, we do
not observe any chaotic patterns. The signature fold/homoclinic
bursting behavior is exhibited in both neurons along with a high per-
sistence in the time series [H ∈ (0.84, 0.9) approximately]. The time
series for both neurons are very regular as exhibited by the sample
entropy not exceeding 0.0124 and K not exceeding 0.17 approxi-
mately. This is clearly evident from the highly bounded p vs q plots.
For a highly inhibitory θ ∈ [−5, −2], we see anti-phase oscillation
in the nodes. The value of 0 ≈ −0.9 confirms an anti-phase oscilla-
tory behavior, though not fully synchronized. As θ becomes more
positive, the nodes become more asynchronous with 0 reaching
0.7 approximately for θ = 0.1. As θ becomes stronger approaching

θ = 0.5, the nodes oscillate in phase and show total synchronization
characterized by 0 ≈ 1. The value of B becomes very close to 1 as
well when 0 ≈ 1 confirming a coherent phase locking. As soon as
T = 35 ◦C > Tref, the system behaves similarly to what we observed
in Fig. 10.

Figure 13 is a collection of two-parameter bifurcation plots of
the metrics, where we vary θ and T along the axes. This is done on
a 20 × 20 grid for a total of 400 (θ , T) pairs. We see a clear bifurca-
tion boundary for the Hurst exponent [panel (a)] when θ < 0 and
T > 20 ◦C = Tref. In this region, both time series behave in an anti-
persistent manner exhibiting irregularity, i.e., H � 0.5. There might
be some spurious values like H = −0.004 116, which can be the
result of the algorithm underperforming and can be safely ignored.
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FIG. 13. Two-dimensional bifurcation plots of different metrics performing a
parameter sweep on θ ∈ [−5, 5] and T ∈ [0, 40] ◦C for model (3). The value of
the 0–1 test K has been preprocessed for θ ≈ −2.9 and T ≈ 21.1◦ to 0 because
it had a spurious negative value of ≈ −0.48.

FIG. 15. Bifurcation plots of different metrics performing a parameter sweep on
θ ∈ [−0.005, 0.1] for model (6).

FIG. 14. Phase portraits, p vs q plots, and time series of the non-local chemical coupling (6) with varying θ ∈ [−0.005, 0.1]. Other parameters are fixed as in Table I, and x1(0)
and x2(0) are sampled randomly from the continuous uniform distribution over the interval [−1, 1]. Other initial conditions are fixed as y1(0) = y2(0) = 0.1, I1(0) = 0.019,
and I2(0) = 0.022. The time series of both neurons remain highly persistent for inhibitory coupling and become less persistent for higher θ . For higher coupling, the first
node controls the dynamics in the second, with the second node highly regular. The nodes are usually unsynchronized. The corresponding parameter sweep plots are shown
in Fig. 15. (a) θ = −0.005, (b) θ = −0.001, (c) θ = 0.001, (d) θ = 0.01, (e) θ = 0.05, and (f) θ = 0.1.
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FIG. 16. Phase portraits, p vs q plots, and time series of the Josephson junction coupling (7) with varying θ ∈ [−1, 1]. Other parameters are fixed as in Table I, and x1(0) and
x2(0) are sampled randomly from the continuous uniform distribution over the interval [−1, 1]. Other initial conditions are fixed as y1(0) = y2(0) = 0.1, I1(0) = 0.018, and
I2(0) = 0.022. Also, φ(0) = µ(x1(0) − x2(0)). For a large inhibitory coupling, both nodes are chaotic. The nodes generate more regular time series for weaker coupling
close to θ ≈ 0. Nodes oscillate in anti-phase for inhibitory coupling and display fully synchronized bursting behavior when θ becomes excitatory. The corresponding parameter
sweep plots are shown in Fig. 17. (a) θ = −1, (b) θ = −0.5, (c) θ = −0.1, (d) θ = 0.1, (e) θ = 0.5, and (f) θ = 1.

Otherwise, H ≈ 0.9 � 0.5, which represents a persistent behavior.
This is also attested by the SE values where we see a high complex-
ity in the region θ < 0 and T > Tref with SE reaching ≈0.118. In
the rest of the region, the time series of the system is highly regu-
lar. When it comes to chaos, we see indeed in the region where the
time series is anti-persistent (H < 0.5) and highly complex (SE very
high) K is close to 1 indicating chaos. There are some pixels where
the 0–1 test underperforms and gives erratic values like K ≈ −0.48
at (θ , T) ≈ (−2.9, 21.1 ◦C). We replace spurious values where K is
negative with 0 and where K > 1 with 1. Note that these occurrences
are very rare. The two nodes are either asynchronous (in the domain
of chaos) or are oscillating anti-phase when θ < 0. As soon as θ > 0,
the two nodes start oscillating in-phase with each other and in full
synchrony (0 ≈ 1). In the region of chaos and high complexity of
the time series, we see B is very low ≈0.733, meaning the nodes are
incoherent. As the nodes oscillate in anti-phase outside the chaotic
regime, B values increases slightly. Now, for θ > 0 where the nodes
are fully synchronized in phase, B ≈ 1 indicating total coherence.

We now move on to non-local chemical coupling strat-
egy (6). We show six instances of the coupling strength
θ = −0.005, −0.001, 0.001, 0.01, 0.05, 0.1 (see Fig. 14). The initial
conditions x1(0) and x2(0) are sampled randomly from the con-
tinuous uniform distribution over the interval [−1, 1]. Other ini-
tial conditions are fixed as y1(0) = y2(0) = 0.1, I1(0) = 0.019, and
I2(0) = 0.022. For inhibitory coupling strength θ < 0 and a weak
excitatory coupling strength of order 10−2, the time series of both
neurons remain highly persistent. As θ increases to 0.1, the time
series become less persistent but still remains H > 0.5. The time
series for both nodes exhibit self-similarity as denoted by the sam-
ple entropy values that fluctuate in the range [0.0077, 0.027], which
is very low to moderately low. The nodes act in a regular fashion as

FIG. 17. Bifurcation plots of different metrics performing a parameter sweep on
θ ∈ [−1, 1] for model (7).
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FIG. 18. Phase portraits, p vs q plots, and time series of the memristive coupling (8) with varying θ ∈ [−0.02, 0.01]. Other parameters are fixed as in Table I, and x1(0) and
x2(0) are sampled randomly from the continuous uniform distribution over the interval [−1, 1]. Other initial conditions are fixed as y1(0) = y2(0) = 0.1, I1(0) = 0.018, and
I2(0) = 0.022. Also, φ(0) = θ(x1(0) − x2(0)). Both time series are persistent throughout. For excitatory coupling, the system exhibits a decay oscillation in both nodes,
where the trajectories tend to fall into a symmetric equilibrium point (x∗, y∗, x∗, y∗). Also, the nodes are oscillating in anti-phase with full anti-phase synchronization for a high
excitatory coupling. The corresponding parameter sweep plots are shown in Fig. 19. (a) θ = −0.02, (b) θ = −0.01, (c) θ = −0.005, (d) θ = 0.002, (e) θ = 0.005, and
(f) θ = 0.01.

portrayed by the bounded p vs q plots and K ≈ 0.1 for all cases of
θ . Both nodes exhibit irregular bursting until θ = 0.001. For higher
values of θ , we observe that the dynamics in first node controls the
dynamics in second. When θ ≥ 0.01, the second node exhibits a
highly controlled and bounded time series. As a whole, the nodes
are never synchronized as can be reported from 0 values, the high-
est being 0.7929 and the lowest being −0.0252. The nodes do not
oscillate in phase as values of B are greater than 0.9, but never more
than 0.975.

The above characteristics are clearly portrayed in the param-
eter sweep plots in Fig. 15. Both time series are always persistent
with higher persistence for θ ≤ 0.03 where H ≈ 0.9 and moderate
persistence for θ > 0.03 with H ≈ 0.6. The sample entropy fluctu-
ates between low to moderately low in the range [0.0058, 0.0274]
approximately. Chaos does not occur for our setting of chemi-
cal coupling as the system exhibits a moderately regular behavior
(K ∈ [0.032, 0.171] approx.). Both nodes are asynchronized with 0

approximately in the range [−0.4933, 0.8126], and they are incoher-
ent with B in range [0.914 34, 0.982 43]. We see that B asymptotes
roughly at a value of 0.975 as θ increases.

The next model at hand is the Josephson junction coupling
given by (7). The coupling strength is varied in the range θ ∈ [−1, 1].
The initial conditions x1(0) and x2(0) are sampled randomly from
the continuous uniform distribution over the interval [−1, 1]. Other
initial conditions are fixed as y1(0) = y2(0) = 0.1, I1(0) = 0.018,
and I2(0) = 0.022. Also, φ(0) = µ(x1(0) − x2(0)). First, we show six
instances of phase portraits, p vs q plots and time series from both
nodes with fixed θ values θ = −1, −0.5, −0.1, 0.1, 0.5, 1 (see Fig. 16).
At θ = −1, we see a random Brownian motion in the time series
of both nodes having H ≈ 0.5. They are highly irregular which is
represented by a high sample entropy value of SE = 0.2692. Both
nodes are chaotic as represented by the unbounded chaotic p vs q

FIG. 19. Bifurcation plots of different metrics performing a parameter sweep on
θ ∈ [−0.02, 0.01] for model (8). The spurious negative values in K (θ ≈ −0.005)
due to the algorithm underperforming have been replaced by 0.
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FIG. 20. Phase portraits, p vs q plots, and time series of the higher-order gap junction coupling in the smallest ring-star network (9) with varying θ ∈ [−0.1, 0.1]. Other
parameters are fixed as in Table I, and xn(0), n = 1, . . . , 4, are sampled randomly from the continuous uniform distribution over the interval [−1, 1]. Other initial conditions are
fixed as y1(0) = y2(0) = y3(0) = y4(0) = 0.1, I1(0) = 0.018, I2(0) = 0.019, I3(0) = 0.02, and I4(0) = 0.022. Both time series are persistent throughout. Higher-order
excitatory coupling promotes synchronization. A stronger higher-order coupling leads to bursting patterns across every node. The corresponding parameter sweep plots are
shown in Fig. 21. (a) θ = −0.1, (b) θ = −0.05, (c) θ = −0.01, (d) θ = 0.01, (e) θ = 0.05, and (f) θ = 0.1.

plots and K ≈ 1. The nodes are asynchronized (0 = 0.5716) and
highly incoherent (B = 0.8607). As θ is increased to θ = −0.1, we
observe a more regular oscillation in the time series. The phase por-
traits of both nodes indicate a quasi-periodic orbit with the p vs q
plots bounded. The time series become anti-persistent with H values
0.0271 for θ = −0.5 and 0.1423 for θ = −0.1. The sample entropy
values also decrease as expected to 0.1477 for θ = −0.5 and 0.1993
for θ = −0.1. Bounded quasiperiodic oscillations are supported by
K values of 0.2207 and 0.1368 as well. The nodes start oscillat-
ing in anti-phase reaching almost a full synchronization as 0 ≈ 1
for θ = −0.5, −0.1. As they are out of phase, we have B exhibit-
ing small values 0.6914 and 0.8814. We see a similar behavior for
θ = 0.1; however, the oscillation is bounded in a smaller domain
compared to panels (b) and (c). As θ further increases to θ = 0.5, 1,
we see fold/homoclinic bursting in both nodes as was observed
before for gap junction coupling, for example. Both nodes are again
fully synchronized but in phase, exhibiting 0 = 1 and B = 1.

Following this, we can look at the bigger picture from the
plots presented in Fig. 17. Note that we observe some spurious val-
ues like H ≈ −0.053 at θ ≈ −0.673 or H ≈ −0.002 25 at θ ≈ 0.102.
These are due to the algorithm not performing well. However, the
algorithm exhibits a correct behavior for most values of θ repre-
sented. Starting at θ = −1, the time series of the coupled system
exhibit a random Brownian motion, and eventually values of H
drops down close to 0 until θ ≈ 0.1. After that, the system starts
exhibiting regular repeated bursting the time series becomes more
regular with H values escalating to 0.88 on average. The sample
entropy remains quite high for the random Brownian motion in
the time series and starts alleviating when the nodes starts a more
regular oscillatory behavior in anti-phase. Sample entropy values
remain in the range of [0.23, 0.16] until θ ≈ 0.1. After that, it sharply
falls down for the regime of bursting behavior, with SE ≈ 0.01. The
0–1 test generates values of K ≈ 1 close to the regime of irreg-
ular chaotic time series. However, it starts dropping to close to
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0.2, indicating the quasi-periodic behavior around where the time
series exhibits a more regular anti-phase oscillation. It then settles
down to around K ≈ 0.166 eventually. Values of 0 represent a small
regime of asynchrony in the regime where both nodes behave chaot-
ically. However, both nodes quickly synchronize but they oscillate
anti-phase, meaning 0 ≈ −1. This occurs until θ ≈ 0.1. On further
increase in θ , the two nodes quickly start synchronizing but now
in phase, meaning 0 becomes ≈1. The Kuramoto order parameter
B is very less around [0.655, 0.9138] starting from where the nodes
are chaotic, to synchronized anti-phase. After θ > 0.1 where the
nodes starts fully synchronizing in phase, B becomes 1 indicating
phase-locked behavior.

The last coupling type that we consider for a two-node net-
work is the memristive coupling, given by (8). The coupling strength
is varied in the range θ ∈ [−0.02, 0.01] (see Fig. 18). The ini-
tial conditions x1(0) and x2(0) are sampled randomly from the
continuous uniform distribution over the interval [−1, 1]. Other
initial conditions are fixed as y1(0) = y2(0) = 0.1, I1(0) = 0.018,
and I2(0) = 0.022. Also, φ(0) = θ(x1(0) − x2(0)). Like the last
few models, we first show six instances of phase portraits, p
vs q plots, and time series for both nodes of the coupled sys-
tem. We have fixed θ = −0.02, −0.01, −0.005, 0.002, 0.005, 0.01. At
θ < −0.005, we see a persistent behavior in the time series of
both nodes having high Hurst exponent values H > 0.9. Both
time series are regular with SE = 0.0547 for θ = −0.02 and
SE = 0.0316 for θ = −0.01. Both nodes show moderately bounded
p vs q plots with K ≈ 0.05. These are very small values of K close to
0. The two nodes have a tendency to oscillate out of phase; thus,
0 = −0.713, −0.7261. Values of Kuramoto order parameter B lie
in a moderately smaller range of B = 0.9271, 0.9453 because of
the anti-phase oscillatory tendency. For θ ≥ −0.005, the system
exhibits a decay oscillation in both nodes, where the trajecto-
ries tend to fall into a symmetric equilibrium point (x∗, y∗, x∗, y∗).
The Hurst exponent indicates a highly persistent time series with
H > 0.7 throughout and the time series is highly self-similar with
SE ≈ 0. Note that the p vs q plots indicate highly bounded trajecto-
ries with K ≈ 0. We observe a spurious value of K ≈ 0.2518 at θ =
−0.005, which we believe is the result of very weak coupling close
to θ = 0. The anti-phase dynamics among the nodes is maintained,
with more synchronization observed for θ = 0.005, 0.01 (with 0 =
−0.9329, −0.9823 respectively). Also, note that B ≈ 1 meaning the
nodes are phase-locked however in anti-phase synchrony.

When we do a parameter sweep of these metrics on θ (Fig. 19),
we see a persistence in the time series (0.662 45 ≤ H ≤ 0.9745)
throughout the range of the coupling strength. The time series are
highly regular and self-similar. As −0.02 ≤ θ < −0.005, the sam-
ple entropy value fluctuates in the range [0.02, 0.053] approximately.
As soon as θ > 0.005, the sample entropy becomes 0 pertaining to
decay oscillation to an equilibrium point in the system. In terms of
the 0–1 test, it remains in the order of 10−2 indicating a regular time
series from both nodes. As θ approaches = −0.005, the algorithm
for the 0–1 test starts under-performing spewing some spuri-
ous values, for example, K ≈ −0.5566 (θ ≈ −0.0047), K ≈ −0.677
(θ = −0.002 86), K ≈ −0.2265 (θ = −0.001 63), and so on. There
for five to six such occurrences. So we post-process these values to
K = 0 and then plot our result. As θ increases to θ = 0.01, the 0–1
test generates K = 0, indicating a highly regular dynamics. Values of

0 show an anti-phase tendency (0 ≈ 0.73) between the two nodes
until θ ≈ −0.005. As θ increases beyond that, we see a regime of
very weak coupling until θ = 0, where both nodes are in phase
(0 ∈ [0.95, 0.996] approximately), after which the nodes are again in
anti-phase (0 ∈ [−1, −0.9]). The Kuramoto order parameter for the
anti-phase tendency, where θ < −0.005 has values B ∈ [0.91, 0.98]
approximately. Beyond that, B ≈ 1.

Next, we consider the small network consisting of four dML
neurons, coupled via high-order simplicial complexes (9). The ini-
tial conditions xn(0), n = 1, . . . , 4, are sampled randomly from the
continuous uniform distribution over the interval [−1, 1]. Other
initial conditions are fixed as y1(0) = y2(0) = y3(0) = y4(0) = 0.1,
I1(0) = 0.018, I2(0) = 0.019, I3(0) = 0.02, and I4(0) = 0.022.
A reminder that we are back to implementing gap junction coupling
in this model. The difference is that we now have four nodes, and
there is an extra level of complexity implemented by two-simplex
gap junction couplings beyond the pairwise ones. We show six
instances of θ values, θ = −0.1, −0.05, −0.01, 0.01, 0.05, 0.1. With-
out breaking down, the properties exhibited by every metric as we
have been doing so far, we want to point out that higher-order
excitatory coupling promotes synchronization in this scenario.88 On
increasing the strength of the higher-order coupling, the network
demonstrates bursting patterns across every node (see Fig. 20).

FIG. 21. Bifurcation plots of different metrics performing a parameter sweep on
θ ∈ [−0.1, 0.1] for model (9).

Chaos 35, 103136 (2025); doi: 10.1063/5.0291493 35, 103136-16

© Author(s) 2025

 22 O
ctober 2025 03:04:21

https://pubs.aip.org/aip/cha


Chaos ARTICLE pubs.aip.org/aip/cha

FIG. 22. Phase portraits, p vs q plots, and time series of four-node random network of chemical couplings with autapses (10) with varying θ ∈ [−0.01, 0.01]. Other parameters
are fixed as in Table I, and xn(0), n = 1, . . . , 4, are sampled randomly from the continuous uniform distribution over the interval [−1, 1]. Other initial conditions are fixed as
y1(0) = y2(0) = y3(0) = y4(0) = 0.1, and In(0), n = 1, . . . , 4, are sampled randomly from the continuous uniform distribution over the interval [0.019, 0.022]. Regular
decaying dynamics among all are observed for |θ | = 0.01. Nodes exhibit a mix of bursting and decay oscillation for |θ | < 0.01. They are synchronized and phase-locked
when |θ | ≈ 0.01. The corresponding parameter sweep plots are shown in Fig. 23. (a) θ = −0.01, (b) θ = −0.005, (c) θ = −0.001, (d) θ = 0.001, (e) θ = 0.005, and
(f) θ = 0.01.

The parameter sweep plots indicate a consistent persistence
among the time series of every node in the network. The sample
entropy lowers down to a moderately high value as the nodes start
exhibiting bursting behavior. Chaos does not exist in this regime,
and the nodes synchronize in phase as soon as the higher-order
coupling becomes excitatory (see Fig. 21).

Finally, we consider a four-node small network of ran-
dom pairwise couplings (no higher-order coupling in this case),
where the strategy is modeled via non-local chemical synapse
(10). A random network is simulated by generating a random
4 × 4 adjacency matrix of binary values 0 and 1 using numpy’s
random.randint() function. Note that in this model, we allow
autapses; thus, the diagonal of the adjacency matrix can have either 0
(no self-loop) or 1 (with self-loop). Also, chemical coupling is unidi-
rectional, and, thus, the matrix is asymmetric. The initial conditions
xn(0), n = 1, . . . , 4, are sampled randomly from the continuous

uniform distribution over the interval [−1, 1]. Other initial condi-
tions are fixed as y1(0) = y2(0) = y3(0) = y4(0) = 0.1, and In(0),
n = 1, . . . , 4, are sampled randomly from the continuous uniform
distribution over the interval [0.019, 0.022]. Note that for the com-
putation of 0, we remove the first 500 data points from all four
time series. We show six instances of how every node in the net-
work considers θ = −0.01, −0.005, −0.001, 0.001, 0.005, 0.01 (see
Fig. 22). For every value of θ , we have randomized the adjacency
matrix at the start of the simulation, which remains unchanged
throughout the run of a simulation. For example, the adjacency

matrix of the network represented in Fig. 8 is A =







0 1 1 0
0 1 1 1
1 0 1 1
1 0 0 0






.

Note that A clearly conveys that self-loops exist for nodes 2 and
3 as A2,2 = A3,3 = 1. One thing worth mentioning is that for the
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FIG. 23. Bifurcation plots of different metrics performing a parameter sweep on
θ ∈ [−0.01, 0.01] for model (9).

implementation of 0–1 test, we have just utilized the regression
method. We notice a very regular dynamics among all nodes for
|θ | = 0.01, that is, every node displays decay. As |θ | < 0.01, we
see some inconsistencies among the dynamics of each node, per-
taining to weak coupling strength (both inhibitory and excitatory).
A mix of bursting and decay oscillation is seen among the nodes
when |θ | < 0.01. Nodes are synchronized and phase-locked when
|θ | ≈ 0.01.

From Fig. 23, we can see from the H and SE values that
for θ values away from a very weak coupling θ 6∈ [−0.0025, 0.002]
approximately, the time series from the node are persistent with high
regularity. As θ ≈ 0, the persistence drops and the sample entropy
sees a hike, pertaining to a mix of decay and bursting behavior
among dML nodes. We observe a hike in K value close to θ ≈ 0 as
well, due to this reason, which otherwise remains close to zero. The
nodes are synchronized and phase-locked when |θ | ≈ 0.01.

V. A NOTE ON GRANGER CAUSALITY

To statistically test for whether the activity of one neuron drives
the activity in another in a coupled system, one can implement the
Granger causality test.89 This test allows for identifying causal rela-
tionships between neurons based on temporal lags between their
activities.90,91 Seth92 and Seth and Edleman93 applied Granger causal-
ity to realize causal relationships between neurons in simulated

neural systems. Our motivation to test Granger causality on our net-
work models stems from these lines of research. A thorough review
of applying Granger causality in neural time series data is provided
by Seth in Scholarpedia.94

In this manuscript, we consider the Josephson junction cou-
pling (7), and the memristive coupling (8) as test cases for applying
Granger causality. We test whether the voltage signal in the first
node (x1) “Granger-causes” the voltage signal in the second node
(x2). In order to numerically implement the causality test, we use
Python’s statsmodels package95 that provides a function called
grangercausalitytests() for this purpose. More specifi-
cally, this is present within statsmodels.tsa.stattools.
The function tests for Granger non-causality for two time series,
where the second time series is considered as the independent sig-
nal and the first time series is considered as the dependent signal.
So we put the time series from the first node as the second column,
and the time series from the second node as the first column as an
input to the grangercausalitytests() function. The maxi-
mum lag we consider is five. For (7), we consider coupling strength
θ = −0.01, and for (8), we consider θ = 1. All other parameters are
kept as is in Table I. We will observe that for both models, beyond
the number of lag ≥ 2, we get p-value p ≈ 0 � 0.05, where 0.05 is
assumed to be the significance level. This means we can reject the
null hypothesis that the time series x1 does not cause time series
x2, which translates to the fact that time series x1 Granger-causes
time series x2. This is intuitively what we expected from our simu-
lated model: the activity in the first neuron drives the activity in the
second as incorporated by the coupling.

VI. AN OPEN PROBLEM

All our coupled models have a static coupling configuration
over time. This is a limitation and can be further improved where
the coupling strength is itself a dynamical variable and adapts over
time. This can be done via Hebbian interactions between the neu-
rons. Bronski et al.96 introduced a network of Kuramoto oscilla-
tors coupled via Hebbian interactions, which are dynamic coupling
strategies. Inspired by that, we can do a similar thing for our coupled
dML neurons, whose model equations will be given by

ẋi = f(xi, yi, Ii) +
∑

j∈B(i)

σi,j sin

((

tan−1

(

yj

xj

)

− tan−1

(

yi

xi

)))

,

ẏi = g(xi, yi, Ii),
(14)

İi = h(xi, yi, Ii),

σ̇i,j = µ cos

((

tan−1

(

yi

xi

)

− tan−1

(

yj

xj

)))

− βσi,j.

It would be a challenge to try the extensive time series analysis on
the above model.

VII. CONCLUSION

We aimed to popularize Schaeffer and Cain’s slow–fast dena-
tured Morris–Lecar model of neuron dynamics. In that regard, we
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first discussed its single-cell behavior and then put forward a col-
lection of coupled small-network models of dML neurons. We have
collected some widely discussed coupling strategies from the litera-
ture and have shown how dML neurons form a connected ensemble
and drive the system dynamics. The coupling strategies covered are
gap junction, thermally sensitive gap junction, chemical, Josephson
junction, memristive, high-order gap junction, and random chemi-
cal coupling. In this manuscript, we have shown how the time series
generated from these simulated models can be further utilized to
realize certain properties (persistence, complexity, chaos, synchro-
nization, and phase coherence) of the small networks. To achieve
this, we have implemented various tools and algorithms from the
nonlinear science literature, specifically the Hurst exponent, sam-
ple entropy, 0–1 test, Pearson’s cross-correlation coefficient, and
Kuramoto’s order parameter. The coupling strength is considered
the primary bifurcation parameter, and we have studied how vary-
ing this strength induces various routes to chaos, bursting, and decay
oscillations.

In some strategies, we have seen that coupling induces chaos
in its inhibitory regime and also when the temperature is higher
than the reference temperature (particularly in the case of the ther-
mally sensitive coupling). In most cases, excitatory coupling and
its more positive values drive the coupled system into exhibiting
fold/homoclinic bursting, aligned with the fact that the dML neu-
rons synchronize simultaneously. In some cases, excitatory coupling
drives the system to decay oscillation, falling into a symmetric equi-
librium point (memristive coupling). When the inhibitory coupling
is very weak, a chaotic system transitions to a quasi-periodic system
before exhibiting bursting as coupling becomes excitatory. The 0–1
test acts as the perfect tool to distinguish between chaotic and reg-
ular behavior. On top of that, the Hurst exponent and the sample
entropy add an extra level of characterization to diagnose persis-
tence and self-similarity in time series, respectively. Numerically,
we are able to detect a high correlation between anti-persistence,
irregularity, and chaotic behavior utilizing these metrics, and we
believe that this package of metrics in tandem will be of high
value to the neuroscience community to analyze neuron time series
data, for example, electroencephalography data. Researchers are also
encouraged to corroborate real world data with our simulated model
dynamics and possibly report modified parameter values that fit the
data more closely.

We have also performed hypothesis testing to investigate
whether the time series in one neuron drives the dynamics of the
other in a two-coupled system. In order to do so we look into
the two-coupled Josephson junction and memristive coupling. The
hypothesis testing is done via the technique of Granger causality. It
is observed that the p-value for our coupled neuron setting is much
less than the assumed significance level, indicating causality.

Furthermore, we have only considered standard order differen-
tial equations in our models. It can be further modified to fractional-
order systems, which incorporate memory effects in the dML
neurons. A fractional-order coupled system of the two-dimensional
system (1) was considered recently by Ghosh and Fatoyinbo97 It
would be interesting to implement this suite of time series analysis
on the fractional-order coupled systems of dML neurons. Addition-
ally, we have considered small-network models that act as bridges
between a single-cell neuron behavior and a complex multi-cell

neuron network. Small-network models are more tractable in terms
of analysis and give us an in-depth knowledge of the intricate details
of neuron dynamics. However, the real nervous system is extremely
complex and consists of billions of neurons. In order to simulate
the behavior of these kinds of large-scale models, we need to lever-
age parallel processing techniques with a large number of neuron
nodes, where each nodes have its own independent dynamics and
they are coupled following particular network topologies, partic-
ularly because it is computationally demanding to simulate larger
networks. Similar to Nolds written in Python, there is another
sophisticated package called ComplexityMeasures.jl98 (writ-
ten in Julia), which provides thousands of different kinds of
entropy and complexity measures for analyzing time series data
from complex dynamical systems.

There is still a lot to achieve in terms of the system dynam-
ics of the coupled dML neurons introduced here. We believe this
manuscript will be a starting point for researchers in this domain
to pick these models up and analyze their indicate dynamics fur-
ther. There is also a need to write more optimized software for
large-scale simulations and their time series analysis. Our coupled
system is homogeneous in the sense that the neurons are identical
in terms of parameter values. A step further would be to consider
a heterogeneous network, which can be realized both on edge level
and node level, and also on both space and time. Also, the network
can be extended to multiple layers. Furthermore, one can also con-
sider a reaction–diffusion system of these models. These neuronal
dynamics produce time series, and it is obvious to analyze these time
series using the combination of the metrics discussed here. Finally,
it would be interesting to test our approach for map-based neuron
models.99
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