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Abstract

This paper develops a linear-rational mortality model for couples based on a Wishart state process. The matrix-
valued state variable permits a flexible dependence structure between the two mortality intensities while preserving
positivity. Within this framework, we derive closed-form expressions for the joint-survival bond and tractable valu-
ation formulas for the joint-survival annuity and the guaranteed joint-survival annuity option. We also characterize
the mortality-intensity distribution and retain fast approximation methods for the guaranteed annuity option. To
complement the theory, we implement the model on the Canadian dependent-lives portfolio. We benchmark the
Wishart model against independence and a Frank copula, and we report the implications for joint-life pricing as well
as guaranteed annuity option valuation. The estimation identifies a positive dependence structure consistent with the
literature. Moreover, unlike static copula alternatives, the estimated Wishart model feeds directly into the closed-
form guaranteed annuity option pricing and approximation formulas developed in the paper, thereby illustrating
how the linear-rational Wishart framework can be taken from analytical derivations to a practical dependent-lives
implementation.

1. Introduction

Increasing longevity has made joint-life and survivor annuities economically important retirement prod-
ucts, but their valuation is inseparable from the dependence structure between the insured lives. This
dependence matters for both pricing and risk management: ignoring it changes joint-survival probabil-
ities, distorts annuity values, and can materially bias the valuation of guarantees written on multi-life
cash flows. The aim of this paper is therefore twofold. First, we develop a tractable dependent-lives mor-
tality model based on a linear-rational Wishart state variable. Second, we show how that structure can
be brought to data through an empirical implementation on a Canadian dependent-lives portfolio.

Our starting point is the intensity-based framework of Dahl (2004) and Biffis (2005), which builds
on vector affine dynamics in the spirit of Duffie and Kan (1996). That literature has proved useful for
single-life mortality modeling and has been extended to multi-life, cohort, and population settings by,
among others, Luciano et al. (2008), Jevti¢ et al. (2013), Jevti¢ and Hurd (2017), Jevti¢ and Regis
(2019), Zeddouk and Devolder (2020), Xu et al. (2020), Huang et al. (2022), Ungolo et al. (2023),
Hainaut (2023), and Xu et al. (2024). However, once one moves from survival probabilities to options
on joint-life annuities, the exponential-affine structure becomes restrictive. The future annuity value is a
sum of survival bonds, its density is typically unavailable, and exact option valuation becomes difficult;
see Biffis and Millossovich (2006). In addition, the diffusion restrictions of affine vector processes can
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limit the attainable dependence structure, as emphasized by Duffie et al. (2003) and illustrated in a
related derivative context by Da Fonseca et al. (2007).

To address these limitations, we combine the potential approach of Rogers (1997) with a Wishart state
process. The resulting model keeps the mortality intensities positive and makes the joint-survival bond
linear-rational in the state variable. This leads to closed-form expressions for the joint-survival bond, a
tractable representation of the joint-survival annuity, and explicit pricing formulas for guarantees written
on that annuity. The Wishart process also offers a flexible matrix dependence structure with strong
analytical properties, building on the tractability results of Grasselli and Tebaldi (2008) and related
applications in Chiarella et al. (2014), Deelstra et al. (2016), and Da Fonseca (2024).

The contribution of the paper is not only theoretical. We complement the analytical development with
an empirical implementation based on the Canadian dependent-lives portfolio distributed as canlifins
dataset of the CASdatasets R package (Dutang and Charpentier, 2024). To keep the marginal specifi-
cation anchored to the dependent-lives literature, we fix the Gompertz marginals reported by Frees et al.
(1996) and estimate only the Wishart dependence layer from right-censored first-death data. We find that
the model successfully identifies a positive mortality dependence structure consistent with the literature.
We then benchmark the Wishart specification against independence and a Frank copula and study the
pricing implications for joint-life annuities as well as guaranteed annuity options. A key advantage of the
Wishart framework over static copula alternatives is that the same estimated dynamic parameters feed
directly into the closed-form guaranteed annuity option pricing and approximation formulas developed
in the paper, with the gamma approximation proving particularly accurate for economically material
out-of-the-money options.

The remainder of the paper is organized as follows. Section 2 introduces the joint-survival annuity
and the guaranteed joint-survival annuity option. Section 3 develops the linear-rational Wishart mortality
framework and its characteristic-function machinery. Section 4 derives the joint-survival valuation for-
mulas and the associated positive mortality intensities, while Section 5 presents the guaranteed annuity
option valuation results. Section 6 implements the model on the Canadian portfolio and reports bench-
mark comparisons and pricing implications. Section 7 concludes. The proofs of the propositions and
supplementary robustness material are collected in the Online Supplementary Appendix.

2. The modeling framework

Let (2, G, (G),, P) denote a filtered probability space where IP is the historical probability measure.
We define 7, and 7, as future lifetimes for annuitants aged x and y, respectively. These lifetimes have
corresponding stochastic intensities (1,(f))o and (u,(¢)),»o. Referring to the annuitant aged x as x and
aged y as y, and inspired by Dahl (2004) and Biffis (2005), t, marks the initial jump-time of a G-counting
process (N),»o, indicating if individual x has passed away (N, # 0) by time ¢. Similarly, 7, indicates the
same for individual y.

Drawing from Deelstra et al. (2016), R, and M, are filtrations produced by the interest rate and joint
mortality intensity processes, respectively. Let F, := R, V M, be the minimal o -algebra that contains
R, U M,. The filtration (G,),>o embodies the progressive information available, capturing the evolution
of both state variables and whether the annuitants x or y have died at time z. Hence, we set G, := F, vV H,,
where H, := o({{r, <s}, {r, <s}, 0 <s <t})is the minimum filtration wherein 7, and 7, are established
stopping times.

In line with Deelstra et al. (2016), we posit that (N}, N}), operates as a two-dimensional Cox
process, driven by an F sub-filtration of G. This implies the following survival probability on the set
{t.>t, 1, >t}

Qe > T, 1, = T1G) =B [ e oo

g (1)
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where Q is a risk-neutral pricing measure equivalent to P and E® [-|G,] denotes the conditional expec-
tation under QQ given G,. Regarding the choice of Q, we follow Deelstra et al. (2016) and references
therein and assume that it can be selected on the basis of available market data. For literature addressing
the non-diversifiable aspect of mortality risk, which results in an incomplete market, refer to studies
such as Dahl and Mg ller (2006), Bayraktar et al. (2009), Huang et al. (2014), and Ceci et al. (2015).

For completeness, we restate some well-known equations in the literature. We note that since
(N}, N?) is a two-dimensional Cox process, then it follows that, conditional on a particular trajectory
(e (1), p1y(t))r>0, the process (N}, N)),»o is a two-dimensional independent Poisson-inhomogeneous pro-
cess with parameter ( f(; 1 (8)ds),=o for (N}),»o and ( fol y(8)ds)>o for (NV)),>9. As such, for allt, > >0
and t, >t > 0 and non-negative integers k, k,, the following equality holds

Itk k) == QUNS — N = k(N2 — N = ko) | H, v F)
= QUN: — N = k)|, vV Fo)QUN, — N = ko) H, v Fio)

t ki r k
= (frl /’”(S)ds)_e- S pxts)ds (fzz “>'(S)ds) 2 o i my(ods
ky! k! ’
where we used the conditional independence between (V)¢ and (V). Taking k; =0 and k, =0 and
integrating the intensities lead to (1).

Still following the literature, see for example Dahl (2004, Section 3.4) and Biffis (2005, Equation
(10)), the G,-conditional density of (t,, r,) on the set {t, > 1, 7, > t}, denoted fi(t,,1,), is given by
filt;, 1) = Bfm(@((tx > 1;)(t, > 1,)|G,). Note that nothing so far was said on the intensities (1,(f), it,(#));0
apart from the fact that they have to be positive. If they are dependent, then there is a dependency between
the mortality intensities even if conditionally on the intensities (V;),»o and (V) are independent. It is
through the intensities that we can incorporate a dependency between the mortality events 7, and ,.

Assuming 0 <7 < T, then the pricing at time ¢ of an insurance contingent claim payable at T paying
1 on the survival of annuitants aged x and y at time O is given on the set {7, > ¢, 7, > 1} by

ﬂ, )

where (7(?)),»o is the risk-free rate which is adapted to the filtration (F,),.,. This instrument is commonly
called the joint-survival zero-coupon bond. At this stage, it is required to specify whether the risk-free
rate (7(7));>o depends on the mortality intensities (u.(t), i, (t))=o. We follow the literature and assume
that interest rates and the mortality risks are independent from each other, see for example Biffis (2005).!

Furthermore, using (1) as well as the fact that the conditioning on G, can be reduced to that on F; as
shown in Biffis (2005, Appendix C), we obtain

SB(I, T) = EQ [e_ ftT r(S)dsllrx>T]1(ry>T)

SB(Z‘, T)= 1[7,(>t«,'fy>t)P(t’ T)EQ [e— ST ey (s)ds

). 3)

with P(¢,T) the time ¢-value of a zero-coupon bond with maturity 7. Hereafter, E [-| F;] will be denoted
EQ [-] so that the joint-survival (zero-coupon) bond, denoted by SB(z, T), is eventually given on the set
{t.>t,7,>1} by

SB(, T) = P, TYE? [ /710408 ] = p(s, T)SBy (1, T), @)

where we use SBy(:, -) to denote the joint-survival bond that contains no interest rate risk. The equivalent
actuarial notation is given by 7p,,; however, due to the similarities of our work with Biffis (2005) and
Deelstra et al. (2016), we instead follow their notation.

Using the framework introduced so far, the joint-life annuity is therefore the sum of joint-survival
bonds, that is, a product that pays at certain prespecified dates an amount (possibly date dependent),
conditional on the survival of both annuitants at those dates. Let Ty, ..., Ty be a set of yearly spaced

'We acknowledge the strand in the SDE framework literature that correlates interest rates and mortality risk. See for example
Deelstra et al. (2016) and Da Fonseca (2024) for works that use the Wishart process to handle that dependence.
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dates such that 7y = min(x* — x — 1, y* —y — 1) with x* and y* being the maximum attainable age for
the annuitants x and y, respectively. Consider the product that pays at times 7; the amount 1 conditional
on the survival of both annuitants, the value of the product at time ¢ is given on the set {r, > 7, 7, > t} by

N
Y SB(,T), 5)
i=1

with SB(z, T) given by (4).

Another product of interest is the guaranteed joint-survival annuity option, that is, an option on (5).
We follow Deelstra et al. (2016, Section 3.2), who analyze the guaranteed survival annuity option (for
a single annuitant) but consider the case of multiple annuitants. Suppose a guaranteed joint-survival
annuity option with maturity 7 and consider a set of yearly spaced dates 77, ..., Ty such that T} =
T + 1 (where the units are years) and Ty = min(x* — (x +7) — 1,y* — (y+ T) — 1) with x* and y* again
being the maximum attainable age for annuitants x and y, respectively. Then we denote the value of a
guaranteed joint-survival annuity option at time ¢, exercisable at T, on a joint-survival annuity paying at
times 71, ..., Ty as C(¢, T, Ty). Thus at ¢ = T, the payoff of the option is given on the set {z, > T, T, > T} by

N
C(t=T,T,Ty):= max (g > SB(T. T), 1) =1+ gC(T, T, Ty), (©6)
i=1
where g is the fixed rate called the guaranteed joint-survival annuity rate and (z), = max(z, 0) and
C(T,T,Ty) = (vazl SB(T,T))—1/ g)+. Therefore, the guaranteed joint-survival annuity option value
at time ¢ is given on the set {z, > ¢, 7, > t} by

C(t, T, Ty) = P(t, T)SBy(t, T) + gE? [e*ff OO (T, T, TN)] ,

where C(t, T, Ty) is the expectation on the right-hand side above. It is worth having a closer look at
the expression of C(z, T, Ty) as it highlights some modeling issues. Using (4), we obtain on the set
{r, > t, 7, > t} the equality

N
Ct, T, Ty) =E} [e‘ B sy (Z P(T, T))SBy(T, T)) — l/g) ] : ™
i=1 +
where we can clearly see that even if the interest rate is independent with respect to the mortality inten-
sities, its distribution impacts the option price. Given the difficulty of treating stochastic interest rates,
independent or dependent of the mortality intensities, we take the interest rate to be deterministic.

Let us stress the fact that all of the equations stated above are model independent and are not
contingent on using any specific model or process.

As seen from (7), the pricing of a guaranteed (joint) annuity option is a difficult task, as it requires
the law of the sum of joint-survival (zero-coupon) bonds. If the joint-survival bond is an exponential
function of the state variable, then this amounts to requiring the law of the sum of exponentials of random
variables that is in general unknown. This difficulty is well explained in Biffis and Millossovich (2006)
and is one of the main difficulties we need to overcome.

3. The linear-rational Wishart model

To build the joint mortality model, we use the Wishart process defined in Bru (1991) and introduce its
main properties. In the following section, we provide a concise review of the essential techniques and
findings required to construct our model. This presentation is prompted by the relatively novel appli-
cation of the Wishart process in mortality modeling. Given a filtered probability space (2, F, (F,),, P),
we denote by E [-] (resp. E, [-] := E[ - |F;]) the expectation (resp. conditional expectation) under the
historical probability measure . The Wishart process satisfies the matrix SDE

dv, = (@ + mv, +vm")dt + /vidw,o + o dw/ /v, (8)
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where v, is an n x n matrix that belongs to the set of positive-definite matrices denoted S/ *, m, o belong
to the set of n x n real matrices denoted M(n), {w,; r > 0} is a matrix Brownian motion of dimension
n x n (i.e., a matrix of n*> independent scalar Brownian motions) under the probability measure P, and
-T stands for the matrix transposition. The matrix @ € ST satisfies certain constraints involving o "o to
ensure the positive-definiteness of the matrix process v,. The quantity /v, is well defined since v, € S}*.
The matrix m is such that {R(A") < 0;i=1,...,n} where A € Spec(m) fori =1, ..., n and Spec(m)
is the spectrum of the matrix m, while 9i( - ) denotes the real component. The matrix o belongs to
GL,(R) the general linear group over R (i.e., the set of real invertible matrices). Due to the invariance
of the law of the Brownian motion with respect to rotations and the polar decomposition of o, we can
assume that o € S*. We denote ¢; to be the basis of M(n), that is, it is the n x n matrix with 1 in the (i,
J) place and 0 elsewhere. Lastly I, stands for the n x n identity matrix, 0, is the n x n null matrix, while
diag(z) with z € R" is the n x n matrix with z on its diagonal. The infinitesimal generator of the Wishart
process is given by Bru (1991):

L =tr[(w+mv+vm")D+ 2vDo’D], 9)

where tr[-] is the trace of a matrix and D is the n x n matrix operator D;; := 9,
The Wishart process was initially defined and analyzed in Bru (1991) under the assumption that

w=pao? (10)

with 8 € R, such that 8 > n + 1 to ensure that v, € S*. Hereafter, this specification will be referred to
as the Bru case. It was later extended in Mayerhofer ez al. (2011) (see also Cuchiero et al., 2011) to the
case w € S and proved that if v — Bo* € ST*, with > n+ 1 thenv, € S/ *.

In our work, we deliberately restrict ourselves to the Bru case (i.e., w = Ba2). The advantage of the
Bru case is that moment-generating function can be explicitly integrated making it fully explicit. This
allows us to derive analytic formulae surrounding the guaranteed joint-survival annuity option and the
individual mortalities in contrast to the work of Da Fonseca (2024) which is not in the Bru case. The
below result is well known. We refer to Bru (1991) or Grasselli and Tebaldi (2008) (see also Alfonsi,
2015, Chapter 5).”

Proposition 3.1. Suppose that w in (8) is such that o = Bo> with B € Rand B > n + 1, then the moment-
generating function of v, for 6, € S, is given by

ewr (4 @so0(, 2660
det (1, — 25,0,)P72

P(1, 61, v0) =E [exp (url6yv, )] = : (11
with ¢, := fot e Img2ei=Im" 45 which is given by vec(c,) = A~ (€M — Ip)vec(a?), ¥, 1= g;le”"voe”’T’,
etr(-) = exp (tr[-]) and det (-) the determinant of a matrix. Here, vec(-) denotes the vec operator that
transforms an X nmatrix into a n* vector by stacking the columns, A := I, @ m +m ® I,, and ® denotes
the Kronecker product.

The Wishart process is affine, that is, the moment-generating function is exponentially affine in
the state variable. Equation (11) is the moment-generating function of a non-central Wishart distri-
bution, hence the name of the process, and the corresponding density is given in Gupta and Nagar 2000,
Equation 3.5.1 p. 114). Note that even if the density is known, computing an expectation requires to
perform a n(n + 1)/2-dimensional numerical integration.

2Following the introduction of the Wishart process in finance by Gouriéroux and Sufana (2010), applications have been devel-
oped in equity and foreign exchange derivatives (see Da Fonseca et al., 2007; Leung et al., 2013; Gnoatto and Grasselli, 2014; La
Bua and Marazzina, 2022, and Faraz et al., 2025), in interest rate derivatives (see Gouriéroux and Sufana, 2011; Gnoatto, 2012,
and Cuchiero et al., 2019), and in optimal portfolio choice (see Biuerle and Li, 2013 and Branger ez al., 2017), to name just a few
works across these fields. In all these studies, the general dependency structure among the components of the Wishart process,
along with its strong analytical properties, plays a crucial modeling role.
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Remark 3.2. Let us stress the fact that when w # 802, then the moment-generating function of v, is
unknown, and in particular it is not a Wishart distribution. In this case, the name of the process is
misleading. The analytic results derived in Sections 4 and 5 make use of this explicit moment-generating
function, which are not possible to be derived in the setting of Da Fonseca (2024).

The results developed in this work rely on the following result, which arises from solving Lyapunov
equations after rewriting the dynamics of the Wishart process. This fact is well known in the matrix
Riccati literature, see for example Abou-Kandil ez al. (2003).

Lemma 3.3. Let v, be a Wishart process described by (8). If uy € M(n), then there exist a function by(t)
and a matrix function ay(t) € M(n) such that

E [tr{ugv,]] = trlao()vo] + bo(2), (12)
with
vee (ap(n)'") = Aivec(u]),  bo() = vec(u])TA! (¥ —1.)b. (13)
Here, b:= vec (w), A:=1,@m+mQ I, and ® denotes the Kronecker product.

The following proposition is well known in the literature and is useful for obtaining the quadratic
variation of linear functions of the Wishart process, which in turn will be utilized to derive the covaria-
tion (or instantaneous correlation) between mortality intensities. A proof of the proposition appears in
p- 214 of Deelstra et al. (2016) and reads as follows.

Proposition 3.4. Given hy, h, € M(n) the quadratic variation between (tt[h,v,]),=o and (tt[hyv,])=0 is
d(tr[hyv ], trlhyv]), = te[(hy + h)v,(hy + h] )o*]dt .

When n =2, using Proposition 3.4, one can in particular show that the quadratic covariation between
Vi1, and vy, is given by
d(Vir,,vn.) = 4v1,(07)dl, (14)

where (0?); is the (i, /) element of the matrix 2. The identity in (14) is specific to the two-dimensional
case n = 2. Note that (6%);, = 0if oy, = 0, which means the dependence between v, , and v,,, is primarily
dependent on o, (for n = 2).

To obtain the derivative of the moment-generating function with respect to a parameter, the next
proposition provides the details in the Bru case. This result will be particularly helpful for obtaining the
densities of mortality intensities, as well as risk measures such as expected shortfall and value at risk
for joint-survival annuities.

Proposition 3.5. Suppose that w in (8) is such that w = Bo? with B € R and B > n+ 1 and consider the
moment-generating function of v, given by (11). For 6, € S, and 6, € S, consider the function for v € R,
v— O(t, 0, + vb,, vy) =E [etr (8, + vO,)v,)] then its derivative with respect to v is given by

dd(t, 6, +v6,,v,)
D,(1,0,,0,,v,v) := v =(g1 + & +8)P@, 0, +v0,, vy), (15)

with

ﬁT
&1(1,01,0,,v)=tr [7’2902(1" — 266, + v92))1} ;

1917 —1 —1
8:(t,61,0,,v) =tr 729(91 +v0,)I, — 26,6, +v6,)) 26,0,(1, — 25,(0, +v6r) ™ |,

(1,01, 05, v) = gtr [266:1, — 26,6, + v6:) '],

and ¢, and 9, as in Proposition 3.1.
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We build on the potential approach proposed by Rogers (1997) whose main idea is to directly specify
the state-price density in (4) so that the corresponding instantaneous mortality intensities are positive.’
The standard approach proceeds the other way around, that is, to specify the mortality intensities and
deduce the state-price density. We briefly summarize the mathematical framework as well as develop
our main results on mortality modeling.

First, we define the state-price density as

&= e (1 +trfupv]) , (16)

with @ € Ry, up =u, +u, with u; €S} (the set of positive semi-definite matrices) and u, € S} (so
that u, € S) and (v,),50 a Wishart process. The state-price density can be rewritten as follows. Define
the positive function f : ST+ — R* such that f(v) := 1 4 tr[u,v], then the state-price density writes as
¢, = e *f(v,) and is positive as f is. Define g(v) := (@ — £)f(v) and assume that it is a positive function
for sufficiently large . Using Rogers (1997, Equations (1.2), (1.3), (1.4)), the state-price density allows
us to compute SBy(z, T) given by (4), or any other mortality-related product, if we assume the following
change of probability measure

L=e Jo a9+ 1y (s))ds dQ
=

dP 17

7
Indeed, suppose that one needs to compute the value at time ¢ of I, that is equal to 1 at time T
conditional on the annuitants x and y being alive at that time, then its value is given by

I, =E2 [e‘ I (m(.v>+uv(s>>d.v] —F, [%}

which is known explicitly for a suitable choice of the state-price density (£,)-o.* The following section
shows how the expectations presented in Section 2 can be handled.’

Our choice of the positive function f(v) = 1 + tr[uyv] is a deliberate aspect of the model specification.
The potential approach proposed by Rogers (1997) necessitates f to be a positive function of the state
variable. We selected this particular form of f to ensure that the joint-survival annuity price remains a
linear-rational function of the state variable v,. It is important to note that alternative choices for f could
impact the results discussed later. However, we leave the exploration of these alternatives for future
research.

Remark 3.6. The results in this work rely upon the linear-rational structure to obtain the price of the
joint-survival annuity and the guaranteed joint-survival annuity option. It is straightforward to see the
set of admissible f : S — R* that retains the linear-rational structure must take the form

fW)=¢+tr[o]

where ¢ € R and 6, is a positive semi-definite matrix. Since ¢ shifts the level of f{v), it could be difficult
to disentangle with the parameters of the Wishart process that control its level. To avoid identification
issues, we set ¢ = 1.

*The potential approach of Rogers (1997) is well documented in standard textbooks (see, e.g., Bjork, 2009 and Cairns, 2004)
and has been used in several interest rate derivatives studies (see, e.g., Crépey et al., 2015; Nguyen and Seifried, 2015; Filipovié
et al., 2017 or Nguyen and Seifried, 2021). When combined with a Wishart process, it has proved particularly effective in the
multi-curve setting of Da Fonseca et al. (2022) and in a cross-asset context in Da Fonseca (2024). We believe the framework still
offers many modeling possibilities, including for mortality derivatives and credit risk derivatives. For example, De Giovanni ef al.
(2025) recently proposed a model that departs from the traditional modeling approach of Dahl (2004) and Biffis (2005). However,
their model differs from ours primarily in the way the state-price density is defined.

"Note that the pricing is done under the historical probability measure. This contrasts with the standard approach, where the
dynamics of the state variable are specified under the risk-neutral measure. See Da Fonseca (2024) for some implications.

*Since the interest rates are deterministic, the pricing kernel is about the mortality risk.
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8 José Da Fonseca and Patrick Wong

4. Joint-survival annuity valuation
To illustrate the methodology on the linear-rational Wishart mortality model, let us start with the joint-
survival bond that can be explicitly computed as the following proposition shows.

Proposition 4.1. Let u; € S| and u, € St and define uy = u, + u,. Assume further that (16) holds. Then

on the set {t, > t, T, > t}, the joint-survival bond SB(t, T) given by (4) is known explicitly as we have

—arny L T 0o(T — 1) + tr[ag(T — v/
1 + trlugv,]

where by(t) := b,(t) + by(t) and ay(t) := a,(t) + a,(t) with (b(?), a,(t)) and (b, (1), ax(t)) two sets of

functions obtained using Lemma 3.3 for u, and u,, respectively.

SB(t,T)=P(t,T)e , (18)

We should note that the above proposition is identical to the result derived in Da Fonseca (2024). This
is to be expected given the result is independent of the parameterization and the modeling choices we
make on the Wishart process.® From now on, we will avoid mentioning that the expectations conditional
on a given time ¢ are only valid on the sets {7, > ¢, 7, > t} or {r, > t}, depending on the expectation
considered.

According to Rogers (1997, Equation (1.5)) or Bjork (2009, Equation (28.42)) and Cairns (2004,
p.- 134), we have

(x — LO)f _a+atrluy] — trlupw] — 2tr{ugmy,]
f 1 + tr{ugv,] '

Through our judicious choice of f, we are able to isolate «. Below we define the mortality intensities
to be

(s) + py(s) =

_ /2 + atr[u,v,] — trlu,w] — 2tr[u;my;]
() = . , (19)

o/2 + atru,v,] — trluyw] — 2trlu,mvy)
1 + tr[uyv,]

Hy(s) = , (20)
where we have chosen to apportion the term « equally to both annuitants.” From now on, we suppose that
there exists « such that wu,(s) given by (19) and 1,(s) given by (20) are positive. The existence of an «
such that the intensities are positive is dependent on the choice of the matrices u;, u, and the parameters
of the Wishart process. We provide a sufficient requirement in the case when n = 2 subsequently.

Remark 4.2. Let us reiterate the fact that the potential approach of Rogers (1997) proceeds differently
from the traditional mortality modeling approaches of Dahl (2004) and Biffis (2005), which consist of
specifying the dynamics of the mortality intensity, thereby determining the state-price density. In con-
trast, Rogers (1997) specifies the state-price density, which in turn determines the intensity. Conditions
on the state-price density ensure that the intensity remains positive. Note also that, since the dynamics
(8) of (v,)=0 are given under P, the dynamics of the intensities are also specified under this probability
measure, and therefore pricing is conducted under P. Following Rogers (1997, p. 164), it is possible to
determine the dynamics of (v,),s, under the risk-neutral probability measure and thus also the dynamics
of the intensities (see Da Fonseca, 2024 for an example applied to the Wishart process). However, since
these are not needed for our purposes, we omit the details.

Remark 4.3. Note, we can easily extend our model to the case of an k-joint annuity as follows. First, we
should have a dimension of the Wishart process to be at least n > k. We then set u, = Zk u;, and similar

i=1
‘Note that any symmetric positive-definite matrix-valued process sharing the Wishart drift, regardless of its diffusion term,
yields the same survival-bond expression because the expression depends only on the drift of the process.
"These mortality intensities are structurally the same to the short rate/mortality intensity (35) and (36) in Da Fonseca (2024).

Alternative specifications would involve either changing f as mentioned in Remark 3.6, or on how the intensities are defined in
(19) and (20), or through the choices of uy, uy.
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to the above intensities in (19) and (20), we could define the i’th annuitant’s mortality intensity as

o/k + atrluv,] — trluw] — 2tr[u;my;)
1 + tr[ugv,] '

In order to understand how the positivity enters into the problem, let us consider the case of n =2
(with noting that n could possibly be larger and thus be a multi-factor mortality model). By assumption
u; €S/ and u, € S} so that tr[u, ], tr[u,w], tr{u,v,], and tr[u,v,] are positive as w € S;* while v, belongs
to S;*. If tr[u;mv,] < 0 and tr{u,mv,] < O then as long as «/2 > max(tr[u ], tru,®]), p.(s) and 1,(s)
are positive. To gain a little bit more of understanding of the positivity problem, it is worth considering
the simple case n =2, m diagonal, u; = e, and u, = e,, then in that particular case u.(s) and ,(s)
rewrite as

wi(s) =

(1,(s) = a/2+avy, — oy —2m11V11,s’ @1)
L+ v+ vy

/24 avy, — Wy — 2MyVy;
L+ v+ vy

Hy(8) = , (22)

where the condition /2 > max(w;;, w,,) clearly shows that it is sufficient to ensure the positivity of both
1(s) and e, (s) as the matrix m has negative eigenvalues (which means the diagonal terms are negative
since m is diagonal). Furthermore, the correlation between these two variables is driven by d(vy;_, v ),
given by (14), which means it is controlled by the coefficient (62),, that can take any sign and is zero
if 1, =0. As such, oy, is the coefficient through which we control the dependency between the two
intensities. Analyzing the scaled mortality intensities

pi($) = (I +trlugv,Dpna(s),  py(s) := (1 + trlugv, Dy (s), (23)

we can find their instantaneous quadratic covariation which is given by d(tr[h,v ], tr[h,v ]), with k) =
auy — 2uym and hy = au, — 2u,m. Using Proposition 3.4, we get

d(i; (), 15 (O)y = d{tlhyv ], telhov 1), = tel(hy + 7 vy(hy + by )o*1ds, (24)

which demonstrates the impact of the parameters on the covariance between the mortality intensi-
ties. Note that when u, = e, and u, = e,,, then the covariation given by (24) will be zero if o, = 0.8
Finally, analyzing the mortality intensities in (21) and (22), given that « > 0, w; > 0, and m;; <0, we
find %= > 0 and %= > 0. This provides a natural link between the Wishart states and mortality: as
Vi1, and v, ¢ increase, the mortality intensities of x and y also increase, respectively. Thus, the Wishart
process can replicate an increasing mortality trend over time in expectation, while remaining stationary.

The expression in (19), combined with the analytical results of Propositions 3.1 as well as the results
in Gurland (1948), enables the computation of the mortality density as the following proposition shows.

Proposition 4.4. Let 1 (T) be the mortality intensity of the annuitant x that is given by (19) and denote
¢ =a/2 —trluyw], hy = oauy, — 2uym, then the cumulative distribution function (conditional to time t)
of u(T) is

eis(clfl)@(T — 1, iS(h| — ZM()), V,)) ds, (25)

1 1 +o0
HD(M.:(T)SZ)=§—;/ s( -
0

where 3(.) stands for the imaginary part of a complex number and ®(., ., .) is given in Proposition 3.1.

*Note that while the scaled intensities will have a quadratic covariation of zero if 012 = 0, the quadratic covariation between the
intensities will not zero due to the common denominators in (19) and (20).
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10 José Da Fonseca and Patrick Wong

From the above proposition, we can derive the mortality intensity density by simply taking the deriva-
tive of the cumulative distribution, which confirms the usefulness of Proposition 3.5, as the following
result shows.

Corollary 4.5. Let u,(T) be the mortality intensity of the annuitant x that is given by (19), and thus its
cumulative distribution function is given by Proposition 4.4, then the density (conditional to time t) of
u(T) is given by

d 1 +o0 —is+ + + eis(q—z)q) T—t,ish — ZUp), v
d—ZPwﬂ)s@:—;/ ~<( g1+ 8+ ) (T =1, — zuy). v)

0

) ds, (26)

s
with g; = g(T — t,ishy, —isuy, z) for j € {1, 2, 3} as in Proposition 3.5.

Remark 4.6. Note that the results above require an explicit expression for the moment-generating
function, which is not available under the assumptions made in Da Fonseca (2024).

Having an explicit form of the mortality density is of significant practical importance. For example,
one can compute the conditional means or higher-order moments of the mortality intensities, which are
modeled under the historical measure P, that can guide in the operational use of the model.

Thanks to (18) the joint-survival bond SB(z, T) (i.e., (4)) is known and therefore the joint-survival
annuity (5) is also known as the next proposition shows.

Proposition 4.7. Let T, < --- < Ty be a set of yearly spaced dates such that t <T <T, and Ty =
min(x* —(x+7T4+10)— 1,y =+ T+1t)— 1) withx*, resp. y*, the maximum age the x, resp. y, insured
can reach. The joint-survival annuity pays 1 conditional on the survival of both annuitants at those dates,
its value at time T is given by

N
Z SB(T.T) = by(T, Ty) + trlas(T, TN)VT], @7
— 1+ tr[M()VT]
with
by(T, Ty):= Y P(T, e "™ (1 4+ by(T, = 7)) , (28)
(T, Ty):= Y P(T, Te " Pay(T; = T), (29)

i=1
with by(.), ay(.) given in Proposition 4.1.

Note that the joint-survival annuity (27) also has a linear-rational form, so its density can be computed
explicitly (up to a one-dimensional numerical integration).

Proposition 4.8. Let Zf]:l SB(T, T;) be a joint-survival annuity defined in Proposition 4.7. Then the
cumulative distribution function (conditional to time t) of vazl SB(T, T)) is given by

N i .
11 [ (9T — 1, is(as — 20), v,
P <Z SB(T.T) < z) =>—— f 3 (e ( s”(‘“ o), V) ) ds, (30)
i=1 0

where as and bs are the expressions in Proposition 4.7 with their dependencies dropped on (T, Ty) and
(., .,.) is given in Proposition 3.1.

Since we have the density of the future annuity value, we can compute certain risk management
quantities such as the lower tail that gives the value at risk or the expected shortfall. This sharply contrasts
with the mortality model based on the exponential-affine framework for which these quantities are very
hard to obtain. Further along this line, an option on the joint-survival annuity, also named the guaranteed
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joint-survival annuity option, can be priced very efficiently in the linear-rational Wishart mortality model
as the next section shows.

5. Guaranteed joint-survival annuity option valuation

With the joint-survival annuity being priced, the next step is to calculate the value of an option on that
contract and also to develop option price approximations that simplify the model implementation as
well as the risk management of the product. First, we show that an option on the joint-survival annuity
is surprisingly simple to price in the linear-rational Wishart mortality model.

Proposition 5.1. The value at time t of a guaranteed joint-survival annuity option (7) with maturity T
is given by
E, [(by(T, Ty) + trlay(T, Ty)vrl)+]

C(t,T, Ty) := P(t, T)e *T™" , 31
( V) (t, T)e T (31
with by(T, Ty) a constant and a,(T, Ty) a matrix such that
1 1
by(T,Ty) := b3(T,Ty) — g, ays(T, Ty) .= a3(T, Ty) — guo, (32)

where bs(.) and as(.) are given in Proposition 4.7.

As formula (31) shows, the pricing of a guaranteed joint-survival annuity option can be com-
puted using an integration. Indeed, if Y; = by(T, Ty) + tr[a,(T, Ty)vr], then its characteristic function

is given by
Dy(0) = E, [¢¥7] = TV O(T — 1, izay(T, Ty). vo), (33)
with z € C, i = +/—1 and the function ®(., .,.) given by (11). The expectation in (31) can be computed
as
1 e Dy(z+1z;) )
E [(Yr):]=— R ———= ) dz, 34
[(Yr)] - /O ((1(2 T (34)

where z; < 0 and 9i(.) is the real part.

As the result above shows, the valuation of the guaranteed joint-survival annuity option only requires
one-dimensional integration. Notice that the result holds whether w = Bo? (i.e., Bru case) is satisfied or
not (see Da Fonseca, 2024 for an implementation in the non-Bru case). In that latter case, computing the
moment-generating function involves further numerical integration. Even if the Bru case condition can
be a bit too restrictive in practice, it offers nonetheless certain advantages in terms of option price approx-
imations that provide quick alternatives to the exact formula. In what follows, we derive three different
approximations to the guaranteed joint-survival annuity option price. These analytic approximations are
new and would not be available in Da Fonseca (2024).

To compute an approximation to the expectation (31), one needs the moments of the variable
Yr =by(T, Ty) 4 tr[a4(T, Ty)vr], which by definition can be obtained by taking successive derivatives of
the moment-generating function. These derivatives can be tedious to perform in the general case, see for
example Letac and Massam (2008). Fortunately, for our Bru case, it is possible to obtain the moments
by a direct series expansion.

Proposition 5.2. Suppose that w in (8) is such that v = Bo? with BER and B>n+1 and let
Yr =by(T, Ty) + trlay(T, Ty)vr] with by(T, Ty) and a (T, Ty) (written b, and a, for simplicity) as in (31).
The cumulants of Yy denoted (k;)en, are given by

ki =bs8; + B(j— D2 'l (gras)'] +J.!2j_ltr[ﬁ;(§ra4)j], (35)
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12 José Da Fonseca and Patrick Wong

with §; = 1 ifj =1 and 0 otherwise, and ¢r and ¥ given in Proposition 3.1. The moments of Yr, denoted
(14)jen,» can be obtained from the cumulants using the relation:

J
1=y Bl ... K, (36)
=1

where B; is the incomplete Bell polynomials.

The cumulants/moments enable the use of Jarrow and Rudd (1982)’s option price approximation that
was also applied in Collin-Dufresne and Goldstein (2002) to the problem of swaption pricing, which is
similar to the pricing of an option on a coupon bearing bond or, equivalently, to an option on an annuity.
We follow Collin-Dufresne and Goldstein (2002) in our presentation below.

Proposition 5.3. Let Y; = by(T, Ty) + tr[as(T, Ty)vy] with by(T, Ty) and as(T, Ty) as in (31), and
denote the first three cumulants of Yr, given Proposition 5.2, to be (ki, k», k3). Assume that the density
of Yr can be approximated by

m s (Z 1z — Ky ) 37

with {n;;j €0, ..., 3} some constants related to the first three cumulants of Yr. Then
CON Z M + K Z 0k (38)
where {§;;j=0,...,4} are some constants that can be computed explicitly and depend on the first three

cumulants of Yy.

The above proposition approximates the density of Y7, the variable involved in the guaranteed joint-
survival annuity option, by a perturbation of the Gaussian distribution. Suppose that the eigenvalues of
a,(T, Ty) + a,(T, Ty)" are non-negative, a,(T, Ty) + a4(T, Ty)" € S and hence tr[a,(T, Ty)vy] > 0. In
this case, the support of the density of Y7 is on the half line and using a Gaussian approximation might
not be the most natural choice.

In the Bru case, the Wishart process has a marginal distribution that follows a non-central matrix
chi-squared distribution or non-central Wishart distribution. Further can be said when that distribution
is projected on a rank-one matrix, it appears in Letac and Massam (2008, Proposition 3.1) and reads as
follows.

Proposition 5.4. Suppose that w in (8) is such that w = Bo* with B € Rand B > n + 1 and given a vector
y € R" such that ||y || = 1, then the (scalar) variable y "v;y /(cr), admits a non-central chi-squared
distribution with degrees of freedom B and non-centrality parameter (97 ),;.

The previous proposition gives us an approximation to the characteristic function of the Wishart
process for a given T when it is projected onto a rank-one matrix. In fact, in order to apply this
proposition, one needs to specify a vector along which the state variable (i.e., the Wishart process)
is projected. The following proposition utilizes Proposition 5.4 to obtain an approximation by project-
ing the state variable in the direction of the eigenvectors associated with the spectral decomposition
of (a4(T, Ty) + as(T, TN)T) /2 and then summing the distributions obtained from the previous propo-
sition under the assumption of independence. This assumption is inconsistent with the state variable
distribution but can still be used to obtain a numerical approximation as detailed below.

Proposition 5.5. Let Y; = by(T, Ty) + trlay(T, Ty)vy] of Proposition 5.1 involved in the pricing of the
guaranteed annuity option through (33) and (34). Denote the spectral decomposition of

a4+a1 n -
= AiYivVi s 39
5 Z v, (39)
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the dependency of a, and b, on (T, Ty)). Rewrite Yr as

Yr=bi+ Y hy vivi (40)

i=1

then according to Proposition 5.4 for each i=1,...,n y,"vry,/(sr)i has a non-central chi-squared
distribution with degrees of freedom B and non-centrality parameter (9 );. Then we approximate Yr
with

Yr=bi+ ) hlsrux’s (41)

i=1

is the degrees of freedom and each variable has a specific non-centrality parameter (O7)u)- In this case,
E[(Yr) ] ~E[(Yr),] an~d this latter expectation can be computed using (34) with the characteristic
function of the variable Y that depends (linearly) on a generalized chi-squared distribution.

Note that if one eigenvalue in (39) dominates all the others, then the above proposition can be sim-
plified, since the computation of the guaranteed joint-survival annuity option will then only require the
integration of the non-central chi-squared distribution, instead of requiring a Fourier transform.

Corollary 5.6. Let Y; = by(T, Ty) + trlay(T, Ty)vr] of Proposition 5.1 involved in the pricing of the
guaranteed annuity option through (33) and (34). Assume the spectral decomposition (39) and suppose
that we have Ay > A, > --->0> .- > A, and A, > ||, j=2,...n then approximate Yy with

YT = b4 + )\.] ]/lTVT)/| N (42)

and according to Proposition 5.4 the scalar variable y,"vry,/(sr)i follows a non-central chi-squared
distribution with degrees of freedom B and non-centrality parameter (9] )1,.
IfaM>h>->20>--->X,and |L,| > |Al, j=1,...n— 1 then approximate Yy with

Yr=b,+ AV, VIV s (43)

and according to Proposition 5.4 the scalar variable v vry,/(sr)i follows a non-central chi-squared
distribution distribution with degrees of freedom B and non-centrality parameter (9] ),,.

In Equation (37), we approximate the density of Y7 using a perturbation of the Gaussian distribution,
but the marginal distribution of the Wishart process suggests that it is more natural to approximate the
density with a perturbation of the (scalar) gamma distribution. Indeed, if a,(7, Ty) in Proposition 5.2
has positive eigenvalues, then necessarily b, < 0 and the support of the density of Y7 is in [k, +00) with
k <0, and if a4(T, Ty) has negative eigenvalues, then necessarily b, > 0 and the support of the density
of Yy is in (— oo, k] for k > 0. As such, the Gaussian distribution, whose support is in R, might not
be the most convenient distribution to approximate the density of Y. Further to this, taking the limit as
t — oo in (11) shows that the asymptotic distribution of the Wishart process has a moment-generating
function of the form m which corresponds to a matrix gamma distribution. Filipovi¢ et al.
(2013) show how to approximate the density of a random variable using a perturbation of the (scalar)
gamma distribution, instead of the Gaussian distribution in (37), if the cumulants of the variable are
available. As such, Proposition 5.2 allows us to use their results as the following proposition shows.

Proposition 5.7. Let Y = b,(T, Ty) + trlay(T, Ty)vr] with by(T, Ty) and a,(T, Ty) as in (31) and denote
the first three cumulants of Yy, given Proposition 5.2, to be (k, k2, k3). If the eigenvalues of a,(T, Ty)
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are all positive, then we can obtain the following approximation

(o, ] ZZ ’y”(a+1),+1Q(a+l+2 —pk)

j=0 i=0
+ZZ k(@ +1),0@ +i+ 1, —pk), (44)
Jj=0 =0
with {c;;j = 3L s, i=0,...,3), a and B being some parameters that depend on k and the

first three moments of Yr, while Q(s,x) stands for the upper regularized incomplete gamma function and
(x), is the Pochhammer function.
If the eigenvalues of a,(T, Ty) are all negative, then we can obtain the following approximation

E, [(YD),] ZZ J,;/”( &+ D P(@+i+2, —Bk)

j=0 i=0
3
= eyk@+ D)iP@+i+1,—pk) (45)
j=0 =0
with {c;;] = 3L s, i=0,...,3), a and B being some parameters that depend on k and the

first three moments of Yr, while P(s, x) stands for the lower regularized incomplete gamma function and
(x), is the Pochhammer function.

6. Empirical implementation

This section implements the model on the Canadian dependent-lives annuity portfolio canlifins from
CASdatasets, the same dataset analyzed by Frees et al. (1996). We fix the Gompertz marginals at
the Frees et al. (1996) estimates and estimate only the Wishart dependence layer from first-death data.
Throughout, we set the risk-free rate to zero (r = 0) so that in (4) SB(0, £) = SB(0, r); we write SB hence-
forth, and we write SB(0, ¢ | vy) when we wish to emphasize the dependence on the contract-specific
initial state. Sensitivity analyses, results under alternative model specifications, and a comparison of the
three approximation methods (Gaussian, spectral decomposition, and gamma) are reported in the Online
Supplementary Appendix. A full empirical calibration that jointly estimates marginals and dependence
with a more general loading structure and possibly higher-dimensional factors is deferred to future work.

We reconstruct the observation window for each contract using the annuity guarantee horizon as the
censoring boundary, since a censored observation is followed only until the contract expires, not until
the raw exit age recorded in the file. For each contract, we define durM and durF as the time to death for
the male and female, respectively, or the contract horizon if the corresponding death is not observed. The
first-death duration is then 7, = min(durM, durF), with event indicator d;, = 1 when at least one death is
observed before the contract horizon. We refer to the Supplementary Appendix for data details.

To avoid confounding marginal misspecification with dependence estimation, we fix the Gompertz
marginal parameters at the values reported by Frees ef al. (1996). That study estimates two sets of
Gompertz parameters: one under an independence assumption (univariate estimation) and one jointly
with a Frank copula (bivariate estimation); the two sets differ because the copula-based estimation
accounts for the positive dependence between lifetimes. The independence and Wishart specifica-
tions use the univariate marginals, while the Frank copula benchmark uses the bivariate marginals
from its own joint estimation. Parameter values and corresponding survival curves are reported in the
Supplementary Appendix. The conditional survivals (F,(¢|x), F(t|y)) and Gompertz entry hazards
(U™ (x), 13°™(y)) for a given pair of ages (x,y) derived from this specification are used throughout the
empirical section. They are given in the Supplementary Appendix.
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For each contracti =1, . . ., M, the data consist of a first-death duration 7 ; and a first-death indicator

Li—

1, if at least one death is observed before the contract horizon,
0, otherwise (right-censored).

A contract is right-censored when the guarantee horizon expires before either death is observed. Either
the first death has not yet occurred by T, or its actual timing is unknown. The likelihood contribution
for an observed event (d;; = 1) is the first-death density fi(7;), while the contribution for a censored
observation (d, ; = 0) is the joint-survival probability SB(0, 7)), reflecting the information that both lives
were still alive at the censoring time. The standard right-censored first-death log-likelihood is therefore

M
UO)=_[dislogfi(Ti:0)+ (1 — ) log SBO, T:.:6) ], (46)
i=1
where 6 is the parameter vector specified below. The likelihood accounts for left truncation through the
conditional marginals and for right censoring through the first-death indicator, following the likelihood
construction of Frees et al. (1996, Equations (7)—(13)). Unlike their full bivariate formulation, which
uses both individual death times, we use only first-death information, since the joint-survival bond and
the first-death density are available in closed form under the Wishart specification. The log-likelihood
being specified, the optimal 6* satisfies:

0" = argmax £(0). (G
4

Wishart dependence specification: Conditional on the fixed marginals, we estimate the Wishart
dependence layer from the first-death likelihood (46). The parameter vector is

6 :(a’ /39mllsm22901130229 pa’)‘)' (48)

The parameters «, 8, m, o are those of the linear-rational Wishart model; the empirical loading coef-
ficient A and the diffusion correlation p, are defined below. The empirical specification takes n =2,
keeps m diagonal with negative entries m;;, m,, < 0 (mean-reverting drift), and parametrizes the loading
matrices through a one-parameter common-loading family controlled by A € [0, 1):

(1 (2 a PPN LRSS )
DENL o2 T ) TmTREL 00 14002)

Since u; = qiq|, u» = qq; with ¢, =(1,A)" and ¢, = (A, 1)7, each u; is positive semi-definite and
therefore a rank-one matrix. Their sum u, has eigenvalues (1 + A)* and (1 — A)?, which are strictly
positive for A € [0, 1); hence, u, € S; and therefore rank two. The diffusion matrix is parametrized
by 011, 02, > 0 and the correlation coefficient p, € (— 1, 1), with off-diagonal entry o, = p, /01102, 50
that o is positive definite.

This parametrization is a parsimonious alternative to a fully unrestricted loading structure: the model
allows a common factor to enter both intensities but remains simple enough to preserve closed-form first-
death quantities while permitting the analytical recovery of the contract-specific initial state described
below.

We restrict the initial state to a diagonal matrix,

0
=" , (50)
0 V22,0

where the diagonal entries v, and vy, are contract-specific and determined by matching the model’s
time-zero mortality intensities to the fixed Gompertz entry hazards for the contract’s entry ages (x,y); the
inversion procedure is described hereafter. The off-diagonal component vy, is set to zero at entry, but
the common loading A and the diffusion correlation p, still affect the subsequent dynamics and hence
the first-death survival law.
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Specifying m, v, diagonal and rank-one loading matrices (i.e., u;, u,) represents a parsimonious model
parametrization that enables identification from first-death data alone. Note, however, that there are
three channels through which the model generates dependence between the mortality intensities (19)
and (20): (i) structural dependence through the shared denominator 1 + tr[u,v,], which is present even
when A = 0; (ii) the common loading controlled by A, which allows each life’s intensity to depend on
the other life’s state component through the off-diagonal entries of u; and u,; and (iii) the diffusion
correlation controlled by oy,, which governs the covariation between the scaled intensities (24) through
the instantaneous covariation between v;;, and vy, given by (14). Any relaxation of these restrictions
introduces parameters that the first-death likelihood cannot separately identify. A non-diagonal m would
add off-diagonal drift terms that are confounded with the loading structure; a non-diagonal v, would
require knowledge of the initial cross-state v,, which is not pinned down by the two entry hazards; and
an unrestricted loading choice u,, u, € S5 would introduce six free entries, but the joint-survival bond
depends on u, and u, only through u, = u; + u, and the trace combinations tr{u;w] and tr[u;mv].

Under diagonal m, the matrix A in Lemma 3.3, used in the pricing formulas of Proposition 4.1, is
diagonal, so its exponential is a diagonal matrix with the (scalar) exponential of the diagonal elements of
A on its diagonal. Because v, is diagonal, the off-diagonal entries of ay(¢) do not contribute to tr[ay(f)v,]
and therefore to the numerator of a survival bond (18). Explicit expression of the survival bond, which
is reported in Supplementary Appendix, clarifies the model identification through survival bonds. The
parameter A appears in the numerator and the denominator of a survival bond, while the diffusion cor-
relation p, affects the sign and magnitude of w,, = B(c?),,, which is shared by the two survival bonds.
When A =0 and p, =0, the cross term vanishes and the specification collapses to two independent
one-dimensional Wishart (i.e., Cox—Ingersoll-Ross) processes. As explained in Section 4, a sufficient
condition for non-negative intensities is «/2 > max(tr[u, ], tr[u,w]) this is enforced during estimation.

The model estimation loops over a two-stage optimization procedure. One of the stages consists of
a given parameter vector 6 to estimate v,. To this end, we assume that the global parameter vector 6 is
shared across all contracts, and each contracti =1, . . . , M with entry ages (x;, y;) requires its own initial
state v = diag(v(l"f,o, v;';?o) so that the model’s time-zero mortality intensities match the Gompertz entry
hazards denoted 1¢;°™ (x;) and u5°™ (y;). It means that setting = 0 in (19) and (20) along with the vector
parameter 6, the matching conditions for a generic contract with entry ages (x;, y;) read

10) = u™(x),  1,(0) = us"™ (), (51

where the intensities 1,(0), ,(0) depend on i through the initial state variable value vff). Since these
intensities are linear-rational in the state variable, the above equalities can be rewritten as

V(i)

A u" ) =D, (52)
V.
22,0

with A; a matrix and b; a vector (we refer to the Supplementary Appendix for the expressions). The
system (52) has a unique solution whenever det (A;) # 0. Since 6 is global, the coefficient matrix A;
changes from contract to contract only through the Gompertz entry hazards "™ (x;) and u5°"™(y,);
the solution for each contract is computed by Cramer’s rule. The parameter vector is accepted only if
W), >0 and v}, > 0 for every contract in the sample; this positivity requirement is enforced during
estimation. This stage is combined with a second stage that consists of a set of fixed values (vg)),»zle
to solve (47). As a result, it remains to clarify how £(0) of (46) is determined in the Wishart model.

The survival bond SB(0, ¢ | vy) of (18) is explicitly known and equals the joint-survival probability
so that the first-death density is obtained by differentiation:

d
St vo) = —=-SB(O, ] vo) = SB(0, 1]v0)(11(0) + 4,(0)), (33)

and is positive whenever the intensities (19) and (20) are non-negative which is guaranteed by the choice
of the model parameters. As a result, both the joint-survival bond and the first-death density (53) are
available in closed form, so no numerical integration or simulation is required inside the likelihood

Downloaded from https://www.cambridge.org/core. Auckland University of Technology, on 24 Aug 2026 at 21:23:06, subject to the Cambridge Core terms of use, available
at https://www.cambridge.org/core/terms. https://doi.org/10.1017/asb.2026.10113


https://www.cambridge.org/core/terms
https://doi.org/10.1017/asb.2026.10113
https://www.cambridge.org/core

ASTIN Bulletin 17

Table 1. Estimated Wishart dependence parameters from the first-death likelihood.

Panel A: Wishart parameters

Parameter o B mi My oy O o A
Value 0.033 3.073 —0.370 —0.237 0.070 0.072 0.127 0.256
Panel B: Initial state variable
Age pair (60,60) (65,60) (70,65) (75,70) (80,75)
VLo 0.0117 0.0179 0.0283 0.0463 0.0783
V220 0.0090 0.0084 0.0115 0.0177 0.0303

Note: Panel A, estimates for (48) by solving (47), the maximization of the right-censored first-death log-likelihood (46) with fixed Gompertz marginals from
Frees et al. (1996). The shared-loading coefficient A and the diffusion correlation p, govern the dependence between the intensities. Panel B, solutions to
the system (52) for different pairs of ages.

evaluation (46) where each component of the sum is contract-level dependent through its initial state v,
(which is related to the pair (x;, y;) through (2™ (x;), 15°™(,))) and depends on the global parameter
vector 6 through the inversion (52) and the expression of the survival bond.

The optimization is carried out over eight unconstrained variables, each mapped to its natural param-
eter via a smooth bijection (exponential, hyperbolic tangent, or a shift thereof) that enforces the relevant
domain constraint. The negative log-likelihood (NLL) —£(#) is minimized by a deterministic multi-start
procedure. The parameter transforms and the optimization protocol are described in the Supplementary
Appendix.

We compare the linear-rational Wishart model to two alternatives, the independent model and
the fixed-parameter Frank copula model. The comparison is performed on the same first-death data
and fixed Gompertz marginals, all evaluated under the standard first-death log-likelihood (46). Under
independence, the joint survival is the product of the Gompertz conditional survivals

SB™(0,1) = F\(t | x) F5(t | y), (54)

with (F,(t| x), F5(t | y)) being the single-life conditional survival functions, while the first-death den-
sity is

£1(r) = SB™(0, f)(MlGomp(x 1)+ Sy 4 t)) (55)

This model has no free dependence parameters. For the Frank copula, we follow Frees et al. (1996) and
use Cs(u,v)=—(1/8) log(l +E =1 —1)/(e”® — 1)) with the literature parameter § = 3.367.
The joint survival is

SB™(0,1) = Gy (F\(t | x), Fa(t])). (56)
and the first-death density is obtained by differentiating —SB™™ with respect to ¢. Because the copula
parameter is fixed at its literature value, the Frank benchmark also has no free dependence parameters
in this comparison. For the Wishart-based model, the specification is the one mentioned above with the
all eight parameters of (48) free.

Estimation results: Table 1 reports the estimated coefficients, while the NLLs for the three models are
Independence 8114.56, Frank 8129.35, and Wishart 8322.38 (with further details in the Supplementary
Appendix). Among the models compared, independence achieves the lowest NLL, followed by the Frank
copula and the Wishart specification. Empirically, the Wishart fit identifies non-trivial off-diagonal
dependence: 2 =0.256 and 0» = 0.127. To quantify the dependence implied by these estimates, we eval-
uate the instantaneous correlation between the scaled mortality intensities (23) at the stationary mean
of the Wishart process. Indeed, thanks to (24), this instantaneous correlation is
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(A + vy + h])o?]

Corr(dpi(s), dp(s)) =
L0+ WD+ hD (s + v, + K)o

, (57)

but because the initial state is diagonal with v;, = 0, evaluating it at v, yields a correlation that does not
reflect the dependence generated by the subsequent Wishart dynamics. Instead, we compute it at the
stationary mean Vv, := lim,_, ,, [E[v,], which solves vec(v,,) = —A"'vec(w) with A as in Lemma 3.3, that

is given by
_ 0.0209  0.0065
Voo = .
0.0065 0.0338

With the estimated parameters reported in Table 1, evaluating (57) at v,, yields an instantaneous
correlation of approximately 0.430, indicating that the common-loading Wishart specification implies
a stationary instantaneous correlation of about 43% between the scaled mortality intensities. This value
falls within the interval (0.41, 0.56) reported by Frees et al. (1996, p. 237) for the correlation between
annuitants in last-survivor contracts, suggesting that even the parsimonious common-loading family
captures the positive dependence documented in the data. Extensions to a non-diagonal initial state
allowing for a time-varying correlation profile from inception are left for future work.

The likelihood ranking still requires careful interpretation, as the comparison is structurally asym-
metric. The independence and Frank copula benchmarks evaluate the Gompertz conditional survival
function F i(t | x) at every horizon ¢, so they benefit from the exact Gompertz marginal shape at all times.
The Wishart specification, by contrast, matches the Gompertz entry hazards only at # =0 through the
inversion (52); for ¢ > 0, the Wishart dynamics govern the mortality intensity, and the implied survival
curve necessarily diverges from Gompertz. The first-death likelihood therefore penalizes the Wishart
primarily for its marginal shape rather than for any deficiency in its dependence specification, in line
with the evidence of De Giovanni ef al. (2025) that, on this same portfolio, marginal flexibility rather
than the dependence layer governs goodness-of-fit.” Furthermore, since the Wishart model is not nested
in the other specifications, comparing likelihood values convey little information. It might be more
informative to simply compare the survival bond pricing errors. As the joint-life annuity under the fitted
specification is computed by summation of the closed-form survival bonds, for annual payments on a
horizon of N years with zero interest rates, the joint-life annuity (i.e., (27)) at entry is

N
Ay =Y SB(0, k| v), (58)

k=1

with SB given by (18) and the contract-specific v, obtained from the entry-hazard inversion (52).

The fitted models imply different annuity values when evaluated under fixed Gompertz marginal
inputs from Frees et al. (1996), with the independence and Wishart specifications using the univariate
marginals and the Frank benchmark using the bivariate marginals from the same study. Table 2 reports
joint-life annuity values for annual payments, zero interest rates, and a five-year horizon equal to the
observed contract support, for the age pairs (60, 60), (65, 60), (70, 65), (75, 70), and (80, 75). Thus, the
annuity comparison reflects differences in both the marginal inputs and the joint-survival specification.
At entry ages (60, 60), the Wishart joint-life annuity is 4.68, compared with 4.83 under independence
(adecrease of 0.15, or ~3.0%); at (65, 60) the gap narrows to —0.10 (4.66 vs. 4.75). The sign reverses for
older entrants: at (75,70) the Wishart value is 4.52 against 4.33 under independence (an increase of 0.19,
or ~4.5%), rising to a 0.44 difference (4.37 vs. 3.93, or ~11%) at (80,75). The pattern reflects the struc-
tural divergence between the Wishart and Gompertz survival curves: at younger ages, where the Wishart

’The Online Supplementary Appendix assesses the model-implied marginals directly against the data, providing evidence that
it is the divergence of the Wishart marginal shape, rather than any deficiency in its dependence specification, that primarily drives
its lower likelihood ranking.
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Table 2. Joint-life annuity values A,, across benchmark models.

Age pair (60,60) (65,60) (70,65) (75,70) (80,75)

Ind. 4.83 4.75 4.59 4.33 3.93
Frank 4.84 4.76 4.60 4.36 4.00
Wishart 4.68 4.66 4.61 4.52 4.37
A —0.15 —0.10 0.01 0.19 0.44

Note: Annual payments, zero interest rate (r=0), and a 5-year horizon equal to the observed contract support.
Independence and Frank values use the product and copula joint survivals, respectively, with fixed Gompertz
marginals from Frees er al. (1996). Wishart values are computed from the closed-form survival bond of Proposition
4.1 via (76), with the contract-specific initial state from (52). A = Wishart — Independence.

dynamics match the Gompertz marginals closely, the model implies slightly lower joint-survival prob-
abilities; at older ages, where the Gompertz hazard rises exponentially but the mean-reverting Wishart
intensity reverts to a finite long-run level, the model implies higher joint survival and hence a larger
joint-life annuity.

Remark 6.1. Note that the Wishart model parameters are constant, and therefore its ability to fit an
arbitrary initial survival curve is limited. To improve this fit, it is common practice to allow certain
parameters to become time-inhomogeneous. For exponential-affine models, such extensions are pre-
sented in Dahl (2004), Dahl and Mg ller (2006), and Schrager (2006). A similar extension to the approach
based on the state-price density is proposed in Filipovi¢ et al. (2017, Section VI.A (Extended Swaption
Pricing Formula), Online Internet Appendix). This allows the fit to be improved, even in the case of
increasing mortality intensity curves, without making the underlying stochastic process non-stationary
(i.e., the matrix m retains negative eigenvalues, a result that contrast with Luciano et al., 2008), nor
sacrificing the analytical tractability of the model.

Remark 6.2. The last-survivor annuity requires model-consistent single-life survivals. Under the
Wishart specification, the Radon—Nikodym decomposition (17) yields

E2 [e, i m(s)ds] =EP [ﬁeff u‘-(s->ds:| ,
&
which can be estimated by Monte Carlo simulation under P; a symmetric expression holds for y.
Computing both model-implied single-life annuities by simulation and combining them with the closed-
form joint-life annuity via inclusion—exclusion gives a fully model-consistent last-survivor annuity. This
extension is deferred to future work.

Guaranteed annuity option pricing: Although the Wishart specification ranks below the copula bench-
marks on the first-death likelihood, that comparison evaluates only the static joint-survival function,
the one object common to both frameworks. The guaranteed joint-survival annuity option C(0, T, Ty)
(see (0)) illustrates a qualitatively different output that only the linear-rational Wishart model can
produce, and which lies entirely beyond the scope of any static copula and the standard exponential-
affine framework of Dahl (2004) and Biffis (2005) is also numerically unmanageable, see Biffis and
Millossovich (2006). Note that the advantages of our proposed framework go well beyond the problem
of pricing guaranteed annuity options. Indeed, not only can this product be priced, but risk measures
such as value at risk and expected shortfall, to name just a few, can also be explicitly computed for a
joint-survival bond. These measures require a dynamic evolution of joint mortality intensities, which
the copula approach does not provide, while the multiple-payment feature of survival annuities makes
their treatment problematic within the exponential-affine framework. As a result, even at the level of
risk management of the underlying asset of the guaranteed annuity option (GAO), our framework is
considerably more operational than existing alternatives.

The guaranteed annuity option pays (A, (T, Ty) — 1/g), at maturity T, where A, (T, Ty) is the joint-
life annuity (58) (or Proposition 4.7) with payment dates T}, ..., Ty and g is the guarantee rate. The
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Table 3. Guaranteed joint-survival annuity option prices C(0, T, Ty) from the fitted Wishart model.

Agepair A, g Fourier = Gaussian % err Spectral % err Gamma % err
(60,60) 4.6789 0.2137 0.002948 0.004198 +42.4 0.002827 —4.1 0.003518 +19.3
(65,60) 4.6563 0.2148 0.006358 0.008288 +30.4 0.006145 —-3.4 0.007026 +10.5
(70,65) 4.6052 0.2171 0.019582 0.021990 +12.3 0.019171 —-2.1 0.020074 +2.5
(75,70)  4.5178 0.2213 0.057577 0.059918 +4.1 0.057009 —-1.0 0.057373 —-04
(80,75) 43677 0.2290 0.147511 0.148798 40.9 0.147072 —-0.3 0.147114 —-0.3

Note: The option payoff is (A (T, Ty) — 1/g)+ with parameters from Table 8. Fourier: semi-closed-form Fourier inversion (Proposition 5.1); Gaussian:
closed-form normal approximation (Proposition 5.3); Spectral: eigenvalue-projection approximation (Proposition 5.5); Gamma: closed-form gamma
approximation (Proposition 5.7). The at-the-money guarantee rate is g = 1/.Ay,. Percent errors are relative to the Fourier benchmark. All methods use
the estimated Wishart parameter vector 6 from Table 1.

specification adopted here is summarized in the appendix but report here the main characteristics: we set
the option maturity equal to the observed contract horizon, 7 =5 years, with annual annuity payments
at T;=ifori=1,...,5, and set the guarantee rate at the at-the-money level g=1/A4,, so that the
option is exercised whenever the realized annuity value at maturity exceeds its time-zero expectation. By
Proposition 5.1, the Wishart framework prices C (0, T, Ty) in semi-closed form via Fourier inversion, and
three closed-form alternatives are available: the Gaussian approximation (Proposition 5.3), the spectral-
decomposition approximation (Proposition 5.5), and the gamma approximation (Proposition 5.7).

Table 3 reports the resulting prices and the percent relative error of each approximation against the
Fourier benchmark. The at-the-money guarantee rates range from g = 0.2137 at (60,60) to g = 0.2290
at (80, 75), reflecting the decrease in the underlying annuity value A,, (from 4.68 to 4.37) as entry ages
rise and mortality risk increases. The Fourier option price rises sharply with entry age: it is 0.002948 at
(60, 60), 0.006358 at (65, 60), 0.019582 at (70, 65), 0.057577 at (75, 70), and 0.147511 at (80, 75), a
53-fold increase from the youngest to the oldest pair. The steep gradient has a clear actuarial explanation:
at younger entry ages the five-year mortality risk is small and the annuity value at maturity is tightly
concentrated around its expectation, so the at-the-money option is deep out of the money and nearly
worthless; at older ages, the higher mortality hazard generates substantially more variance in the future
annuity value, pushing a larger mass of the distribution above the strike 1/g and making the guaran-
tee economically material. For instance, at (80, 75) the option price 0.147511 represents 3.37% of the
underlying annuity value of 4.37, a non-negligible component of the annuity liability that an insurer
must reserve against. Neither independence nor the Frank copula provides any mechanism to compute
this price. All four Wishart-based methods are evaluated from the single estimated parameter vector 6.
The spectral approximation is the most accurate across the age grid, with a relative error below 3.5% for
all age pairs with entry ages (65,60) and above and below 0.3% at the oldest pair. The gamma approx-
imation performs much better than the Gaussian approximation. This is to be expected: the stationary
distribution of the Wishart process is a matrix gamma distribution, so the scalar gamma expansion of
Proposition 5.7 inherits the correct distributional shape and captures the tail behavior of the annuity
value more faithfully than the symmetric Gaussian expansion. The Gaussian approximation is compa-
rably accurate at older ages (below 5% for (75, 70) and (80, 75)) but overestimates substantially when
the option is deep out of the money, precisely the regime where the Gaussian tail overshoot relative
to the gamma tail is most pronounced. The gamma approximation performs well for all the pairs with
larger errors at younger ages. Overall, these relative errors are largest at the youngest age pairs, where
the option price itself is very small; the absolute pricing differences across all methods remain modest
throughout for longer ages.

In the Supplementary Appendix, a figure plots the guaranteed annuity option price as a function of
the guarantee rate g for the entry-age pair (65, 60). It can be checked, at least visually, that the four
pricing methods produce qualitatively similar curves over this range, with the spectral approximation
tracking the Fourier benchmark most closely. The option price increases with g (since a higher guarantee
rate means a more valuable floor) and is always non-negative under the Fourier, spectral, and gamma
methods.
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This pricing exercise demonstrates the end-to-end tractability that distinguishes the linear-rational
Wishart framework from both static copula specifications and exponential-affine intensity models. The
same parameter vector 6 that enters the first-death likelihood is fed directly into the guaranteed annu-
ity option price formula, the cumulant expansions, and the closed-form approximations, all without
simulation. The first-death likelihood comparison therefore captures only one dimension of model per-
formance; on the pricing and risk-management quantities that motivate the theoretical development, the
linear-rational Wishart model is the only specification among those considered that delivers quantitative
answers.

This empirical section is best understood as a proof-of-concept implementation that deliberately
adopts the simplest admissible specification at every stage. Each of these choices admits natural gener-
alizations. A richer function f, which relates the state-price density and the state variable, could improve
the marginal fit of the model-implied survival curves but would require re-deriving the intensity expres-
sions, the positivity conditions, and all downstream pricing formulae. Relaxing the diagonal constraint
on v, introduces an off-diagonal initial correlation but necessitates new sufficient conditions for non-
negative intensities that go beyond the analysis developed here. An unrestricted loading structure for
uy, u, raises identifiability issues that must be resolved before estimation is carried out. Finally, jointly
estimating the marginal and dependence parameters, rather than conditioning on a literature benchmark,
requires a fundamentally different calibration protocol and careful treatment of the resulting identifica-
tion constraints. Each of these generalizations involves substantial additional analytical development,
and together they constitute a substantial piece of work in its own right, which we leave for future
investigation.

7. Conclusion

This paper develops a linear-rational Wishart mortality model for couples and shows that the frame-
work remains analytically tractable for the valuation of joint-life products. The Wishart state variable,
coupled with the potential approach of Rogers (1997), produces positive mortality intensities, a closed-
form joint-survival bond, and tractable expressions for the joint-survival annuity and guaranteed annuity
option. Furthermore, we develop fast approximation methods for the guaranteed annuity option. These
theoretical properties are the main structural contribution of the paper.

An implementation also shows how the model can be taken to data. Using the Canadian dependent-
lives portfolio, contract-level right-censoring, and the fixed Gompertz marginals of Frees et al. (1996),
we estimate the Wishart dependence layer and benchmark the specification against independence and
a Frank copula. The estimated Wishart parameters capture a positive mortality dependence consistent
with the literature and produce materially different joint-life annuity values relative to independence.
Crucially, unlike the static copula benchmarks, the same fitted parameters feed directly into the closed-
form guaranteed annuity option pricing and approximation formulas, providing an end-to-end pipeline
from first-death data to derivative valuation that is not available under the alternative specifications.

Several directions beyond the calibration protocol also remain open. A richer empirical specification
implemented on a more up-to-date dataset could incorporate common-risk factors, contract covariates,
or a higher-dimensional state process. More broadly, the same linear-rational structure should apply
naturally to multi-life, multi-population, or joint mortality—interest-rate settings.
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