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 a b s t r a c t

Unmanned underwater vehicles are deployed to automate the production processes in offshore aquaculture, 
but the onboard power supply with limited energy capacity constrains the operational range and time. In this 
paper, a nonlinear energy-optimal Model Predictive Control (EO-MPC) is proposed to perform a 4-degree-of-
freedom 3D fish net-pen visual inspection trajectory tracking while minimizing energy consumption. The EO-
MPC problem with explicit energy-related terms in the performance index (PI) is transcribed into a nonlinear 
programming problem (NLP), solved via IPOPT, the open-sourced primal-dual interior point solver. Using the 
specifications of Blue Endeavour Project (the upcoming first-of-its-kind offshore salmon firm in New Zealand) of 
the New Zealand King Salmon Company and the work-class ROV called RexROV 2, theoretical fundamentals and 
practical implementation aspects are detailed, and four controllers are tested in high-fidelity simulation using 
Robot Operating System and Gazebo Physics Engine. In a general constrained operational working environment, 
the proposed EO-MPC controller saves 3.1% - 21.4% more energy than the conventional MPC (CO-MPC) while 
achieving better or equivalent trajectory tracking performance under different underwater current disturbance 
speeds (0.0m∕s, 0.5m∕s and 0.9m∕s).

1.  Introduction

Inshore and nearshore aquaculture farms encounter both conflicting 
coastal usages (e.g., tourism, recreation, and conservation), as well as 
challenging growing conditions (e.g., warm water, low dissolved oxy-
gen) (Chu et al., 2020). To access an improved environment for ideal 
fish growth, offshore aquaculture offers a cooler (e.g., 12◦𝐶 − 16◦𝐶) 
and suitable fish (e.g., King Salmon) farming space, especially in the 
context of New Zealand and Australia (Preece, 2021). With sustainable 
land-based farming and offshore aquaculture, the New Zealand aqua-
culture industry is expected to reach $3 billion market size by 2035 
(The New Zealand Government, 2025). Aligning with this trend, the 
New Zealand King Salmon (NZKS), a leading fish farming company, will 
start the proof-of-concept phase of its offshore aquaculture project called 
Blue Endeavour Project (the first of its kind in New Zealand) from June 
2025 (New Zealand King Salmon, 2024).

Currently, the NZKS company deploys a remotely controlled un-
manned underwater vehicle (UUV, also known as ROV) to conduct vi-
sual inspection and fish net-pen cleaning tasks. Along with the relocation 
to offshore, the long-term deployment of workforce in a harsh working 
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environment underscores the safety concern, high operating costs, and 
the availability of manpower. One way to mitigate those issues is to 
make UUVs autonomous. Therefore, the autonomous fish net-pen vi-
sual inspection (FNVI) with UUVs becomes a research trend (Amundsen 
et al., 2021; Akram et al., 2022), but to the best of our knowledge, there 
is currently no fully autonomous solution implemented in the industry. 
Note: UUV is the generic term for both autonomous underwater vehicle 
(AUV) and remotely operated underwater vehicle (ROV). AUV is used 
for the long-range operation without an umbilical cord, whereas ROV is 
used for the short-range operation with umbilical cord.

To develop the autonomous FNVI with an infrastructure investment 
(e.g., navigation systems and sensors for UUVs), the UUV must operate 
without an umbilical cord, which is used for communication and un-
limited power supply, to fully benefit from its autonomous capability. 
The umbilical cord limits the operational range as it can entangle with 
the mooring lines of the fish farm when the autonomous UUV inspects 
around the fish net-pen. Without an umbilical cord, the UUV relies on 
the limited onboard power supply, and thus, an energy-optimal control 
of the UUV is essential to keep the working range and time required for 
the autonomous FNVI.

https://doi.org/10.1016/j.oceaneng.2025.122137
Received 23 March 2025; Received in revised form 21 June 2025; Accepted 5 July 2025

Ocean Engineering 340 (2025) 122137 

Available online 24 July 2025 
0029-8018/© 2025 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ). 

https://www.elsevier.com/locate/oceaneng
https://www.elsevier.com/locate/oceaneng
https://orcid.org/0000-0002-2131-811X

${12}^\circ C-{16}^\circ C$


$\$3$


$0.0$


$\mathrm {m}/\mathrm {s}$


$0.5$


$\mathrm {m}/\mathrm {s}$


$0.9$


$\mathrm {m}/\mathrm {s}$


$\{b\}$


\begin {equation}M_{R}= \begin {bmatrix} m_r\mathrm {I}_{3\times 3} & 0_{3\times 3}\\ 0_{3\times 3} & I_G \end {bmatrix} \label {Xeqn1-1}\end {equation}


$m_r$


$\mathrm {I}_{3\times 3} \in \mathbb {R}^{3\times 3}$


$I_G \in \mathbb {R}^{3\times 3}$


$\{b\}$


\begin {equation}C_{R}(\nu )= \begin {bmatrix} m_r[\nu _2 \times ] & 0_{3\times 3}\\ 0_{3\times 3} & -[(I_G\nu _2) \times ] \end {bmatrix} \label {Xeqn2-2}\end {equation}


$[(.)\times ]$


$(.)$


\begin {equation}\label {eqn:M_A} M_A = \text {diag}([X_{\dot {u}}\; Y_{\dot {v}}\; Z_{\dot {w}}\; K_{\dot {p}}\; M_{\dot {q}}\; N_{\dot {r}}]^T)\end {equation}


\begin {equation}C_A(\nu ) = \begin {bmatrix} 0_{3 \times 3} & - \left [\left (A_{11}\nu _1 + A_{12}\nu _2 \right )\times \right ]\\ - \left [\left (A_{11}\nu _1 + A_{12}\nu _2 \right )\times \right ] & - \left [\left (A_{21}\nu _1 + A_{22}\nu _2 \right )\times \right ] \end {bmatrix} \label {Xeqn4-4}\end {equation}


\begin {equation}M_A = \begin {bmatrix} A_{11} & A_{12}\\ A_{21} & A_{22} \end {bmatrix} \label {Xeqn5-5}\end {equation}


\begin {align}\label {eqn:D_RB} & D_{{l}} = \mathrm {diag}\left ([X_u\; Y_v\; Z_w\; K_p\; M_q\; N_r]^T\right ) \\ & D_{{q}}(\nu ) = \mathrm {diag}\left (\left [X_{u|u|}|u|\; Y_{v|v|}|v|\; Z_{w|w|}|w|\; K_{p|p|}|p| \notag \right . \right .\\ &\qquad \; \left .\left .\left . M_{q|q|}|q|\; N_{r|r|}|r| \right ]^T \right )\right )\end {align}


\begin {equation}\label {eqn:restoring_force_moment} g(\eta ) = \begin {bmatrix} R_I^b(\eta ) \left (f_{G }^I + f_{B }^I \right ) \\[4pt] r_{G}^b \times R_I^b(\eta ) f_{G }^I + r_{B}^b \times R_I^b(\eta ) f_{B }^I \end {bmatrix}\end {equation}


$f_{G }^I = [0\; 0\; -w_G]^T, f_{B }^I = [0\; 0\; w_B]^T$


$w_G$


$w_B$


$j^{th}$


$f_{T,j}$


$\{T_j\}$


\begin {equation}\label {eqn:f_T_j_dir} d_{T,j} = [x_{T,j}\; y_{T,j}\; z_{T,j}]^T,\end {equation}


$j^{th}$


$d_{T,j}f_{T,j}$


$j^{th}$


\begin {equation}\label {eqn:j_th_thrust_to_tau} \tau _{f_{T,j}} = \begin {bmatrix} R_{T_j}^b d_{T,j} f_{T,j}\\[4pt] \left [ r_{T_j}^b \times \right ] R_{T_j}^b d_{T,j} f_{T,j} \end {bmatrix}= B_{T,j}f_{T,j}\end {equation}


$m$


\begin {equation}\tau = [ B_{T,1}\; B_{T,2}\; \ldots \; B_{T,m}] f_T = B_T f_T \label {Xeqn9-11}\end {equation}


\begin {equation}\label {eqn:UUV_dynamic} M\dot {\nu }+(C(\nu )+D(\nu ))\nu +g(\eta )=\tau \left (\triangleq B_T f_T \right )\end {equation}


$M = M_R + M_A \in \mathbb {R}^{6 \times 6}$


$C(\nu ) = C_R(\nu ) + C_A(\nu ) \in \mathbb {R}^{6 \times 6}$


$D(\nu ) = D_{l} + D_{q}(\nu ) \in \mathbb {R}^{6 \times 6}$


$g(\eta )\in \mathbb {R}^{6}$


$\tau _1=[X\; Y\; Z]^T$


$\tau _2=[K\; M\; N]^T$


$\tau =[\tau _1\; \tau _2]^T\in \mathbb {R}^\mathrm {6}$


$f_T\in \mathbb {R}^{m}$


$B_T \in \mathbb {R}^{6 \times m}$


$\eta _1=[x\; y\; z]^T$


$\eta _2=[\phi \; \theta \; \psi ]^T$


$\eta = [\eta _1\; \eta _2]^T \in \mathbb {R}^\mathrm {6}$


$\{I\}$


$\nu _1=[u\; v\; w]^T$


$\nu _2=[p\; q\; r]^T$


$\nu =[\nu _1\; \nu _2]^T\in \mathbb {R}^\mathrm {6}$


$\{I\}$


$\{b\}$


$\dot {\eta }$


\begin {align}\label {eqn:UUV_kinematics} \dot {\eta } = J_b^I(\eta ) \nu \end {align}


$J_b^I(\eta )\in \mathbb {R}^{6 \times 6}$


\begin {equation*}J_b^I(\eta ) = \begin {bmatrix} R_b^I(\eta ) & 0_{3 \times 3}\\ 0_{3 \times 3} & T_b^I(\eta ) \end {bmatrix}\end {equation*}


\begin {align*}R_b^I(\eta ) = \begin {bmatrix} R_{b,c1}^I(\eta ) & R_{b,c2}^I(\eta ) & R_{b,c3}^I(\eta ) \end {bmatrix},\; R_I^b(\eta ) = R_b^I(\eta )^{T}\end {align*}


\begin {align*}&R_{b,c1}^I(\eta ) = \begin {bmatrix} \mathrm {c}(\psi )\mathrm {c}(\theta ) \\ \mathrm {s}(\psi )\mathrm {c}(\theta ) \\ -\mathrm {s}(\theta ) \end {bmatrix} \\ &R_{b,c2}^I(\eta ) = \begin {bmatrix} -\mathrm {s}(\psi )\mathrm {c}(\phi ) + \mathrm {c}(\psi )\mathrm {s}(\theta )\mathrm {s}(\phi ) \\ \mathrm {c}(\psi )\mathrm {c}(\phi ) + \mathrm {s}(\psi )\mathrm {s}(\theta )\mathrm {s}(\phi ) \\ \mathrm {c}(\theta )\mathrm {s}(\phi ) \end {bmatrix}\\ &R_{b,c3}^I(\eta ) = \begin {bmatrix} \mathrm {s}(\psi )\mathrm {s}(\phi ) + \mathrm {c}(\psi )\mathrm {s}(\theta )\mathrm {c}(\phi ) \\ -\mathrm {c}(\psi )\mathrm {s}(\phi ) + \mathrm {s}(\psi )\mathrm {s}(\theta )\mathrm {c}(\phi ) \\ \mathrm {c}(\theta )\mathrm {c}(\phi ) \end {bmatrix}\end {align*}


\begin {align*}T_b^I(\eta )& = \begin {bmatrix} 1 & \mathrm {s}(\phi )\mathrm {t}(\theta ) & \mathrm {c}(\phi )\mathrm {t}(\theta )\\ 0 & \mathrm {c}(\phi ) & -\mathrm {s}(\phi )\\ 0 & \mathrm {s}(\phi )/\mathrm {c}(\theta ) & \mathrm {c}(\phi )/\mathrm {c}(\theta ) \end {bmatrix} , \theta \neq \pm \frac {\pi }{2},\\ \mathrm {s}(.) &= \sin (.), \mathrm {c}(.) = \cos (.), \mathrm {t}(.) = \tan (.)\end {align*}


\begin {align}\label {eqn:nu_dot} \dot {\nu } = M^{-1}[-(C(\nu )+D(\nu ))\nu -g(\eta )] + M^{-1}B_Tf_T\end {align}


\begin {align}\label {eqn:12_state_model} \dot {\zeta } &= \begin {bmatrix} J_b^I(\zeta _1) \zeta _2\\ M^{-1}[-(C(\zeta _2)+D(\zeta _2))\zeta _2 -g(\zeta _1)] \end {bmatrix} + \begin {bmatrix} 0_{6 \times m}\\ M^{-1}B_T \end {bmatrix}f_T \notag \\ &=h(\zeta ,f_T)\end {align}


$\zeta = [\zeta _1 \; \zeta _2]^T= [\eta \; \nu ]^T \in \mathbb {R}^{12}$


\begin {align}\label {eqn:COTCP_continuous} V^*(\zeta ^*, f_T^*) &= \min _{f_T(.) \; \in \; \mathbb {F}} \; J(\zeta ,f_T) \\ \textrm {subject to} \quad \dot {\zeta }(t) &=h(\zeta (t),f_T(t)) \notag \\ \zeta (t) &\in \mathbb {S},\; f_{T} \in \mathbb {F},\notag \\ t &\in [0, T]. \notag \end {align}


$J(.) = \int _{0}^{T} \ell (\zeta (t),f_T(t)) dt$


$\ell (.) : \mathbb {R}^{n} \times \mathbb {R}^{m} \rightarrow \mathbb {R}_0^+$


$^*$


$\mathbb {S}$


\begin {align*}\mathbb {S} = \{ \zeta \in \mathbb {R}^n \;| \; \zeta _{i,\mathrm {min}} \leq \zeta _i \leq \zeta _{i,\mathrm {max}}, \; \exists \; f_T \in \mathbb {F} \; \text {over}\; N_p\}\end {align*}


$\mathbb {F}$


\begin {align*}\mathbb {F} &= \{ f_T \in \mathbb {R}^m |\; \qquad \qquad f_{T,i,\mathrm {min}} \leq f_{T,i} \leq f_{T,i,\mathrm {max}}\;, \\&h(\zeta (k=0),f_T) \in \mathbb {S} \; \text {over}\; N_c\}\end {align*}


$4^{\mathrm {th}}$


\begin {align}\label {eqn:UUV_discrete} \zeta (i+1) &= \zeta (i) + \frac {h_s}{6} \left (k_1 + 2k_2 + 2k_3 +k_4 \right ) \notag \\ &=h(\zeta (i),f_T(i))\end {align}


\begin {align*}k_1 &= h(\zeta (i), f_T(i)), \\ k_2 &= h(\zeta (i) + h_s\frac {k_1}{2}, f_T(i)), \\ k_3 &= h(\zeta (i) + h_s\frac {k_2}{2}, f_T(i)), \\ k_4 &= h(\zeta (i) + h_s k_3, f_T(i))\end {align*}


$h_s \in \mathbb {R}^+$


$i \in \mathbb {R}_0^+$


$i$


\begin {align}\label {eqn:COTCP_discrete} \min _{f_T(.) \; \in \; \mathbb {F}}& \; J_{N_p}(\zeta (i),f_T) = \ell (\zeta (N_p)) + \sum _{k=0}^{N_p-1} \ell (\zeta (k),f_T(k))\end {align}


\begin {align*}\textrm {subject to} \; &\zeta (k+1) =h(\zeta (k),f_T(k)) \in \mathbb {S}, \forall k \in [0, N_p], \notag \\ & f_T(k) \in \mathbb {F}, \forall k \in [0, N_c], \notag \\ \text {Warm-start}\, &\left \{ \begin {aligned} &\zeta _{N_p}(k=0) = \zeta _{N_p}^*(i-1) \in \mathbb {R}^{n \times N_p}, \notag \\ & f_{T,N_c}(k=0) = f_{T,N_c}^*(i-1) \in \mathbb {R}^{m \times N_c}. \notag \end {aligned} \right .\end {align*}


$N_p$


$N_c$


$N_c < N_p$


$\ell (k)$


$N_p$


$\ell (N_p) = e^T Q_f e$


$Q_f = Q_f^T \in \mathbb {R}^{n \times n}\geq 0$


$e = \zeta _d - \zeta $


$\zeta _d$


$h(\zeta (k),f_T(k))$


$h(\zeta (i),f_T(i))$


$k^{th}$


$f_T^*$


$J_{N_p}(\zeta (i),f_T)$


$N_p$


$\zeta _{N_p}^*(i-1)$


$f_{T, N_c}^*(i-1)$


$\zeta _{N_p}^*(i)$


$f_{T, N_c}^*(i)$


$i+1$


$\zeta (i)$


$\zeta (i,k=0,1,\ldots ,N_p)$


$k^{th}$


$i$


$\zeta (i)$


$N_c < N_p$


$f_T(k)$


$N_c$


$N_p-1$


$f_T(N_c)$


$f_T(N_c <k <(N_p-1)) = f_T(N_c)$


$\zeta (i,k=0)$


$\zeta (i,k=N_p) = \zeta _d$


$f_T(k=0,\ldots ,N_c)$


$J_{N_p}(.)$


$N_p$


$\ell (.)$


$\ell (.)$


\begin {align}\label {eqn:stage_cost_CO_MPC1} \ell (.)_{\mathrm {CO-MPC1}} = e^T Q e + f_T^T R f_T\end {align}


$Q = Q^T \in \mathbb {R}^{n \times n}\geq 0$


$R = R^T \in \mathbb {R}^{m \times m} > 0$


$\ell (.)$


$\ell (\zeta (N_p))$


$\ell (.)$


\begin {equation}\label {eqn:power_injected} p(f_T,\nu ) = f_T^{T} B_T^T \nu \end {equation}


\begin {align}\label {eqn:stage_cost_EO_MPC1} \ell (.)_{\mathrm {EO-MPC1}} = e^T Q e + f_T^T R f_T + \gamma _1 p(f_T,\nu )\end {align}


$p_{\mathrm {min}}(f_T,\nu ) \leq p(f_T,\nu ) \leq p_{\mathrm {max}}(f_T,\nu )$


$\gamma _1 \in \mathbb {R}^+$


$p_{\mathrm {max}}(f_T,\nu )$


$p_{\mathrm {min}}(f_T,\nu )$


$\nabla ^2 p y = \lambda y$


$\exists \; \nabla p, \;\nabla ^2 p$


\begin {align*}\text {det}(\nabla ^2 p - \lambda I) = 0 \implies \left \{ \begin {array}{@{}ll} \text {convex} & \mbox {if } \lambda \in \mathbb {R}^+ \\ \text {concave} & \mbox {if } \lambda \in \mathbb {R}^- \\ \text {non-convex} & \mbox {if } \lambda \in \mathbb R \end {array} \right .\end {align*}


\begin {align*}&\nabla p = \begin {bmatrix} \dfrac {\partial p}{\partial f_T} \vspace {5pt}\\ \dfrac {\partial p}{\partial \nu } \end {bmatrix} = \begin {bmatrix} \nu ^T B_T \vspace {5pt}\\ f_T^T B_T^T \end {bmatrix}\end {align*}


\begin {align*}&\nabla ^2 p = \begin {bmatrix} \dfrac {\partial ^2 p}{\partial f_T^2} & \dfrac {\partial ^2 p}{\partial f_T \partial \nu }\vspace {5pt}\\ \dfrac {\partial ^2 p}{\partial \nu \partial f_T} & \dfrac {\partial ^2 p}{\partial \nu ^2} \end {bmatrix} = \begin {bmatrix} \mathbf {0}_{6 \times 6} & B_T^T \vspace {5pt}\\ B_T & \mathbf {0}_{6 \times 6} \end {bmatrix}\end {align*}


$B_T$


$p(f_T,\nu )$


$\Delta f_T$


\begin {align}\label {eqn:delta_f_T} \Delta \tau = B_T \Delta f_T\end {align}


\begin {align}\label {eqn:rate_of_change_tau} \left .\begin {aligned} \dot {\tau } &= B_T \dot {f_T} \\ \dot {\tau } &= M_R \ddot {\nu } = M_R j \end {aligned} \right \} \quad \dot {f_T} \implies j\end {align}


$M_R$


$j \in \mathbb {R}^6$


\begin {align}\label {eqn:stage_cost_EO_MPC2} \ell (.)_{\mathrm {EO-MPC2}} = e^T Q e + f_T^T R f_T + \Delta f_T^T R_\delta \Delta f_T\end {align}


$R_\delta = R_\delta ^T = \gamma _2 R \in \mathbb {R}^{m \times m} > 0$


$\gamma _2 \in \mathbb {R}^+$


$\Delta f_T = f_T(k) - f_T(k-1) \in \mathbb {R}^{m}$


$k^{th}$


$(k-1)^{th}$


$\Delta f_T \approx 0$


$\Delta f_T^T R_\delta \Delta f_T \approx 0$


$f_T^T R f_T$


\begin {align}\label {eqn:stage_cost_EO_MPC3} \ell (.)_{\mathrm {EO-MPC3}} = e^T Q e + f_T^T R f_T &+ \gamma _1 p(f_T,\nu ) \notag \\ &+ \Delta f_T^T R_\delta \Delta f_T\end {align}


$\ell (.)_{\mathrm {EO-MPC3}}$


$\ell (.)_{\mathrm {EO-MPC1}}$


\begin {align}\label {eqn:NLP} &\min _{\beta \; \in \; c_{\mathrm {ineq}}(\beta ), c_{\mathrm {eq}}(\beta )} \; \Phi (\beta ) = J_{N_p}(\beta ) \\ &\textrm {subject to} \notag \;\\ &c_{\mathrm {eq}}(\beta ) = \begin {bmatrix} \hat {\zeta }(0) - \zeta (0) \\ h(\zeta (0),f_T(0)) - \zeta (1) \\ \vdots \\ h(\zeta (N_p-2),f_T(N_p-2)) - \zeta (N_p-1) \\ \zeta _d - \zeta (N_p) \end {bmatrix} = 0 \notag \end {align}


\begin {align*}c_{\mathrm {ineq}}(\beta ) = \begin {bmatrix} c_{\mathrm {ineq}}(\zeta (0),f_T(0)) \\ \vdots \\ c_{\mathrm {ineq}}(\zeta (N_p-1),f_T(N_p-1)) \\ c_{\mathrm {ineq}}(\zeta (N_p)) \end {bmatrix} \leq 0\end {align*}


\begin {equation*}c_{\mathrm {ineq}}(\beta ) = \begin {bmatrix} c_{\mathrm {ineq}}(\zeta (0),f_T(0),p(0)) \\ \vdots \\ c_{\mathrm {ineq}}(\zeta (N_p-1),f_T(N_p-1),p(N_p-1) \\ c_{\mathrm {ineq}}(\zeta (N_p)) \end {bmatrix} \leq 0\end {equation*}


$\beta = [\zeta (0) \ldots \zeta (N_p)\: f_T(0) \ldots f_T(N_c)]^T \in \mathbb {R}^{(n.N_p + m.N_c)\times 1}$


$f_T(N_c)$


$\beta $


$f_T(N_p-1)$


$c_{\mathrm {ineq}}(\beta )$


$N_c < N_p$


$N_c = 5$


$N_p=15$


$N_p-1$


$\Phi (\beta )$


$\hat {\zeta }(0)$


$c_{\mathrm {ineq}}(\beta )$


$c_{\mathrm {eq}}(\beta )$


$\zeta _d - \zeta (N_p)$


$\mathbb {B}$


\begin {equation*}\mathbb {B} = \{\beta \;| \; c_{\mathrm {ineq}}(\beta ) \leq 0, \; c_{\mathrm {eq}}(\beta )=0\}\end {equation*}


$\mathbb {I}$


\begin {equation*}\mathbb {I}(\beta ) = \{i \; | \; c_{\mathrm {ineq},i}(\beta ) = 0\}\end {equation*}


$\mathbb {A}$


\begin {equation*}\mathbb {A}(\beta ) = \{ c_{\mathrm {ineq},i}(\beta ) = 0, \; \forall i \in \mathbb {I}(\beta )\}\end {equation*}


\begin {align*}\beta \in \mathbb {B}\; \text {is regular} \iff & \; \exists \;\nabla c_{\mathrm {ineq}, \mathbb {A}}(\beta ), \; \nabla c_{\mathrm {eq}}(\beta ), \\ & rank\begin {bmatrix}\nabla c_{\mathrm {ineq}, \mathbb {A}}(\beta ) \; \nabla c_{\mathrm {eq}}(\beta )\end {bmatrix} = N_\beta .\end {align*}


$N_\beta $


$\beta \in \mathbb {B}$


$\mathbb {D}$


\begin {align*}\mathbb {D} = \{ \delta \; | \;\nabla c_{\mathrm {eq}}^T(\beta ^*)\delta = 0, \; \nabla c_{\mathrm {ineq},i}^T(\beta ^*)\delta \leq 0, \; \forall i \in \mathbb {I}(\beta ^*)\}\end {align*}


\begin {align*}&\text {Dual feasibility: } \nabla _\beta \mathcal {L}(\beta ^*, \alpha ^*)=0, \; \mu ^* \geq 0, \\ &\text {Primal feasibility: } c_{\mathrm {eq}}(\beta ^*) = 0, \; c_{\mathrm {ineq}}(\beta ^*) \leq 0 , \\ &\text {Complementarity slackness: } \mu _i^*c_{\mathrm {ineq,i}}(\beta ^*) = 0, \forall i \in \mathbb {I}(\beta ) .\end {align*}


$\mathcal {L} = \Phi (\beta ) + \lambda ^T c_{\mathrm {eq}}(\beta ) + \mu ^T c_{\mathrm {ineq}}(\beta )$


$\alpha = [\lambda \;\mu ]^T$


\begin {align*}\beta ^* \text {is regular} \; \implies \; \exists \; &\text {unique} \;\alpha ^* \text {s.t.} \; (\beta ^*, \alpha ^*) \; \text {is a KKT point.}\end {align*}


$\Phi (\beta )$


$c_{\mathrm {ineq}}(\beta )$


$c_{\mathrm {eq}}(\beta )$


$\mathbb {D}$


$\exists \; a^T \nabla _\beta ^2 \mathcal {L}(\beta ^*, \alpha ^*)a > 0, \forall a \neq 0, a \in \mathbb {D}, \forall \; i \in \mathbb {I}(\beta ), \; \nabla c_{\mathrm {ineq},i}^T(\beta ) a = 0, \;\mu _i^* > 0$


\begin {align*}\beta ^* \; \text {is a local minimum}.\end {align*}


\begin {align*}\nabla _\beta \mathcal {L}(\beta , \alpha )=0, \;\;\;\\ c_{\mathrm {eq}}(\beta ) = 0, \;\;\;\\\
\left . \begin {aligned} c_{\mathrm {ineq}}(\beta ) + s &= 0, \\ \mu _i s_i - \kappa &= 0, \\ s > 0, \; \mu &> 0\; \end {aligned} \right \} &\quad \text {Slack formulation}\end {align*}


$\nabla _\beta \mathcal {L}(\beta , \alpha ) = \nabla \Phi (\beta ) + \nabla c_{\mathrm {eq}}(\beta )\lambda + \nabla c_{\mathrm {ineq}}(\beta )\mu $


\begin {align}\label {eqn:smoothed_KKT} r_\kappa (\beta ,\alpha ,s) = \begin {bmatrix} \nabla _\beta \mathcal {L}(\beta , \alpha )\\ c_{\mathrm {eq}}(\beta ) \\ c_{\mathrm {ineq}}(\beta ) + s \\ \mu _i s_i - \kappa \end {bmatrix} = 0\end {align}


$a$


\begin {align}\label {eqn:newton_direction} \nabla r^T_\kappa (\beta ,\alpha ,s) a + r_\kappa (\beta ,\alpha ,s) = 0\end {align}


\begin {align}\label {eqn:newton_direction_a} a = -\nabla r_\kappa ^{-1}(\beta ,\alpha ,s) r_\kappa (\beta ,\alpha ,s)\end {align}


\begin {align*}&\nabla r_\kappa (\beta ,\alpha ,s) = \\ &\begin {bmatrix} \mathbf {H} & \nabla c_{\mathrm {eq}}(\beta ) & \nabla c_{\mathrm {ineq}}(\beta ) & 0\\ \nabla c_{\mathrm {eq}}(\beta )^T & 0 & 0 & 0\\ \nabla c_{\mathrm {ineq}}(\beta )^T & 0 & 0 & \mathrm {I} \\ 0 & 0 & \mathrm {diag}(s) & \mathrm {diag}(\mu ) \end {bmatrix}\end {align*}


\begin {align*}&a = \begin {bmatrix} \Delta \beta \\ \Delta \lambda \\ \Delta \mu \\ \Delta s \end {bmatrix}, \;\text {Hessian: } \mathbf {H} = \nabla _{\beta }^2 \mathcal {L}(\beta , \alpha )\end {align*}


\begin {align*}\beta _{j+1} &= \beta _j + a_\delta \Delta \beta \\ \lambda _{j+1} &= \lambda _j + a_\delta \Delta \lambda \\ \mu _{j+1} &= \mu _j + a_\delta \Delta \mu \\ s_{j+1} &= s_j + a_\delta \Delta s\end {align*}


$a_\delta \in (0,a_{\delta ,lb,ub}]$


\begin {align*}&a_{\delta ,lb,ub} \in (0,1], \epsilon \ll 0 \\ &s_{j} + a_{\delta ,lb,ub} \Delta s_j \geq \epsilon s \\ &\mu _j + a_{\delta ,lb,ub} \Delta \mu _j \geq \epsilon \mu \end {align*}


$r_\kappa (\beta _{j+1},\alpha _{j+1},s_{j+1}) < \epsilon _{\mathrm {set}}$


$\beta ^* = \beta _{j+1}$


$r_\kappa (\beta _{j+1},\alpha _{j+1},s_{j+1}) < \epsilon _{\mathrm {set}}$


$\epsilon _{\mathrm {set}} = 10^{-6}$


$B-W =$


$270$


$\mathrm {N}$


$27.5$


$\mathrm {kg}\,\mathrm {f}$


$[x \; y \; z]_s, [x \; y \; z]_e = [33.75 \; 0.0 \; -1.0] m, [33.75 \; 0.0 \; -5.0] m$


$88$


$7$


$\mathrm {min}$


$0.28$


$\mathrm {m}/\mathrm {s}$


$0.0$


$\mathrm {m}/\mathrm {s}$


$0.5$


$\mathrm {m}/\mathrm {s}$


$0.9$


$\mathrm {m}/\mathrm {s}$


$\{I\}$


\begin {equation*}M_A = \begin {bmatrix} M_{A,11} & M_{A,12} \\ M_{A,21} & M_{A,22} \end {bmatrix}\end {equation*}


\begin {align*}M_{A,11} =\begin {bmatrix} 779.79 & -6.8773 & -103.32 \\ -6.8773 & 1222.0 & 51.29 \\ -103.32 & 51.29 & 3659.9 \end {bmatrix}\end {align*}


\begin {align*}M_{A,12} = \begin {bmatrix} 8.5426 & -165.54 & -7.8033 \\ 409.44 & -5.8488 & 62.726 \\ 6.1112 & -386.42 & 10.774 \end {bmatrix}\end {align*}


\begin {align*}M_{A,21} = \begin {bmatrix} 8.5426 & 409.44 & 6.1112 \\ -165.54 & -5.8488 & -386.42 \\ -7.8033 & 62.726 & 10.775 \end {bmatrix}\end {align*}


\begin {align*}M_{A,22} = \begin {bmatrix} 534.9 & -10.027 & 21.019 \\ -10.027 & 842.69 & -1.1162 \\ 21.019 & -1.1162 & 224.32 \\ \end {bmatrix}\end {align*}


$M_A$


\begin {equation*}D_l = \mathrm {diag}\{74.82, \; 69.48, \; 728.4, \; 268.8, \; 309.77, \; 105\}\end {equation*}


\begin {align*}D_q(\nu ) = \mathrm {diag}\{&748.22, \; 992.53, \; 1821.01, \\ \; &672, \; 774.44, \; 523.27\}\end {align*}


\begin {equation*}B_T = \begin {bmatrix} B_{T,11} & B_{T,12} \end {bmatrix}\end {equation*}


\begin {align*}B_{T,11} = \begin {bmatrix} 0 & 0.2588 & 0 \\ 1 & 0 & 0.3827 \\ 0 & 0.9659 & 0.9239 \\ -0.2373 & 0 & -0.6957 \\ 0 & 0.9461 & -0.7995 \\ 0.4878 & 0 & 0.3312 \\ \end {bmatrix}\end {align*}


\begin {align*}B_{T,12} = \begin {bmatrix} 0 & 0.9063 & 0.9063 \\ 0.3827 & 0.4226 & -0.4226 \\ -0.9239 & 0 & 0 \\ -0.6957 & -0.1016 & 0.1016 \\ 0.7995 & 0.2179 & 0.2179 \\ 0.3312 & -0.7639 & 0.7639 \end {bmatrix}\end {align*}


\begin {align*}Q &= 1000 \begin {bmatrix} Q_1 & 0 \\ 0 & Q_2 \end {bmatrix}, Q_f = \gamma _3 Q\\ Q_1 &= \mathrm {diag}([4950,4950,4950,55,55,4400]^T) \\ Q_2 &= \mathrm {diag}([55,55,55,55,55,55]^T) \\ R &= \mathrm {diag}([1.2,1.2,1.2,1.2,1.2,1.2]^T) \\ \gamma _1 &= 2.0, \; \gamma _2 = 2.0, \; \gamma _3 = 0.2,\; h_s = 0.05 \\ R_c &= \SI {5}{Hz},\; N_p = \SI {15}{steps}, \\ N_c &= \SI {5}{steps},\; t_p= \dfrac {N_p}{R_c} = \SI {3}{s}.\end {align*}


$Q_1 > Q_2$


$Q_{f_1}>Q_{f_2}$


$N_p, N_c, R_c$


$h_s$


$Q, Q_f$


$R$


$Q, Q_f$


$R$


$24$


$\mathrm {V}$


$8.8$


$\mathrm {kW}$


\begin {align}\tau _{T,j} &= C_\tau \omega _j \left | \omega _j\right | \label {eqn:torque_T200}\\ f_{T,j} &= C_f \omega _j \left | \omega _j\right | \label {eqn:thrust_T200}\\ \omega _j &= \mathrm {sign}(f_{T,j}) \sqrt {\dfrac {\left | f_{T,j}\right |}{C_f}} \label {eqn:f_T_to_omega}\end {align}


$j= \{1,\ldots ,m\}$


$C_\tau = \rho D^5 K_{\tau _T}$


$C_f = \rho D^4 K_{f_T}$


$\rho $


$D$


$K_{\tau _T}, K_{f_T}$


$\omega $


\begin {equation}\label {eqn:P_with_omega_tau} P_{T,j} = \tau _{T,j} \omega _j\end {equation}


\begin {equation}\label {eqn:P_with_f_T} P_{T,j}(f_{T,j}) = C_P \omega _j f_{T,j} = \mathrm {sign}(f_{T,j}) C_p f_{T,j} \sqrt {\dfrac {\left | f_{T,j}\right |}{C_f}}\end {equation}


$C_P = \frac {C_\tau }{C_f}$


$R^2$


$C_\tau = 0.0006, C_f = 0.0268, C_P = .0224$


$\omega _j$


$f_{T,j}$


$\omega _j f_{T,j}$


$P_{T,j}$


$\omega _j$


$\tau _{T,j}$


\begin {align}\label {eqn:total_energy} E_{\Delta t} = \sum _{j=1}^{m} P_{T,j}(f_{T,j}) \Delta t\end {align}


$p(f_T,\nu )$


\begin {equation}\label {eqn:MAE} \mathrm {MAE} = \frac {\Sigma _{i=0}^{N} |e_i|}{N}\end {equation}


\begin {equation}\label {eqn:MAE_ratio} \mathrm {MAE}\_\mathrm {ratio}_i = \dfrac {(\mathrm {MAE}_1 - \mathrm {MAE}_i)}{\mathrm {MAE}_1}\end {equation}


$N$


$e_i$


$i^{th}$


$e_{x,i}$


$e_i$


$i^{th}$


$e_{\eta _1,i} = \sqrt {e_{x,i}^2+e_{y,i}^2+e_{z,i}^2}$


$i=\{\textbf {2},\;\textbf {3},\;\textbf {4}\}$
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$p(f_T,\nu )$


$p(f_T,\nu )$


$p(f_T,\nu )$


$|p_{\mathrm {min}}(f_T,\nu )| =|p_{\mathrm {max}}(f_T,\nu )|= 500 \mathrm {W}$


$p(f_T,\nu )$
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$J_{N_p}$


$N_p$


$X \in \mathbb {R}^{n \times N_p}$


$U \in \mathbb {R}^{m \times N_c}$


$P \in \mathbb {R}^{2n}$


$g \in \mathbb {R}^{n \times N_p} \:\mathrm {or} \in \mathbb {R}^{(n \times N_p)+ (N_p -1)}$


$F$


$const \in \mathbb {R}^{n}$


$[45.25\; 45.25\; 45.25]$


$[\infty \; \infty \; \infty ]$


$[\infty \; \infty \; \infty ]$


$[\infty \; \infty \; \infty ]$


$f_{T,\mathrm {bound}} =$


$800$


$\mathrm {N}$


$p_{\mathrm {min}}=$
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$s_{\mathrm {init}} \in \mathbb {R}^{n}$
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$\zeta _d \in \mathbb {B}$
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In existing optimal control literature related to UUVs, most of 
which are developed from general optimal control schemes like Lin-
ear Quadratic Regulator (LQR), Linear Quadratic Tracking (LQT) con-
trol, and Model Predictive Control (MPC) (Claus and Bachmayer, 2016; 
Sarkar et al., 2016; Du et al., 2020). LQR is usually used for regula-
tion problems (e.g., station-keeping, setpoint-keeping: at a particular 
depth), and LQT is used for tracking problems (e.g., trajectory track-
ing). Both are derived using the necessary and sufficient optimal con-
ditions of Hamilton-Jacobi-Bellman (HJB) equations, and the resulting 
controller outputs are not explicitly imposed with state and input con-
straints. Unlike other controllers, Model Predictive Control (MPC) was 
proposed from the engineering perspective for the use in chemical pro-
cess industry, and for the initial development of MPC, many have pro-
vided credits to the authors of Dynamic Matrix Control (DMC) from 
Shell and Model Predictive Heuristic Control (MPHC) (Cutler and Ra-
maker, 1980; Richalet et al., 1978). The present-day MPC is used for a 
general optimization problem in which a user-defined performance in-
dex (PI), subjected to the system dynamics and the constraints on states 
and control effort (system input), is minimized over the user-defined 
prediction horizon. Its capability to handle nonlinear dynamics and sys-
tem constraints is an outstanding feature. Comprehensive reviews on 
the MPC history, commercial products, and its industrial applications 
are presented in Köhler et al. (2024), Schwenzer et al. (2021), Qin and 
Badgwell (2003), Morari and Lee (1999), Henson (1998). Stability and 
optimality proof for constrained nonlinear and linear MPC can be found 
in Mayne and Rawlings (2001), Mayne et al. (2000), Zheng and Morari 
(1995). Stability proofs with and without terminal constraints are pre-
sented in Fagiano and Teel (2012), Boccia et al. (2014), Grüne (2012).

MPC has been applied extensively in controlling UUVs, though few 
MPC schemes are for energy-optimal control. The 3D trajectory tracking 
control for a torpedo-shaped AUV with dual closed-loop MPC in which 
the outer-loop performs pose (position and orientation) tracking and 
the inner-loop performs twist (linear and angular velocity) tracking is 
demonstrated in Gong et al. (2022). Another work, which formulates the 
dual closed-loop MPC as multiobjective MPC (MOMPC), is proposed for 
controlling the rectangular-shaped Saab SeaEye Falcon UUV (Shen et al., 
2019). The implementation of Lyapunov-based MPC on the same UUV 
is presented in Shen et al. (2018). A similar work without the outer-loop 
for a rectangular-shaped UUV called FlatFish using nonlinear MPC, in-
tegral Sliding Mode Control (ISMC) to handle uncertainties and filtered 
Smith Predictor (SP) for dead-time compensation is reported in Saback 
et al. (2020). The disturbance observer-based MPC for BlueROV2 (down-
graded version of BlueROV2 Heavy Configuration) is demonstrated us-
ing Robot Operating System (ROS) and Gazebo Physics Engine (Hu et al., 
2024).

Along with the application of MPC, it is important to identify the type 
of optimization problem, such as linear programming (LP), quadratic 
programming (QP), or nonlinear programming (NLP). Based on it, the 
modelling software (e.g., YALMIP, ACADO, and CasADi), considering 
the compatible programming languages (e.g., Python and C++), can 
be chosen to assist the formulation of the identified optimization prob-
lem and solve it by interfacing with the relevant solvers (e.g., Knitro, 
Gurobi, and IPOPT) (Drgoňa et al., 2020; Lofberg, 2004, 2025). Theoret-
ical aspects of optimization problem formulation and numerical solvers, 
which play a crucial role in the actual implementation, are reported in 
Diehl et al. (2009), Zavala and Biegler (2009), Diehl (2013). One of the 
widely used open-source NLP solvers based on the primal-dual interior 
point method is called IPOPT (Wächter and Biegler, 2006). Along with 
the use of NLP, another important issue is the choice of the transcription 
(reformulation of MPC into NLP) methods: Direct Single Shooting (DSS), 
Direct Multiple Shooting (DMS), and Direct Collocation (DC), and other 
modified variants (Grüne, 2021). In DSS, the discretized control input is 
taken as the optimization variables, and the optimization is applied over 
the whole horizon using the initial state. In DMS, both discretized states 
and control inputs are taken as the optimization variables. At each step 
over the horizon, the difference between the system model’s states and 

the previously optimized states is treated as the equality constraint, and 
this treatment is known as the path constraint (also known as the con-
tinuity constraint). DC is similar to DMS except that at each step over 
the horizon, the discretized states are not treated as piecewise-constants 
but piecewise-polynomials.

Energy-optimal control schemes of a UUV are developed from the op-
timal control methods presented above. An energy-optimal depth con-
trol (achieving a desired depth via hybrid propulsion system either with 
buoyancy changes with ballast system or lifting surface with thruster) 
for an autonomous underwater glider (AUG) using linear time-invariant 
(LTI) model with an infinite time Linear Quadratic Regulator (LQR) is 
presented in Claus and Bachmayer (2016). Via the adoption of Sliding 
Mode Control (SMC) output into the finite horizon Linear Quadratic 
Tracking (LQT) control, a robust energy-efficient trajectory tracking 
controller is reported for a slender-body UUV (Sarkar et al., 2016). Ki-
netic energy-optimal 3D motion planning and a Model Predictive Con-
trol (MPC) based trajectory tracking control for an AUV is addressed in 
Du et al. (2020). An energy-optimal AUV depth tracking control: the 
vertical planar motion (e.g., the sinusoidal forward movement) using 
MPC is reported in Yao et al. (2019). In all of the above-mentioned con-
trol schemes, the energy term on energy consumption is not explicitly 
defined, and a term on control efforts is used instead in the PI.

In some research, the power consumed by the thrusters (propulsion 
system) is used to define the term in the PI to reflect the energy consump-
tion (Liang, Haojiao and Li, Huiping and Gao, Jian and Cui, Rongxin 
and Xu, Demin, 2023; Spangelo and Egeland, 1992; Yang et al., 2018, 
2019, 2020, 2024). With the PI defined this way, MPC or NLP with DSS 
is applied to develop the energy-optimal controller for the ROV (Liang, 
Haojiao and Li, Huiping and Gao, Jian and Cui, Rongxin and Xu, Demin, 
2023; Spangelo and Egeland, 1992). In Yang et al. (2018, 2019, 2020), 
EO-MPC and proportional-integral-derivative (PID) control are imple-
mented respectively for controlling surge and yaw motions, and pitch 
and heave motions. Two decentralized MPC (DMPC) are proposed in 
Yang et al. (2024). In DMPC, the overall optimization problem is de-
composed into several individual subproblems with their own PIs, and 
thus, it is only suitable for system dynamics that have weak coupling 
among the multi-dimensional motions (e.g., surge for forward-backward 
horizontal motion, sway for left-right horizontal motion, heave for up-
down vertical motion, and Euler angles, roll, pitch and yaw, for rota-
tional motions in the respective axes). In the above-mentioned control 
schemes, energy consumption by the UUVs to overcome hydrodynamics 
and the estimated energy required for the UUV to reach the upcoming 
waypoints, other than the power consumed by the thrusters, is not con-
sidered. This deficiency is addressed by the energy-optimal nonlinear 
robust MPC, solved by an A* -like algorithm, while taking account of 
the bounded uncertainties on ocean currents, produced using the Re-
gional Ocean Modelling System (ROMS) in the UUV model (Huynh et al., 
2015).

Most optimal controllers are based on an infinite horizon uncon-
strained optimization problem which does not meet the operational re-
quirement of FNVI with limited allowable operational time and con-
straints on the UUV’s state and control (e.g., the hard constraints on the 
thrust of the thrusters). In addition, in most energy-optimal controllers, 
the energy-relevant term in the PI is expressed as a quadratic control 
effort cost or the thruster’s power function, which fails to accurately de-
scribe the real power consumption in the form of a non-convex function 
of the system states and the control efforts.

To tackle these issues, the main contributions of this work are sum-
marized as follows.

• Formulation of a novel EO-MPC problem: To reflect real power 
consumption, a system-level power function is adopted in the PI, pro-
ducing a finite-horizon constrained nonlinear non-convex EO-MPC 
problem.

• Non-convex optimization in real-time: From both theoretical and 
practical aspects, a detailed step-by-step approach to deal with the 
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non-convex optimization problem, including convexity test, NLP 
problem formulation, and NLP solver (e.g., IPOPT), is presented.

• Investigation into the effects of non-convex system-level power 
function on energy optimization: The insights into non-convex 
system-level power function and how its constraint activation affects 
energy optimization are discussed.

• Real-time feasibility tested in high-fidelity simulation: Using 
ROS and Gazebo Physics Engine, three EO-MPC controllers and one 
CO-MPC are simulated under three underwater current disturbance 
speeds (0.0m∕s, 0.5m∕s, and 0.9m∕s) normally found in the NZKS 
fish farm.

• Application-oriented controller design: The practicality of the 
controllers is considered by using the specifications of the RexROV 2 
with Sub-Fighter 30K’s published model parameters and the Blue En-
deavour Project (the upcoming first-of-its-kind offshore salmon firm 
in New Zealand) of the New Zealand King Salmon company in high-
fidelity simulations.

The remaining part of this paper is organized as follows. The develop-
ment of a nonlinear state-space model from the kinematic and dynamic 
model of a 6-DoF UUV is presented in Section 2. Section 3 is on the de-
tails of the formulation of fish net-pen visual inspection as a constrained 
optimal control problem (COCP), followed by the discretization of COCP 
into a constrained MPC via the fourth-order Runge-Kutta method (RK4). 
The definitions of energy terms, followed by adoption of those in PIs of 
EO-MPC, are covered in Section 4. In Section 5, the transcription of 
EO-MPC into NLP via Direct Multiple Shooting (DMS), the necessary 
and sufficient conditions for optimality and Karush-Kuhn-Tucker (KKT) 
conditions, and the primal-dual interior point optimization method are 
discussed. Section 6 is on the preparation of high-fidelity simulation 
with ROS and Gazebo. High-fidelity simulation results are presented in 
Section 7. A summary of the research findings and the future work is 
presented in Section 8. The real-time implementation of the MPC algo-
rithm as a ROS node is reported in Section A as Appendix.

2.  Dynamic model of the UUV

Considering the working environments and the requirements of FNVI 
as shown in Fig. 1, a highly-maneuverable (6 DoF with 6 thrusters) 
rectangular-shaped UUV called RexROV 2 is adopted in this study and it 
generally consists of rigid body dynamics, hydrodynamics, hydrostatics 
and thruster allocation to fully describe a generic nonlinear UUV dy-
namic model which will be detailed in this section (Fossen, 2011; Tun 
et al., 2023).

Suppose Frame {𝑏} is assigned at the centre of mass/gravity as 
shown in Fig. 2, the simplified mass-matrix of the rigid body can be

Fig. 1. RexROV 2 conducting FNVI in ROS using the specifications of the Blue 
Endeavour Project.

Fig. 2. UUV frames and nomenclature.

represented by

𝑀𝑅 =
[

𝑚𝑟I3×3 03×3
03×3 𝐼𝐺

]

(1)

where 𝑚𝑟 is the UUV’s mass, I3×3 ∈ ℝ3×3 is the identity matrix and 𝐼𝐺 ∈
ℝ3×3 is the moment of inertia expressed in Frame {𝑏}. Similarly, the 
simplified Coriolis-Centripetal acceleration matrix of the rigid body can 
be described by

𝐶𝑅(𝜈) =
[

𝑚𝑟[𝜈2×] 03×3
03×3 −[(𝐼𝐺𝜈2)×]

]

(2)

where [(.)×] is the skew-symmetric operator on (.).
Assumption 1. During the operation, the UUV has three planes of sym-
metry and is completely submerged in the water and operated at low 
speed.

With Assumption 1, the off-diagonal components of the mass matrix 
contributed by the added mass are considered negligible.
𝑀𝐴 = diag([𝑋𝑢̇ 𝑌𝑣̇ 𝑍𝑤̇ 𝐾𝑝̇ 𝑀𝑞̇ 𝑁𝑟̇]𝑇 ) (3)

The Coriolis-Centripetal acceleration matrix due to the added mass 
can be described by

𝐶𝐴(𝜈) =
[

03×3 −
[(

𝐴11𝜈1 + 𝐴12𝜈2
)

×
]

−
[(

𝐴11𝜈1 + 𝐴12𝜈2
)

×
]

−
[(

𝐴21𝜈1 + 𝐴22𝜈2
)

×
]

]

(4)

where

𝑀𝐴 =
[

𝐴11 𝐴12
𝐴21 𝐴22

]

(5)

The damping effects can be approximated by linear and quadratic terms:
𝐷𝑙 = diag

(

[𝑋𝑢 𝑌𝑣 𝑍𝑤 𝐾𝑝 𝑀𝑞 𝑁𝑟]𝑇
)

(6)

𝐷𝑞(𝜈) = diag
([

𝑋𝑢|𝑢||𝑢| 𝑌𝑣|𝑣||𝑣| 𝑍𝑤|𝑤||𝑤| 𝐾𝑝|𝑝||𝑝|

𝑀𝑞|𝑞||𝑞| 𝑁𝑟|𝑟||𝑟|
]𝑇
))

(7)

The restoring forces and moments due to the gravitational force and 
buoyancy can be described by

𝑔(𝜂) =

[

𝑅𝑏𝐼 (𝜂)
(

𝑓 𝐼𝐺 + 𝑓 𝐼𝐵
)

𝑟𝑏𝐺 × 𝑅𝑏𝐼 (𝜂)𝑓
𝐼
𝐺 + 𝑟𝑏𝐵 × 𝑅𝑏𝐼 (𝜂)𝑓

𝐼
𝐵

]

(8)

where 𝑓 𝐼𝐺 = [0 0 −𝑤𝐺]𝑇 , 𝑓 𝐼𝐵 = [0 0 𝑤𝐵]𝑇 , 𝑤𝐺 is the UUV’s weight and 
𝑤𝐵 is its buoyancy. Suppose the direction vector of the 𝑗𝑡ℎ thruster with 
the thrust magnitude of 𝑓𝑇 ,𝑗 , expressed in Frame {𝑇𝑗} is denoted by
𝑑𝑇 ,𝑗 = [𝑥𝑇 ,𝑗 𝑦𝑇 ,𝑗 𝑧𝑇 ,𝑗 ]𝑇 , (9)

the 𝑗𝑡ℎ thrust vector is 𝑑𝑇 ,𝑗𝑓𝑇 ,𝑗 .
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The wrench propagated by the 𝑗𝑡ℎ thruster can be described by

𝜏𝑓𝑇 ,𝑗 =
⎡

⎢

⎢

⎣

𝑅𝑏𝑇𝑗 𝑑𝑇 ,𝑗𝑓𝑇 ,𝑗
[

𝑟𝑏𝑇𝑗×
]

𝑅𝑏𝑇𝑗 𝑑𝑇 ,𝑗𝑓𝑇 ,𝑗

⎤

⎥

⎥

⎦

= 𝐵𝑇 ,𝑗𝑓𝑇 ,𝑗 (10)

Therefore, the total wrench propagated by 𝑚 number of thrusters can be 
described by
𝜏 = [𝐵𝑇 ,1 𝐵𝑇 ,2 … 𝐵𝑇 ,𝑚]𝑓𝑇 = 𝐵𝑇 𝑓𝑇 (11)

With the terms defined above, the UUV’s dynamic model is expressed 
as Fossen (2011)
𝑀𝜈̇ + (𝐶(𝜈) +𝐷(𝜈))𝜈 + 𝑔(𝜂) = 𝜏

(

≜ 𝐵𝑇 𝑓𝑇
)

(12)

where 𝑀 =𝑀𝑅 +𝑀𝐴 ∈ ℝ6×6 is the inertial matrix, 𝐶(𝜈) = 𝐶𝑅(𝜈) +
𝐶𝐴(𝜈) ∈ ℝ6×6 is the Coriolis-Centripetal acceleration matrix, 𝐷(𝜈) = 𝐷𝑙 +
𝐷𝑞(𝜈) ∈ ℝ6×6 is the damping matrix, 𝑔(𝜂) ∈ ℝ6 is the vector of gravita-
tional force, buoyancy and the resulting restoring forces and moments. 
As shown in Fig. 2, 𝜏1 = [𝑋 𝑌 𝑍]𝑇 , 𝜏2 = [𝐾 𝑀 𝑁]𝑇 , 𝜏 = [𝜏1 𝜏2]𝑇 ∈ ℝ6 is 
the wrench — input force and moment mapped from the thrust vec-
tor, 𝑓𝑇 ∈ ℝ𝑚, through thruster control/allocation matrix (TCM/TAM), 
𝐵𝑇 ∈ ℝ6×𝑚, 𝜂1 = [𝑥 𝑦 𝑧]𝑇  is the position vector of the center of mass (ori-
gin of the body frame) of the UUV, 𝜂2 = [𝜙 𝜃 𝜓]𝑇  is the orientation (Euler 
angles) vector of the UUV, 𝜂 = [𝜂1 𝜂2]𝑇 ∈ ℝ6 is the pose of the UUV, all 
of which are described with respect to and expressed in the fixed in-
ertial frame: Frame {𝐼}, 𝜈1 = [𝑢 𝑣 𝑤]𝑇 , 𝜈2 = [𝑝 𝑞 𝑟]𝑇 , 𝜈 = [𝜈1 𝜈2]𝑇 ∈ ℝ6 is 
the twist — linear and angular velocity vector of the UUV w.r.t Frame 
{𝐼} expressed in the UUV’s body frame: Frame {𝑏} which is related to 𝜂̇
by 
𝜂̇ = 𝐽 𝐼𝑏 (𝜂)𝜈 (13)

where 𝐽 𝐼𝑏 (𝜂) ∈ ℝ6×6 is the Jacobian.

𝐽 𝐼𝑏 (𝜂) =
[

𝑅𝐼𝑏 (𝜂) 03×3
03×3 𝑇 𝐼𝑏 (𝜂)

]

𝑅𝐼𝑏 (𝜂) =
[

𝑅𝐼𝑏,𝑐1(𝜂) 𝑅𝐼𝑏,𝑐2(𝜂) 𝑅𝐼𝑏,𝑐3(𝜂)
]

, 𝑅𝑏𝐼 (𝜂) = 𝑅𝐼𝑏 (𝜂)
𝑇

𝑅𝐼𝑏,𝑐1(𝜂) =
⎡

⎢

⎢

⎣

c(𝜓)c(𝜃)
s(𝜓)c(𝜃)
−s(𝜃)

⎤

⎥

⎥

⎦

𝑅𝐼𝑏,𝑐2(𝜂) =
⎡

⎢

⎢

⎣

−s(𝜓)c(𝜙) + c(𝜓)s(𝜃)s(𝜙)
c(𝜓)c(𝜙) + s(𝜓)s(𝜃)s(𝜙)

c(𝜃)s(𝜙)

⎤

⎥

⎥

⎦

𝑅𝐼𝑏,𝑐3(𝜂) =
⎡

⎢

⎢

⎣

s(𝜓)s(𝜙) + c(𝜓)s(𝜃)c(𝜙)
−c(𝜓)s(𝜙) + s(𝜓)s(𝜃)c(𝜙)

c(𝜃)c(𝜙)

⎤

⎥

⎥

⎦

𝑇 𝐼𝑏 (𝜂) =
⎡

⎢

⎢

⎣

1 s(𝜙)t(𝜃) c(𝜙)t(𝜃)
0 c(𝜙) −s(𝜙)
0 s(𝜙)∕c(𝜃) c(𝜙)∕c(𝜃)

⎤

⎥

⎥

⎦

, 𝜃 ≠ ±𝜋
2
,

s(.) = sin(.), c(.) = cos(.), t(.) = tan(.)

From Eq. (12), we have 
𝜈̇ =𝑀−1[−(𝐶(𝜈) +𝐷(𝜈))𝜈 − 𝑔(𝜂)] +𝑀−1𝐵𝑇 𝑓𝑇 (14)

From Eqs. (13) and  (14), the nonlinear state-space model can be 
written as follows.

𝜁̇ =
[

𝐽 𝐼𝑏 (𝜁1)𝜁2
𝑀−1[−(𝐶(𝜁2) +𝐷(𝜁2))𝜁2 − 𝑔(𝜁1)]

]

+
[

06×𝑚
𝑀−1𝐵𝑇

]

𝑓𝑇

= ℎ(𝜁, 𝑓𝑇 ) (15)

where 𝜁 = [𝜁1 𝜁2]𝑇 = [𝜂 𝜈]𝑇 ∈ ℝ12.

3.  Formulation of constrained model predictive control for 
trajectory tracking

Visual inspection of a fish net-pen by a UUV can be formulated as a 
constrained optimal control problem (COCP), described by

𝑉 ∗(𝜁∗, 𝑓 ∗
𝑇 ) = min

𝑓𝑇 (.) ∈ 𝔽
𝐽 (𝜁, 𝑓𝑇 ) (16)

subject to 𝜁̇ (𝑡) = ℎ(𝜁 (𝑡), 𝑓𝑇 (𝑡))

𝜁 (𝑡) ∈ 𝕊, 𝑓𝑇 ∈ 𝔽 ,

𝑡 ∈ [0, 𝑇 ].

where 𝐽 (.) = ∫ 𝑇0 𝓁(𝜁 (𝑡), 𝑓𝑇 (𝑡))𝑑𝑡 is the PI, 𝓁(.) ∶ ℝ𝑛 ×ℝ𝑚 → ℝ+
0  is the 

stage/running cost associated with the fish net trajectory tracking by 
the UUV. An optimal value or parameter is indicated with the super-
script ∗.
Definition 1. [Admissible state set: 𝕊] 
𝕊 = {𝜁 ∈ ℝ𝑛

| 𝜁𝑖,min ≤ 𝜁𝑖 ≤ 𝜁𝑖,max, ∃ 𝑓𝑇 ∈ 𝔽 over 𝑁𝑝}

Definition 2. [Admissible input set: 𝔽 ]
𝔽 = {𝑓𝑇 ∈ ℝ𝑚

| 𝑓𝑇 ,𝑖,min ≤ 𝑓𝑇 ,𝑖 ≤ 𝑓𝑇 ,𝑖,max ,

ℎ(𝜁 (𝑘 = 0), 𝑓𝑇 ) ∈ 𝕊 over 𝑁𝑐}

Such a problem as shown in Eq. (16) can be generally solved by 
Dynamic Programming (DP) or its continuous form known as Hamilton-
Jacobi-Bellman (HJB) (Falcone, 2021), Pontryagin’s Minimum Principle 
using the Calculus of Variations (Vinter, 2021) and numerical methods, 
namely Direct Single Shooting (DSS), Direct Multiple Shooting (DMS) 
and Direct Collocation (DC) for transcription and followed by solving 
the discretized optimal control problem like MPC (Grüne, 2021).

In this paper, the continuous-time COCP will first be transformed 
into the discrete-time COCP that will be treated as an MPC problem. 
The resulting discrete-time MPC will be transcribed into NLP via the 
DMS method and, subsequently, solved by one of the well-known open-
sourced NLP solvers called Interior Point Optimizer (IPOPT) based on 
the primal-dual interior point method.

As the first step to develop the MPC, the COCP is discretized. By 
applying 4th order Runge-Kutta method, the UUV’s state is described in 
discrete-time as

𝜁 (𝑖 + 1) = 𝜁 (𝑖) +
ℎ𝑠
6
(

𝑘1 + 2𝑘2 + 2𝑘3 + 𝑘4
)

= ℎ(𝜁 (𝑖), 𝑓𝑇 (𝑖)) (17)

𝑘1 = ℎ(𝜁 (𝑖), 𝑓𝑇 (𝑖)),

𝑘2 = ℎ(𝜁 (𝑖) + ℎ𝑠
𝑘1
2
, 𝑓𝑇 (𝑖)),

𝑘3 = ℎ(𝜁 (𝑖) + ℎ𝑠
𝑘2
2
, 𝑓𝑇 (𝑖)),

𝑘4 = ℎ(𝜁 (𝑖) + ℎ𝑠𝑘3, 𝑓𝑇 (𝑖))

where ℎ𝑠 ∈ ℝ+ is the step size, 𝑖 ∈ ℝ+
0  is the sampling instant.

Now, the discrete version of COCP in the framework of MPC at the 
current sampling time instant 𝑖 can be expressed as follows. 

min
𝑓𝑇 (.) ∈ 𝔽

𝐽𝑁𝑝 (𝜁 (𝑖), 𝑓𝑇 ) = 𝓁(𝜁 (𝑁𝑝)) +
𝑁𝑝−1
∑

𝑘=0
𝓁(𝜁 (𝑘), 𝑓𝑇 (𝑘)) (18)

subject to 𝜁 (𝑘 + 1) = ℎ(𝜁 (𝑘), 𝑓𝑇 (𝑘)) ∈ 𝕊,∀𝑘 ∈ [0, 𝑁𝑝],

𝑓𝑇 (𝑘) ∈ 𝔽 ,∀𝑘 ∈ [0, 𝑁𝑐 ],

Warm-start
⎧

⎪

⎨

⎪

⎩

𝜁𝑁𝑝 (𝑘 = 0) = 𝜁∗𝑁𝑝 (𝑖 − 1) ∈ ℝ𝑛×𝑁𝑝 ,

𝑓𝑇 ,𝑁𝑐 (𝑘 = 0) = 𝑓 ∗
𝑇 ,𝑁𝑐

(𝑖 − 1) ∈ ℝ𝑚×𝑁𝑐 .
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Fig. 3. Illustration of MPC’s working principles. Note: the control effort, 𝑓 ∗
𝑇 , is 

under zero-order hold.

where 𝑁𝑝 is the prediction horizon, 𝑁𝑐 is the control horizon, 𝑁𝑐 <
𝑁𝑝, 𝓁(𝑘) is the specified stage/running cost up to 𝑁𝑝, 𝓁(𝑁𝑝) = 𝑒𝑇𝑄𝑓 𝑒
is the terminal cost, 𝑄𝑓 = 𝑄𝑇𝑓 ∈ ℝ𝑛×𝑛 ≥ 0 is the terminal error penalty 
weighting matrix, 𝑒 = 𝜁𝑑 − 𝜁 is the tracking error, 𝜁𝑑 is the desired UUV 
state or the reference trajectory, ℎ(𝜁 (𝑘), 𝑓𝑇 (𝑘)) is the value of ℎ(𝜁 (𝑖), 𝑓𝑇 (𝑖))
at 𝑘𝑡ℎ step as shown in Eq. (17) and Fig. 3. 𝐽𝑁𝑝 (𝜁 (𝑖), 𝑓𝑇 ) is the summed PI 
over 𝑁𝑝, initialized using the existing optimal 𝜁∗𝑁𝑝 (𝑖 − 1) and 𝑓 ∗

𝑇 ,𝑁𝑐
(𝑖 − 1); 

this method is also called warm-start. In the same fashion, the currently 
optimized solution 𝜁∗𝑁𝑝 (𝑖) and 𝑓

∗
𝑇 ,𝑁𝑐

(𝑖) will be reused as the warm-start 
for the time instant 𝑖 + 1 after left-shifting operation on the solution 
matrix. In the complete form, 𝜁 (𝑖) represents 𝜁 (𝑖, 𝑘 = 0, 1,… , 𝑁𝑝) which 
is the state at 𝑘𝑡ℎ step at the current sampling instant 𝑖. For ease of 
readability, 𝜁 (𝑖) will be used and so are other parameters in the same 
fashion. For the case 𝑁𝑐 < 𝑁𝑝, 𝑓𝑇 (𝑘) for the horizon between 𝑁𝑐 and 
𝑁𝑝 − 1, it can be assigned equivalent to 𝑓𝑇 (𝑁𝑐 ), resulting in 𝑓𝑇 (𝑁𝑐 < 𝑘 <
(𝑁𝑝 − 1)) = 𝑓𝑇 (𝑁𝑐 ). Therefore, the overall description of the discrete-
time MPC process Eq. (18) can be illustrated as shown in Fig. 3.

Alternatively, from the discrete-time MPC perspectives, FNVI can 
be interpreted as a constrained optimal control problem to maneuver 
𝜁 (𝑖, 𝑘 = 0) to 𝜁 (𝑖, 𝑘 = 𝑁𝑝) = 𝜁𝑑 searching for 𝑓𝑇 (𝑘 = 0,… , 𝑁𝑐 ) that mini-
mizes 𝐽𝑁𝑝 (.) throughout 𝑁𝑝. This process can be illustrated as shown in 
Fig. 4.

4.  Energy-optimal model predictive control (EO-MPC)

After formulating MPC in discrete-time, the stage/running cost, 𝓁(.), 
needs to be defined explicitly. For instance, 𝓁(.) for the conventional 

Fig. 4. FNVI from discrete-time MPC perspectives.

tracking MPC is usually defined as follows (Li et al., 2024). 

𝓁(.)CO−MPC1 = 𝑒𝑇𝑄𝑒 + 𝑓𝑇𝑇 𝑅𝑓𝑇 (19)

where 𝑄 = 𝑄𝑇 ∈ ℝ𝑛×𝑛 ≥ 0 is the error penalty weighting matrix, 𝑅 =
𝑅𝑇 ∈ ℝ𝑚×𝑚 > 0 is the control effort penalty weighting matrix. Similarly, 
the following subsection will detail how to adopt energy-related terms 
in the stage/running cost, 𝓁(.), to formulate EO-MPC.

Note:  As 𝓁(𝜁 (𝑁𝑝)) mentioned in Eq. (18) is the same for all MPC 
variants reported in this paper, it will not be repeated in the formulations 
of different 𝓁(.).

4.1.  Energy associated with the UUV’s motion and thrust

To maneuver the UUV as desired, it requires the power being in-
jected into the system using the onboard power supply (e.g., battery) as 
follows.

𝑝(𝑓𝑇 , 𝜈) = 𝑓𝑇𝑇 𝐵
𝑇
𝑇 𝜈 (20)

Eq. (20) must be utilized at all time unless there are no external distur-
bances and no desired motion.

Therefore, to minimize this power term, it can be added to CO-MPC1, 
resulting in 

𝓁(.)EO−MPC1 = 𝑒𝑇𝑄𝑒 + 𝑓𝑇𝑇 𝑅𝑓𝑇 + 𝛾1𝑝(𝑓𝑇 , 𝜈) (21)

where 𝑝min(𝑓𝑇 , 𝜈) ≤ 𝑝(𝑓𝑇 , 𝜈) ≤ 𝑝max(𝑓𝑇 , 𝜈), 𝛾1 ∈ ℝ+ is the penalty weight 
on power consumption. Note: 𝑝max(𝑓𝑇 , 𝜈) and 𝑝min(𝑓𝑇 , 𝜈) are system-
level power and not the total power rating of thrusters. They can be de-
cided by observing Eq. (20) during CO-MPC1 experiment as the baseline 
maximum and minimum system-level power consumption. Although the 
first two terms in Eq. (21) are clearly convex functions, the last term 
needs to be examined of convexity so that the appropriate MPC solver 
can be chosen. To do so, the convexity test using Hessian Matrix can be 
conducted as shown below. Using the eigenvalue equation of ∇2𝑝𝑦 = 𝜆𝑦
and ∃ ∇𝑝, ∇2𝑝,

det(∇2𝑝 − 𝜆𝐼) = 0 ⟹

⎧

⎪

⎨

⎪

⎩

convex if 𝜆 ∈ ℝ+

concave if 𝜆 ∈ ℝ−

non-convex if 𝜆 ∈ ℝ

where 

∇𝑝 =

⎡

⎢

⎢

⎢

⎣

𝜕𝑝
𝜕𝑓𝑇
𝜕𝑝
𝜕𝜈

⎤

⎥

⎥

⎥

⎦

=

[

𝜈𝑇𝐵𝑇

𝑓𝑇𝑇 𝐵
𝑇
𝑇

]

∇2𝑝 =

⎡

⎢

⎢

⎢

⎢

⎣

𝜕2𝑝
𝜕𝑓 2

𝑇

𝜕2𝑝
𝜕𝑓𝑇 𝜕𝜈

𝜕2𝑝
𝜕𝜈𝜕𝑓𝑇

𝜕2𝑝
𝜕𝜈2

⎤

⎥

⎥

⎥

⎥

⎦

=

[

𝟎6×6 𝐵𝑇𝑇
𝐵𝑇 𝟎6×6

]

Using the numerical value of 𝐵𝑇  provided in Section 6, 𝑝(𝑓𝑇 , 𝜈) is 
proven as a non-convex function, which makes Eq. (21) overall non-
convex. Therefore, the proposed MPC problem becomes constrained 
nonlinear non-convex optimisation problem with terminal state con-
straints.

Note: Generally speaking, convex optimisation yields the global min-
imum whereas non-convex optimisation produces the local minimum. 
Regardless, for the trajectory tracking in the field of robotics, the local 
minimum within the constraints and subjected to the system dynamics is 
sufficient given the fact that, in real-time, the system dynamics changes 
swiftly and is imposed with soft (e.g., state) and hard (e.g., input) con-
straints.
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4.2.  Energy associated with the large change in control effort

A large change or variation in control effort, Δ𝑓𝑇 , in a short period 
of time can make the resulting motion energy-demanding (Veeraklaew 
et al., 2005) and its non-smooth (jerky) motion results in poor visual 
feedback in analysing the fish net-pen’s condition. This can be explained 
as follows. Based on Eq. (12), 
Δ𝜏 = 𝐵𝑇Δ𝑓𝑇 (22)

As real-time control is quite fast enough that by taking limit as time 
difference approaches zero and for the sake of simplicity, by considering 
only the rigid body part of Eq. (12), it can be shown that 
𝜏̇ = 𝐵𝑇 ̇𝑓𝑇
𝜏̇ =𝑀𝑅𝜈̈ =𝑀𝑅𝑗

}

̇𝑓𝑇 ⟹ 𝑗 (23)

where 𝑀𝑅 is the mass matrix of the rigid body and 𝑗 ∈ ℝ6 is the jerk. 
Therefore, minimizing the jerk via minimization of variation in control 
effort should be conducted to achieve energy-optimality and smooth 
motion profile (Li et al., 2023; Huang et al., 2018). This approach can 
be described by 
𝓁(.)EO−MPC2 = 𝑒𝑇𝑄𝑒 + 𝑓𝑇𝑇 𝑅𝑓𝑇 + Δ𝑓𝑇𝑇 𝑅𝛿Δ𝑓𝑇 (24)

where 𝑅𝛿 = 𝑅𝑇𝛿 = 𝛾2𝑅 ∈ ℝ𝑚×𝑚 > 0 is the penalty weighting matrix for 
the large change in control effort, 𝛾2 ∈ ℝ+ is the penalty multiplier, 
Δ𝑓𝑇 = 𝑓𝑇 (𝑘) − 𝑓𝑇 (𝑘 − 1) ∈ ℝ𝑚 is the change in control effort between 
𝑘𝑡ℎ and (𝑘 − 1)𝑡ℎ horizon steps. When Δ𝑓𝑇 ≈ 0, Δ𝑓𝑇𝑇 𝑅𝛿Δ𝑓𝑇 ≈ 0. There-
fore, Eq. (24) still needs 𝑓𝑇𝑇 𝑅𝑓𝑇  term.

4.3.  Incorporation of energy terms

After the discussion on energy associated with the UUV’s motion and 
thrust and energy associated with the large change in control efforts, this 
subsection will propose the incorporation of those energy terms as each 
of them is distinct in its formulation — the terms are independent with 
different perspectives on energy consumption. As proposed,
𝓁(.)EO−MPC3 = 𝑒𝑇𝑄𝑒 + 𝑓𝑇𝑇 𝑅𝑓𝑇 + 𝛾1𝑝(𝑓𝑇 , 𝜈)

+ Δ𝑓𝑇𝑇 𝑅𝛿Δ𝑓𝑇 (25)

This 𝓁(.)EO−MPC3 is expected to consume energy less than or equal to 
𝓁(.)EO−MPC1 with smooth motion profile.

Now, four different types of the stage/running cost, including the 
conventional one, are proposed and the following section will detail the 
transcription of the discrete-time MPC to NLP.

5.  Nonlinear programming problem (NLP)

Unlike HJB or the indirect method, direct (numerical) methods take 
the approach of "discretize first, then optimize". Similar to the dis-
cretized PI with its constraints as shown in Eq. (18), the NLP can be 
written as follows.

min
𝛽 ∈ 𝑐ineq(𝛽),𝑐eq(𝛽)

Φ(𝛽) = 𝐽𝑁𝑝 (𝛽) (26)

subject to

𝑐eq(𝛽) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝜁 (0) − 𝜁 (0)
ℎ(𝜁 (0), 𝑓𝑇 (0)) − 𝜁 (1)

⋮
ℎ(𝜁 (𝑁𝑝 − 2), 𝑓𝑇 (𝑁𝑝 − 2)) − 𝜁 (𝑁𝑝 − 1)

𝜁𝑑 − 𝜁 (𝑁𝑝)

⎤

⎥

⎥

⎥

⎥

⎥

⎦

= 0

For Eqs. (19) & (24), 

𝑐ineq(𝛽) =

⎡

⎢

⎢

⎢

⎢

⎣

𝑐ineq(𝜁 (0), 𝑓𝑇 (0))
⋮

𝑐ineq(𝜁 (𝑁𝑝 − 1), 𝑓𝑇 (𝑁𝑝 − 1))
𝑐ineq(𝜁 (𝑁𝑝))

⎤

⎥

⎥

⎥

⎥

⎦

≤ 0

For Eqs. (21) & (25),

𝑐ineq(𝛽) =

⎡

⎢

⎢

⎢

⎢

⎣

𝑐ineq(𝜁 (0), 𝑓𝑇 (0), 𝑝(0))
⋮

𝑐ineq(𝜁 (𝑁𝑝 − 1), 𝑓𝑇 (𝑁𝑝 − 1), 𝑝(𝑁𝑝 − 1)
𝑐ineq(𝜁 (𝑁𝑝))

⎤

⎥

⎥

⎥

⎥

⎦

≤ 0

where 𝛽 = [𝜁 (0)… 𝜁 (𝑁𝑝) 𝑓𝑇 (0)… 𝑓𝑇 (𝑁𝑐 )]𝑇 ∈ ℝ(𝑛.𝑁𝑝+𝑚.𝑁𝑐 )×1 is the NLP 
decision variable. Note the notation difference between 𝑓𝑇 (𝑁𝑐 ) in 𝛽
and 𝑓𝑇 (𝑁𝑝 − 1) in 𝑐ineq(𝛽) as the former applies exactly up to any 𝑁𝑐 <
𝑁𝑝 (e.g., 𝑁𝑐 = 5, 𝑁𝑝 = 15) for optimization but the latter applies up 
to 𝑁𝑝 − 1 for constraints. Φ(𝛽) is the NLP PI. 𝜁 (0) is the initial con-
dition. 𝑐ineq(𝛽) consists of inequality constraints of state, control ef-
fort, and power consumption. 𝑐eq(𝛽) consists of the terminal constraint 
(𝜁𝑑 − 𝜁 (𝑁𝑝)) and the path constraint (resulting from DMS), also known 
as the shooting gap.

5.1.  Necessary and sufficient conditions for optimality and 
karush-kuhn-tucker (KKT) conditions

Just like the necessary and sufficient conditions for optimality in 
the optimal control using Hamilton-Jacobi-Bellman equation, in NLP, 
there exists necessary condition for local optimality via KKT condition 
and sufficient condition for local optimality via the existence of positive 
Hessian in the feasible direction (Diehl and Gros, 2016; Nocedal and 
Wright, 2006).

Definition 3. [Feasible set: 𝔹 ]

𝔹 = {𝛽 | 𝑐ineq(𝛽) ≤ 0, 𝑐eq(𝛽) = 0}

Definition 4. [Index set of active constraint: 𝕀 ]

𝕀(𝛽) = {𝑖 | 𝑐ineq,𝑖(𝛽) = 0}

Definition 5. [Active constraint set: 𝔸 ]

𝔸(𝛽) = {𝑐ineq,𝑖(𝛽) = 0, ∀𝑖 ∈ 𝕀(𝛽)}

Definition 6. [Regular point]

𝛽 ∈ 𝔹 is regular ⟺ ∃ ∇𝑐ineq,𝔸(𝛽), ∇𝑐eq(𝛽),

𝑟𝑎𝑛𝑘
[

∇𝑐ineq,𝔸(𝛽) ∇𝑐eq(𝛽)
]

= 𝑁𝛽 .

where 𝑁𝛽 is the number of equality constraints and active inequality 
constraint.
In other words, 𝛽 ∈ 𝔹 fulfills the Linear Independence Constraint Qual-
ification (LICQ).

Definition 7. [Feasible direction set: 𝔻] 

𝔻 = {𝛿 | ∇𝑐𝑇eq(𝛽
∗)𝛿 = 0, ∇𝑐𝑇ineq,𝑖(𝛽

∗)𝛿 ≤ 0, ∀𝑖 ∈ 𝕀(𝛽∗)}

5.1.1.  KKT conditions
KKT Conditions can be written as follows for the NLP objective func-

tion in Eq. (26).

Dual feasibility: ∇𝛽(𝛽∗, 𝛼∗) = 0, 𝜇∗ ≥ 0,

Primal feasibility: 𝑐eq(𝛽∗) = 0, 𝑐ineq(𝛽∗) ≤ 0,

Complementarity slackness: 𝜇∗𝑖 𝑐ineq,i(𝛽∗) = 0,∀𝑖 ∈ 𝕀(𝛽).

where  = Φ(𝛽) + 𝜆𝑇 𝑐eq(𝛽) + 𝜇𝑇 𝑐ineq(𝛽), 𝛼 = [𝜆 𝜇]𝑇 .

5.1.2.  First-order necessary condition (FONC) for optimality
Based on the above-mentioned KKT conditions, FONC can be de-

scribed as follows. 

𝛽∗is regular ⟹ ∃ unique 𝛼∗s.t. (𝛽∗, 𝛼∗) is a KKT point.
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5.1.3.  Second-order sufficient condition (SOSC) for optimality
Given

• Φ(𝛽), 𝑐ineq(𝛽) and 𝑐eq(𝛽) are twice differentiable,
• FONC is fulfilled,
• 𝔻 as shown in Definition 7 exists.
• ∃ 𝑎𝑇∇2

𝛽(𝛽
∗, 𝛼∗)𝑎 > 0,∀𝑎 ≠ 0, 𝑎 ∈ 𝔻,∀ 𝑖 ∈ 𝕀(𝛽), ∇𝑐𝑇ineq,𝑖(𝛽)𝑎 = 0, 𝜇∗𝑖 >

0.

Then, 
𝛽∗ is a local minimum.
After the details of necessary and sufficient conditions for local opti-
mality, the following subsection will discuss on restructuring KKT con-
ditions together with slack formulation for primal-dual interior point 
optimization method.

5.2.  Interior point optimization (IPO)

5.2.1.  Primal-dual IPO (PD-IPO) method
In a particular PD-IPO method, called IPOPT, the original KKT condi-

tions are restructured to achieve the smoothed complementarity slack-
ness and to ease the step-size selection as follow (Diehl and Gros, 2016; 
De Schutter et al., 2023).
∇𝛽(𝛽, 𝛼) = 0,

𝑐eq(𝛽) = 0,

𝑐ineq(𝛽) + 𝑠 = 0,

𝜇𝑖𝑠𝑖 − 𝜅 = 0,

𝑠 > 0, 𝜇 > 0

⎫

⎪

⎬

⎪

⎭

Slack formulation

where ∇𝛽(𝛽, 𝛼) = ∇Φ(𝛽) + ∇𝑐eq(𝛽)𝜆 + ∇𝑐ineq(𝛽)𝜇. Let 

𝑟𝜅 (𝛽, 𝛼, 𝑠) =

⎡

⎢

⎢

⎢

⎢

⎣

∇𝛽(𝛽, 𝛼)
𝑐eq(𝛽)

𝑐ineq(𝛽) + 𝑠
𝜇𝑖𝑠𝑖 − 𝜅

⎤

⎥

⎥

⎥

⎥

⎦

= 0 (27)

Then, the Newton direction 𝑎 can be defined by 
∇𝑟𝑇𝜅 (𝛽, 𝛼, 𝑠)𝑎 + 𝑟𝜅 (𝛽, 𝛼, 𝑠) = 0 (28)

which results in 
𝑎 = −∇𝑟−1𝜅 (𝛽, 𝛼, 𝑠)𝑟𝜅 (𝛽, 𝛼, 𝑠) (29)

where

∇𝑟𝜅 (𝛽, 𝛼, 𝑠) =

⎡

⎢

⎢

⎢

⎢

⎣

𝐇 ∇𝑐eq(𝛽) ∇𝑐ineq(𝛽) 0
∇𝑐eq(𝛽)𝑇 0 0 0
∇𝑐ineq(𝛽)𝑇 0 0 I

0 0 diag(𝑠) diag(𝜇)

⎤

⎥

⎥

⎥

⎥

⎦

𝑎 =

⎡

⎢

⎢

⎢

⎢

⎣

Δ𝛽
Δ𝜆
Δ𝜇
Δ𝑠

⎤

⎥

⎥

⎥

⎥

⎦

, Hessian: 𝐇 = ∇2
𝛽(𝛽, 𝛼)

The Newton step can be taken as
𝛽𝑗+1 = 𝛽𝑗 + 𝑎𝛿Δ𝛽

𝜆𝑗+1 = 𝜆𝑗 + 𝑎𝛿Δ𝜆

𝜇𝑗+1 = 𝜇𝑗 + 𝑎𝛿Δ𝜇

𝑠𝑗+1 = 𝑠𝑗 + 𝑎𝛿Δ𝑠

where 𝑎𝛿 ∈ (0, 𝑎𝛿,𝑙𝑏,𝑢𝑏] is computed from the following conditions.
𝑎𝛿,𝑙𝑏,𝑢𝑏 ∈ (0, 1], 𝜖 ≪ 0

𝑠𝑗 + 𝑎𝛿,𝑙𝑏,𝑢𝑏Δ𝑠𝑗 ≥ 𝜖𝑠

𝜇𝑗 + 𝑎𝛿,𝑙𝑏,𝑢𝑏Δ𝜇𝑗 ≥ 𝜖𝜇

The Newton direction calculation as shown in Eq. (29) is car-
ried out until the maximum number of iteration is exceeded or 
𝑟𝜅 (𝛽𝑗+1, 𝛼𝑗+1, 𝑠𝑗+1) < 𝜖set , yielding the optimal NLP decision variable 𝛽∗ =
𝛽𝑗+1. Note:  Due to the numerial approach, Eq. (27) can never be fulfilled 
exactly but 𝑟𝜅 (𝛽𝑗+1, 𝛼𝑗+1, 𝑠𝑗+1) < 𝜖set , (e.g., 𝜖set = 10−6).

Although Eq. (29) seems reasonably simple conceptually, there in-
volves a lot of implementation work, and the development of efficient 
PD-IPO solver is not the main topic of this paper. Therefore, for the im-
plementation in this work, one of the open-sourced NLP solvers called 
IPOPT which uses PD-IPO method along with CasADi is used to solve 
the NLP version of energy-optimal MPC tracking problem (Wächter and 
Biegler, 2006; Andersson et al., 2019).

6.  High-fidelity simulation with ROS and gazebo

For safety and feasibility of the real-world experiment, it requires the 
pre-validation of the proposed controllers’ performance in high-fidelity 
simulation using the actual specifications of the offshore aquaculture 
farm and the UUV as shown in Tables 1 and 2 (Berg, 2012; Tun et al., 
2023). In this work, the UUV Simulator is modified to simulate FNVI 
operations in high-fidelity according to the specifications of the Blue 
Endeavour Project (Manhães et al., 2016; Musa Morena Marcusso Man-
hães, 2023; Musa Morena Marcusso Manhães, 2023) and the simulation 
parameters are reported in the followings.

6.1.  Trajectory

Based on the specifications of the Blue endeavour project site and 
RexROV 2 with the published model parameters of Sub-Fighter 30K, the 
trajectory simulation parameters are determined. The trajectory start-
ing and end points are [𝑥 𝑦 𝑧]𝑠, [𝑥 𝑦 𝑧]𝑒 = [33.75 0.0 − 1.0]𝑚, [33.75 0.0 −
5.0]𝑚. The path interpolator is the linear interpolator with polynomial 
blends to generate a 4-DoF (surge, sway, heave and yaw) trajectory with 
88 waypoints. The inspection time is approximately 7min and the max-
imum forward speed of the trajectory is 0.28m∕s. Detailed explanation 
on those parameters can be found in the related work Tun et al. (2023).

6.2.  Underwater current disturbance

Three underwater current disturbance speeds (0.0m∕s, 0.5m∕s and 
0.9m∕s) in the positive y-axis of Frame {𝐼}, assumed to be irrotational 
and constant, are considered based on the technical report for the Blue 
endeavour project site (Newcombe et al., 2020).

6.3.  Hydrodynamics parameters(Berg, 2012)

Added mass matrix,

𝑀𝐴 =
[

𝑀𝐴,11 𝑀𝐴,12
𝑀𝐴,21 𝑀𝐴,22

]

where 

𝑀𝐴,11 =
⎡

⎢

⎢

⎣

779.79 −6.8773 −103.32
−6.8773 1222.0 51.29
−103.32 51.29 3659.9

⎤

⎥

⎥

⎦

Table 1 
Specification of Blue endeavour project (Tun et al., 2023).
 Parameters  Value  Descriptions
𝐷 53.5m  Fish net-pen internal diameter
𝑑𝑚 35mm  Fish net-pen mesh size
ℎ 15m  Fish net-pen depth
𝑣𝑐,min 0.5m∕s  Mean underwater current
𝑣𝑐,max 0.9m∕s  Surface mean underwater current
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Table 2 
RexROV 2 with sub-fighter 30K’s published model parameters (Berg, 2012).
 Parameters  Value  Descriptions
𝑚𝑟 1862.87 kg  : mass
𝑤𝐺 18.268 519 kN  : weight
𝑤𝐵 18.538 264 kN  : buoyancy force
𝑉 1.838 26m3  : displaced water volume
𝑤, 𝑙, ℎ 1.5m, 2.6m, 1.6m  : width, length, height
𝑇𝑛  6  : number of thrusters (3 in horizontal, 3 in vertical)
𝐶𝑓 0.0268  : rotor constant of SE150, 24V thruster
𝑢max 1.543m∕s  : maximum surge speed
𝑑max 1000m  : standard rated depth
𝑓𝑇 ,max 1540N  : maximum forward and reverse thrust of SE150, 24V thruster
𝑟𝑏𝐺  [0,0,0] m  : centre of gravity in the respective 𝑥, 𝑦 and 𝑧 axis of robot frame
𝑟𝑏𝐵  [0,0,0.3] m  : centre of buoyancy in the respective 𝑥, 𝑦 and 𝑧 axis of robot frame
[𝐼𝑥𝑥 , 𝐼𝑦𝑦 , 𝐼𝑧𝑧]  [525.39, 794.20, 691.23] kgm2  : moment of inertia expressed in robot frame
[𝐼𝑥𝑦 , 𝐼𝑥𝑧 , 𝐼𝑦𝑧]  [1.44, 33.41, 2.6] kgm2  : moment of inertia expressed in robot frame

Note: There is a positive buoyancy force of about 𝐵 −𝑊 = 270N or 27.5 kg f .

𝑀𝐴,12 =
⎡

⎢

⎢

⎣

8.5426 −165.54 −7.8033
409.44 −5.8488 62.726
6.1112 −386.42 10.774

⎤

⎥

⎥

⎦

𝑀𝐴,21 =
⎡

⎢

⎢

⎣

8.5426 409.44 6.1112
−165.54 −5.8488 −386.42
−7.8033 62.726 10.775

⎤

⎥

⎥

⎦

𝑀𝐴,22 =
⎡

⎢

⎢

⎣

534.9 −10.027 21.019
−10.027 842.69 −1.1162
21.019 −1.1162 224.32

⎤

⎥

⎥

⎦

The full matrix of 𝑀𝐴 is used for Gazebo Physics Engine but only the 
diagonal elements are used for the controllers.

Linear damping matrix,
𝐷𝑙 = diag{74.82, 69.48, 728.4, 268.8, 309.77, 105}

Quadratic damping matrix,
𝐷𝑞(𝜈) = diag{748.22, 992.53, 1821.01,

672, 774.44, 523.27}

Thruster Allocation Matrix (TAM),
𝐵𝑇 =

[

𝐵𝑇 ,11 𝐵𝑇 ,12
]

where 

𝐵𝑇 ,11 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 0.2588 0
1 0 0.3827
0 0.9659 0.9239

−0.2373 0 −0.6957
0 0.9461 −0.7995

0.4878 0 0.3312

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

𝐵𝑇 ,12 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 0.9063 0.9063
0.3827 0.4226 −0.4226
−0.9239 0 0
−0.6957 −0.1016 0.1016
0.7995 0.2179 0.2179
0.3312 −0.7639 0.7639

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

Controller: For the four proposed MPCs, the following tuning pa-
rameters are used.

𝑄 = 1000
[

𝑄1 0
0 𝑄2

]

, 𝑄𝑓 = 𝛾3𝑄

𝑄1 = diag([4950, 4950, 4950, 55, 55, 4400]𝑇 )

𝑄2 = diag([55, 55, 55, 55, 55, 55]𝑇 )

𝑅 = diag([1.2, 1.2, 1.2, 1.2, 1.2, 1.2]𝑇 )

𝛾1 = 2.0, 𝛾2 = 2.0, 𝛾3 = 0.2, ℎ𝑠 = 0.05

𝑅𝑐 = 5Hz, 𝑁𝑝 = 15 steps,

𝑁𝑐 = 5 steps, 𝑡𝑝 =
𝑁𝑝

𝑅𝑐
= 3 s.

As shown above, the relative assignment of 𝑄1 > 𝑄2 and 𝑄𝑓1 > 𝑄𝑓2
highlights more important role of pose tracking than twist tracking to 
avoid the scenario where twist tracking error approaches to zero while 
pose tracking error remains large. These tuning parameters are decided 
empirically, following the conditions of those tuning parameters as spec-
ified in Eqs.  (18), (19), (21) and (24). To consistently compare the 
energy-optimal feature across all controllers, the general guideline of 
the empirical tuning process is as follows.

• Determine 𝑁𝑝, 𝑁𝑐 , 𝑅𝑐 and ℎ𝑠 based on the available computing ca-
pacity in real-time.

• Tune the control parameters of CO-MPC1 as specified in Eqs.  (18) 
and (19).

• Adjust CO-MPC1’s tuning parameters until the tracking errors are 
smaller. Note: The term "smaller error" here is defined subjectively 
in this case.

• Once the tuning parameters on CO-MPC1 are fixed, start tuning on 
EO-MPC1, EO-MPC2 and EO-MPC3 as specified in Eqs.  (21) and (24) 
using the same 𝑄,𝑄𝑓  and 𝑅 tuned for CO-MPC1 in the previous step. 
Note: 𝑄,𝑄𝑓  and 𝑅 are kept the same as CO-MPC1 to avoid changing 
the trajectory tracking tuning parameters and energy-related tuning 
parameters at the same time.

6.4.  Thruster energy consumption

As RexROV 2 is equipped with SE150, 24V thruster for which thrust 
to power mapping is not available, angular velocity to thrust and torque 
respectively reported in Berg (2012)[Appendix C] are used to obtain the 
formula mapping from thrust to power. SE150, 24V thruster is rated for 
8.8 kW and the resulting mapping is close to that value.

Angular velocity to torque and thrust mappings, respectively, can be 
described as follows (Antonelli, 2018).
𝜏𝑇 ,𝑗 = 𝐶𝜏𝜔𝑗

|

|

|

𝜔𝑗
|

|

|

(30)

𝑓𝑇 ,𝑗 = 𝐶𝑓𝜔𝑗
|

|

|

𝜔𝑗
|

|

|

(31)

𝜔𝑗 = sign(𝑓𝑇 ,𝑗 )

√

√

√

√

|

|

|

𝑓𝑇 ,𝑗
|

|

|

𝐶𝑓
(32)

where 𝑗 = {1,… , 𝑚}, 𝐶𝜏 = 𝜌𝐷5𝐾𝜏𝑇 , 𝐶𝑓 = 𝜌𝐷4𝐾𝑓𝑇 , 𝜌 is the water density, 
𝐷 is the thruster diameter, 𝐾𝜏𝑇 , 𝐾𝑓𝑇  are the torque and thrust coeffi-
cients, respectively, 𝜔 is the thruster’s angular velocity.

Thruster power can be described as,
𝑃𝑇 ,𝑗 = 𝜏𝑇 ,𝑗𝜔𝑗 (33)
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Using the data set from Berg (2012)[Appendix C] and manipulating Eqs. 
(30)– (32), Eq. (33) can be rewritten as

𝑃𝑇 ,𝑗 (𝑓𝑇 ,𝑗 ) = 𝐶𝑃𝜔𝑗𝑓𝑇 ,𝑗 = sign(𝑓𝑇 ,𝑗 )𝐶𝑝𝑓𝑇 ,𝑗

√

√

√

√

|

|

|

𝑓𝑇 ,𝑗
|

|

|

𝐶𝑓
(34)

where 𝐶𝑃 = 𝐶𝜏
𝐶𝑓
.

The resulting polynomial regression formulae, their respective 
𝑅2 values and the corresponding coefficients (𝐶𝜏 = 0.0006, 𝐶𝑓 =
0.0268, 𝐶𝑃 = .0224) are reported as shown in Figs. 5–7.

Subsequently, the total energy consumption of all SE150, 24V 
thrusters at each control loop is calculated using Fig. (34) as follows. 

𝐸Δ𝑡 =
𝑚
∑

𝑗=1
𝑃𝑇 ,𝑗 (𝑓𝑇 ,𝑗 )Δ𝑡 (35)

The detailed MPC algorithm implementation as a ROS node is ex-
plained and discussed in Appendix Section A.

7.  Results and discussions

In this section, six main results will be discussed, namely trajectory 
tracking, pose tracking, twist tracking, energy consumption, effects of 
𝑝(𝑓𝑇 , 𝜈), and tracking & energy consumption. For the error comparison, 
mean-absolute-error (MAE) as shown in Eq (36) and MAE-ratio with 

Fig. 5. Relationship between 𝜔𝑗 and 𝑓𝑇 ,𝑗 of SE150, 24V thruster.

Fig. 6. Relationship between 𝜔𝑗 and 𝜏𝑇 ,𝑗 of SE150, 24V thruster.

Fig. 7. Relationship between 𝜔𝑗𝑓𝑇 ,𝑗 and 𝑃𝑇 ,𝑗 of SE150, 24V thruster.
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respect to CO-MPC1 (denoted as 1) as shown in Eq (37) will be used.

MAE =
Σ𝑁𝑖=0|𝑒𝑖|
𝑁

(36)

where 𝑁 is the number of data recorded, 𝑒𝑖 represents 𝑖𝑡ℎ element of a 
specific error type (e.g., 𝑒𝑥,𝑖). For MAE of error norm, 𝑒𝑖 represents 𝑖𝑡ℎ
element of a specific norm error type (e.g., 𝑒𝜂1 ,𝑖 =

√

𝑒2𝑥,𝑖 + 𝑒
2
𝑦,𝑖 + 𝑒

2
𝑧,𝑖).

MAE_ratio𝑖 =
(MAE1 −MAE𝑖)

MAE1
(37)

where 𝑖 = {2, 3, 4} represents EO-MPC1, EO-MPC2 and EO-MPC3, re-
spectively.

The recorded simulation videos are available at https://youtube.
com/playlist?list=PLG3nO3TEqwOmaKKJm1raw9A95pzr3EjBr&si=
NIt_ZsYYytAnzzYz.

7.1.  Trajectory tracking

Figs. 8 and 9 show 3D position plots of the reference and actual tra-
jectories of CO-MPC1, EO-MPC1, EO-MPC2 and EO-MPC3 under three 
underwater current disturbance speeds 0.0m∕s, 0.5m∕s and 0.9m∕s. The 
irrotational and constant underwater current disturbance is flowing in 
the positive y-axis of Frame {𝐼}. Generally, it can be observed that all 
controllers perform well except EO-MPC2 and EO-MPC3 at the speed of 
disturbance 0.9m∕s which drifted substantially in the direction of dis-
turbance.

It is important to note that the tracking behaviors of CO-MPC1 and 
EO-MPC1 are similar, and so are the tracking behaviors of EO-MPC2 and 
EO-MPC3. In other words, for CO-MPC1 and EO-MPC1, the conventional 
tracking behavior is prominent and EO-MPC1 should save more energy 
as shown in Eqs. (19) and (21). Similarly for EO-MPC2 and EO-MPC3, 
the tracking behavior with the penalty for a large change or variation 
in control effort is obvious and EO-MPC3 should save more energy as 
shown in Eq. (24) and (25). In other words, for EO-MPC2 and EO-MPC3, 
the penalty for a large change or variation in control effort prevents the 
large corrective control effort but instead allows the incremental change 
in control effort, resulting in a larger error especially when the speed of 
underwater current disturbance is high.

7.2.  Pose tracking

Due to the nature of the fish net-pen visual inspection, pose track-
ing is relatively more important than twist tracking. Pose tracking can 
be further sub-categorized into position tracking and orientation track-
ing as shown in Figs. 10 and 11, respectively. From the plot of the 
position tracking norm as shown in Fig. 10 and Table 3, it can be 

Table 3 
Pose tracking norm — MAE ratio with respect to CO-MPC1 under 
different simulated underwater current speeds. CO_MPC1, EO_MPC1, 
EO_MPC2 and EO_MPC3 are denoted by 1, 2, 3 and 4, respectively.

𝒆𝜼𝟏  norm
 MAE  MAE Ratio %

0.0m∕s

MPC Controller Types

 1  0.795  1.  0.0
 2  0.764  0.039 −3.9
 3  1.699 −1.138  113.8
 4  1.696 −1.134  113.4

0.5m∕s

 1  0.944  1.  0.0
 2  0.938  0.006 −0.6
 3  2.129 −1.255  125.5
 4  2.084 −1.207  120.7

0.9m∕s

 1  1.556  1.  0.0
 2  1.533  0.014 −1.4
 3  3.473 −1.232  123.2
 4  3.472 −1.232  123.2

Fig. 8. Trajectory tracking comparison among controllers tested under sim-
ulated underwater current speeds. The recorded simulation videos are avail-
able at https://youtube.com/playlist?list=PLG3nO3TEqwOmaKKJm1raw9A95
pzr3EjBr&si=NIt_ZsYYytAnzzYz.

observed that all controllers exhibit large position tracking errors 𝑒𝜂1
resulting from maneuvering the sharp turns and upward/downward 
slopes of the trajectory. Those tracking errors are more evident when 
the speed of underwater current disturbance increases. As shown in 
Fig. 9, the position tracking performance of EO-MPC2 and EO-MPC3 
potentially poses the risk of causing physical damage to the aquaculture
infrastructure and the UUV especially in a highly constrained opera-
tional working environment. Quantitatively, 𝑒𝜂1  norm of EO-MPC1 is 
0.6% to 3.9% lower than that of CO-MPC1 under varying underwater 
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Fig. 9. Trajectory tracking (Top View) comparison among controllers 
tested under simulated underwater current speeds. The recorded simulation 
videos are available at https://youtube.com/playlist?list=PLG3nO3TEqwOm-
aKKJm1raw9A95pzr3EjBr&si=NIt_ZsYYytAnzzYz.

current disturbance speeds, whereas 𝑒𝜂1  norm of EO-MPC2 and EO-
MPC3 is 113.4% to 125.5% higher than that of CO-MPC1. Therefore, 
EO-MPC1 outperforms other controllers in terms of position tracking.

It is important to note that due to the positive buoyancy force of 
approximately 270N, 𝑒𝜂1  norm always does not converge to zero. It 
can be reduced by adding more weight without increasing the volume.
However, in real-world application, it is desired to have a slight posi-
tive buoyancy as the UUV’s safety feature to perform auto-recovery to 
the surface, but a large positive buoyancy causes the UUV to consume 
more energy to minimize the depth tracking error, resulting from the 
positive buoyancy. In this experiment, the original UUV parameters are 
used, and thus the non-zero 𝑒𝜂1  norm is expected Tables 4–6.

Table 4 
Orientation tracking norm — MAE ratio with respect to CO-MPC1 
under different simulated underwater current speeds. CO_MPC1, 
EO_MPC1, EO_MPC2 and EO_MPC3 are denoted by 1, 2, 3 and 4, re-
spectively.

𝒆𝜼𝟐  norm
 MAE  MAE Ratio %

0.0m∕s

MPC Controller Types

 1  6.827  1.0  0.0
 2  6.287  0.079 −7.9
 3  7.293 −0.068  6.8
 4  7.537 −0.104  10.4

0.5m∕s

 1  7.423  1.0  0.0
 2  7.858 −0.059  5.9
 3  11.148 −0.502  50.2
 4  10.364 −0.396  39.6

0.9m∕s

 1  12.349  1.0  0.0
 2  12.673 −0.026  2.6
 3  17.56 −0.422  42.2
 4  17.793 −0.441  44.1

Table 5 
Linear velocity tracking norm — MAE ratio with respect to CO-
MPC1 under different simulated underwater current speeds. CO_MPC1, 
EO_MPC1, EO_MPC2 and EO_MPC3 are denoted by 1, 2, 3 and 4, re-
spectively.

𝒆𝝂𝟏  norm
 MAE  MAE Ratio %

0.0m∕s

MPC Controller Types

 1  0.097  1.  0.0
 2  0.073  0.251 −25.1
 3  0.104 −0.071  7.1
 4  0.103 −0.052  5.2

0.5m∕s

 1  0.083  1.  0.0
 2  0.08  0.04 −4.0
 3  0.133 −0.603  60.3
 4  0.124 −0.495  49.5

0.9m∕s

 1  0.124  1.  0.0
 2  0.116  0.06 −6.0
 3  0.174 −0.409  40.9
 4  0.173 −0.402  40.2

Table 6 
Angular velocity tracking norm — MAE ratio with respect to CO-
MPC1 under different simulated underwater current speeds. CO_MPC1, 
EO_MPC1, EO_MPC2 and EO_MPC3 are denoted by 1, 2, 3 and 4, re-
spectively.

𝒆𝝂𝟐  norm
 MAE  MAE Ratio %

0.0m∕s

MPC Controller Types

 1  0.138  1.  0.0
 2  0.138 −0.001  0.1
 3  0.135  0.019 −1.9
 4  0.108  0.215 −2.15

0.5m∕s

 1  0.135  1.  0.0
 2  0.126  0.07 −7.0
 3  0.151 −0.114  11.4
 4  0.115  0.148 −14.8

0.9m∕s

 1  0.184  1.  0.0
 2  0.174  0.052 −5.2
 3  0.166  0.099 −9.9
 4  0.166  0.095 −9.5

For orientation tracking, in maneuvering the UUV around the sharp 
trajectory turns, 𝑒𝜂2  norm spikes are more prominent across all con-
trollers. It is interesting to observe that there is no substantial differ-
ence in 𝑒𝜂2  norm spikes but the change in 𝑒𝜂2  norm after the spikes is 
more obvious as the speed of underwater current disturbance increases. 
This behavior is observed because the sharp trajectory turn takes a very 
short duration whereas the smooth turn (e.g., small circular turn) takes 
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Fig. 10. Position tracking error norm comparison among trajectory tracking controllers tested under simulated underwater current. The recorded simulation videos 
are available at https://youtube.com/playlist?list=PLG3nO3TEqwOmaKKJm1raw9A95pzr3EjBr&si=NIt_ZsYYytAnzzYz.
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Fig. 11. Orientation tracking error norm comparison among trajectory tracking controllers tested under simulated underwater current. The recorded simulation 
videos are available at https://youtube.com/playlist?list=PLG3nO3TEqwOmaKKJm1raw9A95pzr3EjBr&si=NIt_ZsYYytAnzzYz.
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a longer duration. Therefore, 𝑒𝜂2  norm in smooth turn in a longer du-
ration exhibits substantial change, whereas 𝑒𝜂2  norm in the sharp tra-
jectory turn in a shorter duration is less obvious. Quantitatively, 𝑒𝜂2
norm of EO-MPC1 is 7.9% lower than that of CO-MPC1 under no dis-
turbance, but it is 2.6% to 5.9% higher than that of CO-MPC1 under the 
disturbance of underwater current. However, under varying underwater
current disturbance speeds, 𝑒𝜂2  norm of EO-MPC2 and EO-MPC3 is 6.8%
to 50.2% higher than that of CO-MPC1. Therefore, EO-MPC1’s orien-
tation tracking performance is almost equivalent to CO-MPC1’s perfor-
mance but performances of EO-MPC2 and EO-MPC3 are substantially 
worse.

7.3.  Twist tracking

Although twist tracking is relatively less important than pose track-
ing, it is still necessary so that the visual inspection task is completed 
in time. Additionally, at station-keeping (the start and end of the tra-
jectory), the velocity reference (e.g., 0.0m∕s, 0.0 rad∕s) makes the con-
trollers less sensitive to the pose error, compared to the pose reference 
only.

For the linear velocity tracking, similar phenomena of pose tracking 
such as large tracking errors around the sharp turns and upward/down-
ward slopes of the trajectory can be observed as shown in Fig. 12. Quan-
titatively, 𝑒𝜈1  of EO-MPC1 is 4.0% - 25.1% lower than that of CO-MPC1 
under any disturbance speeds. On the other hand, 𝑒𝜈1  of EO-MPC2 and 
EO-MPC3 are 5.2% - 60.3% higher than that of CO-MPC1 under differ-
ent disturbance speeds. Therefore, EO-MPC1’s linear velocity tracking 
performance is better than all other controllers’ performance.

For the angular velocity tracking as shown in Fig. 13, sharp spiking 
phenomena can be observed due to the abrupt turning of the trajectory 
at the start and end of the half-circle trajectory. Quantitatively, 𝑒𝜈2  of 
EO-MPC1 is 5.2% - 7.0% lower than that of CO-MPC1 under the distur-
bance, whereas under no disturbance, the former is 0.1% higher than the 
latter. Under the varying underwater current disturbance speeds, 𝑒𝜈2  of 
EO-MPC2 and EO-MPC3 are 1.9% - 14.8% lower than that of CO-MPC1 
but under 0.5m∕s disturbance speed, EO-MPC2’ 𝑒𝜈2  is 11.4% higher than 
that of CO-MPC1. Therefore, compared to pose tracking and linear ve-
locity tracking, all controllers perform better than CO-MPC1 in angular 
velocity tracking except for EO-MPC2 under 0.5m∕s underwater current 
disturbance speed.

7.4.  Energy consumption

Due to the high-power rated thrusters used to maneuver the work-
class ROV, it is assumed that the thrusters’ power consumption is the 
highest among all the other electronic components. According to the 
SE150, 24V thruster specification, its power output at nominal voltage 
is reported to be 8.8 kW. Therefore, for a total of six thrusters, the ob-
served instantaneous power output cannot exceed 52.8 kW and its peaks 
should be found around the energy-demanding turns and slope as shown 
in Fig. 8. This predicted phenomenon can be observed in Figs. 14–16 
in which the maximum instantaneous power consumption is around 
14 kW. At some peaks, EO-MPC1 exhibits a higher peak in instantaneous 
power consumption compared to CO-MPC1. However, it can be ob-
served that EO-MPC1 subsequently reduces its power consumption more 
rapidly than CO-MPC1. On the other hand, both EO-MPC2 and EO-MPC3 
consume less instantaneous power than CO-MPC1 and EO-MPC1. This 
power-consumption profile remains the same under different underwa-
ter current disturbance speeds and so does the energy-consumption pro-
file.

To quantitatively compare total energy savings, energy consump-
tion, its ratio, and energy saving percentages are reported in Table 7, 
taking CO-MPC as the baseline. A comprehensive visualization of the 
energy savings in percentage terms is illustrated in Fig. 17. All EO-MPC 
controllers save relatively more energy than CO-MPC. However, it has 
been observed that the amount of energy savings reduces as the speed of 

Table 7 
Energy consumption — its ratio with respect to CO-MPC1 under 
different simulated underwater current speeds. CO_MPC1, EO_MPC1, 
EO_MPC2 and EO_MPC3 are denoted by 1, 2, 3 and 4, respectively.

 Energy consumption [Wh]
𝐸Δ𝑡 𝐸Δ𝑡 Ratio %

0.0m∕s

MPC Controller types

 1  96.564  1.  0.0
 2  75.934  0.214  21.4
 3  67.268  0.303  30.3
 4  66.117  0.315  31.5

0.5m∕s

 1  126.719  1.  0.0
 2  118.880  0.062  6.2
 3  110.896  0.125  12.5
 4  106.220  0.162  16.2

0.9m∕s

 1  300.1102  1.  0.0
 2  290.8249  0.031  3.1
 3  272.2074  0.093  9.3
 4  271.3096  0.096  9.6

underwater current disturbance increases. This finding highlights that 
energy optimization becomes less effective under higher underwater 
current disturbance speeds. It should be noted that the primary goal 
is to accomplish the designated task such as trajectory tracking, while 
energy saving is a secondary objective. Inevitably, an increase in control 
effort is required to compensate for stronger disturbances, resulting in 
higher energy consumption.

In summary, for energy consumption, as shown in Table 7, all EO-
MPC controllers exhibit relatively higher energy savings compared to 
CO-MPC1 in a range of 3.1% to 31.5%, depending on the speed of the 
underwater current disturbance. In general, the energy-optimal feature 
becomes less effective under higher disturbance speeds. However, the 
energy-saving percentage alone is not a sufficient indicator of the se-
lection of EO-MPC controllers. Therefore, in real-world application, the 
selection of EO-MPC controllers depends on trajectory tracking perfor-
mance, the acceptable trajectory tracking error tolerance and the asso-
ciated energy-optimality under the varying underwater current distur-
bance speeds.

Based on the previous analysis on trajectory, pose and twist tracking, 
EO-MPC1’s trajectory tracking performance is equivalent or better than 
CO-MPC1’s performance where other EO-MPC controllers relatively do 
not perform well in a constrained operational environment. In terms of 
energy-optimality, the results show that all EO-MPC controllers exhibit 
superior energy-optimality than CO-MPC1. Therefore, EO-MPC1 is the 
best candidate in terms of trajectory tracking and energy-optimality. 
As the main difference in the stage/running cost of CO-MPC1 and EO-
MPC1 is the non-convex system level power function 𝑝(𝑓𝑇 , 𝜈) as shown 
in Eqs. (19) and (21), the effect of 𝑝(𝑓𝑇 , 𝜈) on energy optimization will 
be discussed in the following subsection.

7.5.  Effects of non-convex system-level power function 𝑝(𝑓𝑇 , 𝜈)

The non-convexity in 𝑝(𝑓𝑇 , 𝜈) is discussed in Subsection 4.1 and its 
phenomenon can be observed in Fig. 18. Unlike the thrusters’ instan-
taneous power consumption as shown in Figs. 14–16, a substantial dif-
ference can be observed in the constraint-activation of the system-level 
power function as shown in Fig. 18. EO-MPC1 and EO-MPC3, which in-
corporate the non-convex system-level power function 𝑝(𝑓𝑇 , 𝜈), strictly 
enforce |𝑝min(𝑓𝑇 , 𝜈)| = |𝑝max(𝑓𝑇 , 𝜈)| = 500W constraint that is assigned in 
the algorithm implementation. In contrast, CO-MPC1 and EO-MPC2 per-
mit higher values of 𝑝(𝑓𝑇 , 𝜈), provided that the thrust generated by all 
individual thrusters remains within the user-assigned bounds. Moreover, 
once 𝑝(𝑓𝑇 , 𝜈) constraint is activated, EO-MPC1 reduces its system-level 
power consumption more rapidly compared to the other MPC variants.

From the aforementioned findings, the consideration of 𝑝(𝑓𝑇 , 𝜈) in 
the MPC stage/running cost (e.g., EO-MPC1) is effective to achieve
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Fig. 12. Linear velocity tracking error norm comparison among trajectory tracking controllers tested under simulated underwater current. The recorded simulation 
videos are available at https://youtube.com/playlist?list=PLG3nO3TEqwOmaKKJm1raw9A95pzr3EjBr&si=NIt_ZsYYytAnzzYz.
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Fig. 13. Angular velocity tracking error norm comparison among trajectory tracking controllers tested under simulated underwater current. The recorded simulation 
videos are available at https://youtube.com/playlist?list=PLG3nO3TEqwOmaKKJm1raw9A95pzr3EjBr&si=NIt_ZsYYytAnzzYz.
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Fig. 14. Instantaneous power and total energy consumption of thrusters during trajectory tracking tested under simulated underwater current speeds of 0.0m∕s. The 
recorded simulation videos are available at https://youtube.com/playlist?list=PLG3nO3TEqwOmaKKJm1raw9A95pzr3EjBr&si=NIt_ZsYYytAnzzYz.

Fig. 15. Instantaneous power and total energy consumption of thrusters during trajectory tracking tested under simulated underwater current speeds of 0.5m∕s. The 
recorded simulation videos are available at https://youtube.com/playlist?list=PLG3nO3TEqwOmaKKJm1raw9A95pzr3EjBr&si=NIt_ZsYYytAnzzYz.
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Fig. 16. Instantaneous power and total energy consumption of thrusters during trajectory tracking tested under simulated underwater current speeds of 0.9m∕s. The 
recorded simulation videos are available at https://youtube.com/playlist?list=PLG3nO3TEqwOmaKKJm1raw9A95pzr3EjBr&si=NIt_ZsYYytAnzzYz.

Fig. 17. Effects of underwater current disturbance speed on energy saving.

Ocean Engineering 340 (2025) 122137 

18 

https://youtube.com/playlist?list=PLG3nO3TEqwOmaKKJm1raw9A95pzr3EjBr&si=NIt_ZsYYytAnzzYz


Tun et al.

Fig. 18. Effects of non-convex system-level power function in MPC.

superior energy-optimality than CO-MPC1, while maintaining the trajec-
tory tracking performance that is better than or equivalent to CO-MPC1. 
It is also important to note that the energy-saving feature of EO-MPC1 
is evident in the energy-demanding region of the trajectory. The main 
challenge in the use of 𝑝(𝑓𝑇 , 𝜈) in MPC is that MPC cannot be solved as 
a quadratic programming (QP) but as a nonlinear programming (NLP). 
In fact, 𝑝(𝑓𝑇 , 𝜈) makes the original finite-horizon constrained nonlinear 
optimization into a finite-horizon constrained nonlinear non-convex op-
timization where a NLP solver (e.g., IPOPT) is crucial in handling con-
straints, nonlinear dynamics and non-convex functions all at the same 
time in real-time computation.

7.6.  Tracking & energy consumption

As mentioned in the introduction, FNVI is the constrained tracking 
control problem with the need of energy-optimality. So, tracking per-
formance and energy consumption are two main factors that must be 
considered simultaneously and a complete trade-off between them is 
not logically acceptable at least from the operation perspectives. Based 
on this reason, EO-MPC1 is the most suitable energy-optimal controller 
achieving more energy saving (3.1% - 21.4%) than CO-MPC1 under all 

disturbance speeds (0.0m∕s - 0.9m∕s) while throughout the trajectory, 
its tracking performance is equivalent to or better than CO-MPC1’s per-
formance.

Another important thing to highlight is that the day-to-day operation 
of FNVI is not necessarily around the helical trajectory in which major-
ity of the region does not have drastic change in twists which demand 
energy. In real-world applications, it is tedious to design an energy-
optimal trajectory in which the drastic change in twist is minimized 
and the flow of the disturbance is in favor of the UUV’s motion. But in-
stead, based on the operational requirement (e.g., a strong underwater 
disturbance current is flowing against the UUV’s motion direction in the 
area of interest for FNVI), the trajectory cannot be designed to guaran-
tee energy-optimality. In such scenario, EO-MPC1 can perform a more 
energy-optimal trajectory tracking, compared to CO-MPC1. Therefore, 
a general FNVI trajectory as shown in Fig. 8 represents a more realistic 
operational condition of an aquaculture farm.

8.  Conclusion

In this paper, the step-by-step transition from the constrained op-
timal control problem (COCP) to the discrete version of COCP in the 
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MPC framework is detailed. The formulation of energy-optimal MPC 
(EO-MPC) with the explicit system-level power function and convex-
ity test is demonstrated so that the proper (convex/ non-convex) op-
timization solvers can be chosen. The theoretical foundations of non-
linear programming (NLP) and one of the widely used NLP solvers, 
called IPOPT, to solve convex and non-convex optimization problems 
are discussed. Based on the experimental results, the insights into the 
effects of the non-convex system-level power function on energy opti-
mization are also provided. Moreover, implementation aspects, together 
with the detailed algorithmic structure and exception (e.g., maximum 
iteration, infeasible problem) handler, are presented. Most importantly, 
using the actual specifications of the Blue Endeavour Project (the up-
coming first-of-its-kind offshore salmon firm in New Zealand) of the 
New Zealand King Salmon Company and RexROV 2 with Sub-Fighter 
30K’s published model parameters, the proposed controllers are tested in 
high-fidelity simulation using Robot Operating System (ROS), integrated 
with Gazebo Physics Engine under three underwater current disturbance 
speeds (0.0m∕s, 0.5m∕s and 0.9m∕s). Our findings suggest that all three 
EO-MPCs can achieve energy-optimality under the varying underwater 
current disturbance speeds. However, only EO-MPC1 can achieve both 
better or equivalent tracking performance of CO-MPC1 throughout the 
trajectory and more energy saving (3.1% - 21.4%) than CO-MPC1 un-
der all underwater current disturbance speeds (0.0m∕s - 0.9m∕s). Our 
future work will focus on robust MPC or Tube MPC to further verify 
energy-optimality under robustness guaranteed.
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Appendix A.  Appendix

MPC Algorithm with User-defined Stage/Running cost as a ROS 
node

The following algorithm implementation is based on Mehrez (2021) 
and substantially modified to work as a ROS node. Note:  Where ap-
plicable, the same symbols as shown in Equations are not used in the 
following Solver setup as these parameters are CasADi symbolic param-
eters.

Algorithm:  Suppose 𝐽𝑁𝑝  is the performance index as shown in 
Eq. (18) over the prediction horizion, 𝑁𝑝, 𝑋 ∈ ℝ𝑛×𝑁𝑝 , 𝑈 ∈ ℝ𝑚×𝑁𝑐  are 

Algorithm 1: Setup for PIs and DMS.
1 𝑔 ← 𝑋[∶ 0] − 𝑃 [∶ 𝑛];
2 𝑐𝑝 ← casadi.SX(𝑁𝑐 , 1);
3 for 𝑖 in 𝑁𝑝 − 1 do
4 𝑠← 𝑋[∶, 𝑖];
5 𝑠𝑓 ← 𝑋[∶,−1];
6 𝑠𝑛 ← 𝑋[∶, 𝑖 + 1];
7 𝑠𝑑 ← 𝑃 [𝑛 ∶ 2𝑛];
8 𝑐 ← 𝑈 [∶, 𝑖] if 𝑖 ≤ 𝑁𝑐 − 1 else 𝑈 [∶, 𝑁𝑐 − 1];
9 𝑐𝑝 ← 𝟎 ∈ ℝ𝑁𝑐  if 𝑖 < 1 else 𝑐𝑝;
10 𝑐𝛿 ← 𝑐 − 𝑐𝑝;
11 𝑒← 𝑠𝑑 − 𝑠;
12 𝑒PI ← 𝑒𝑇𝑄𝑒;
13 𝑐PI ← 𝑐𝑇𝑅𝑐;
14 𝑐𝛿,PI ← 𝑐𝑇𝛿 𝑅𝛿𝑐𝛿 ;
15 𝑝PI ← 𝑐𝑇𝐵𝑇𝑇 𝑠[

𝑛
2 ∶ 𝑛];

16 if 𝑠𝑜𝑙_𝑡𝑦𝑝𝑒 == CO −MPC1 then
17 𝐽𝑁𝑝 ← 𝐽𝑁𝑝 + 𝑒PI + 𝑐PI;

18 else if 𝑠𝑜𝑙_𝑡𝑦𝑝𝑒 == EO −MPC1 then
19 𝐽𝑁𝑝 ← 𝐽𝑁𝑝 + 𝑒PI + 𝑐PI + 𝛾1𝑝PI;

20 else if 𝑠𝑜𝑙_𝑡𝑦𝑝𝑒 == EO −MPC2 then
21 𝐽𝑁𝑝 ← 𝐽𝑁𝑝 + 𝑒PI + 𝑐PI + 𝑐𝛿,PI;

22 else if 𝑠𝑜𝑙_𝑡𝑦𝑝𝑒 == EO −MPC3 then
23 𝐽𝑁𝑝 ← 𝐽𝑁𝑝 + 𝑒PI + 𝑐PI + 𝛾1𝑝PI + 𝑐𝛿,PI;

24 𝑠RK4 ← using 𝐹 and Eqn. (17);
25 𝑔 ←

[

𝑔
𝑠RK4 − 𝑠𝑛

]

 if 𝑖 < 𝑁𝑝 − 1;

26 𝑐𝑝 ← 𝑐;

27 𝑒𝑓 ← 𝑠𝑑 − 𝑠𝑓 ;
28 𝑒𝑓,PI ← 𝑒𝑇𝑓𝑄𝑓 𝑒𝑓 ;
29 𝐽𝑁𝑝 ← 𝐽𝑁𝑝 + 𝑒𝑓,PI;

30 𝑔 ←

[

𝑔
𝑒𝑓

]

;

31 if 𝑠𝑜𝑙_𝑡𝑦𝑝𝑒 == EO −MPC1 or EO −MPC3 then
32 for 𝑖 in 𝑁𝑝 − 1 do
33 𝑠 ← 𝑋[∶, 𝑖];
34 𝑐 ← 𝑈 [∶, 𝑖] if 𝑖 ≤ 𝑁𝑐 − 1 else 𝑈 [∶, 𝑁𝑐 − 1];
35 𝑝PI ← 𝑐𝑇𝐵𝑇𝑇 𝑠[

𝑛
2 ∶ 𝑛];

36 𝑔 ←

[

𝑔
𝑝PI

]

;

Algorithm 2: Solver setup.

1 𝑣𝑎𝑟 ←
[

𝑋.reshape((−1, 1))
𝑈.reshape((−1, 1))

]

;

2 𝑛𝑙𝑝_𝑝𝑟𝑜𝑏←
{

′f ′ ∶ 𝐽𝑁𝑝 ,
′x′ ∶ 𝑣𝑎𝑟, ′g′ ∶ 𝑔, ′p′ ∶ 𝑃

}

;

3 𝑜𝑝𝑡𝑠←
{′ipopt′ ∶ {′max_iter′ ∶ max_𝑖𝑡𝑒𝑟}

}

;
4 𝑠𝑜𝑙𝑣𝑒𝑟← casadi.nlpsol(′solver′,′ ipopt′, 𝑛𝑙𝑝_𝑝𝑟𝑜𝑏, 𝑜𝑝𝑡𝑠); 

CasADi symbolic matrices for the state and control effort, respectively. 
𝑃 ∈ ℝ2𝑛 is a CasADi vector comprising the current UUV’s states and 
the reference trajectory, 𝑔 ∈ ℝ𝑛×𝑁𝑝 or ∈ ℝ(𝑛×𝑁𝑝)+(𝑁𝑝−1) is a CasADi vec-
tor for equality constraints and 𝐹  is the CasADi symbolic function of 
UUV model as shown in Eq. (15). The setup for each MPC PI and DMS 
can be written as shown in Algorithm 1 and the solver setup can be 
written as shown in Algorithm 2.

Suppose 𝑐𝑜𝑛𝑠𝑡 ∈ ℝ𝑛 is a vector of pose (position: [45.25 45.25 45.25]
m, orientation: [∞ ∞ ∞] rad) and twist (linear velocity: [∞ ∞ ∞] m/s 
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and angular velocity: [∞ ∞ ∞] rad/s) constraints in order. Other con-
straints are 𝑓𝑇 ,bound =800N, 𝑝min =−500W and 𝑝max =500W. As shown 
in Algorithm 3, they can be set as part of the arguments which will be 
passed to the solver later.

Algorithm 3: Impose constraints.
1 𝑙𝑏𝑥← casadi.DM.zeros((𝑛 ×𝑁𝑝) + (𝑚 ×𝑁𝑐 ), 1);
2 𝑢𝑏𝑥← casadi.DM.zeros((𝑛 ×𝑁𝑝) + (𝑚 ×𝑁𝑐 ), 1);
3 for 𝑖 in 𝑛 do
4 𝑙𝑏𝑥[𝑖 ∶ (𝑛 ×𝑁𝑝) ∶ 𝑛] ← −𝑐𝑜𝑛𝑠𝑡[𝑖];
5 𝑢𝑏𝑥[𝑖 ∶ (𝑛 ×𝑁𝑝) ∶ 𝑛] ← +𝑐𝑜𝑛𝑠𝑡[𝑖];

6 𝑙𝑏𝑥[(𝑛 ×𝑁𝑝) ∶] ← −𝑓𝑇 ,bound;
7 𝑢𝑏𝑥[(𝑛 ×𝑁𝑝) ∶] ← +𝑓𝑇 ,bound;
8 if 𝑠𝑜𝑙_𝑡𝑦𝑝𝑒 == CO −MPC1 or EO −MPC2 then
9 𝑙𝑏𝑔 ← casadi.DM.zeros((𝑛 ×𝑁𝑝), 1);
10 𝑢𝑏𝑔 ← casadi.DM.zeros((𝑛 ×𝑁𝑝), 1);

11 else if 𝑠𝑜𝑙_𝑡𝑦𝑝𝑒 == EO −MPC1 or EO −MPC3 then
12 𝑙𝑏𝑔 ← casadi.DM.zeros((𝑛 ×𝑁𝑝) + (𝑁𝑝 − 1), 1);
13 𝑢𝑏𝑔 ← casadi.DM.zeros((𝑛 ×𝑁𝑝) + (𝑁𝑝 − 1), 1);
14 for 𝑖 in range(𝑁𝑝 − 1) do
15 𝑖 = (𝑛 ×𝑁𝑝)) + 𝑖;
16 𝑙𝑏𝑔[𝑖] ← 𝑝min;
17 𝑢𝑏𝑔[𝑖] ← 𝑝max;

Suppose 𝑠init ∈ ℝ𝑛 and 𝑠tar ∈ ℝ𝑛 are the initial and target states of 
the UUV, respectively. 𝑠init is assigned by the state-estimation ROS node 
and 𝑠tar is assigned by the reference trajectory. The solver needs the real-
time update of solver parameters as arguments and it can be designed 
as shown in Algorithm 4.

Algorithm 4: Call solver.

1 𝑎𝑟𝑔𝑠←

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

′x0′ ∶
[

𝑆.reshape(𝑛 ×𝑁𝑝, 1)
𝐶.reshape(𝑚 ×𝑁𝑐 , 1)

]

′lbx′ ∶ 𝑙𝑏𝑥,
′ubx′ ∶ 𝑢𝑏𝑥,
′lbg′ ∶ 𝑙𝑏𝑔,
′ubg′ ∶ 𝑢𝑏𝑔,
′p′ ∶

[

𝑠init
𝑠tar

]

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

;

2 𝑠𝑜𝑙 ← 𝑠𝑜𝑙𝑣𝑒𝑟(𝑎𝑟𝑔𝑠)

In addition to the implementation steps based on the theoretical 
work explained in NLP, the mitigation-steps to handle the exceptions 
(e.g., infeasible problem, maximum iteration steps) thrown from the 
NLP solvers must be considered in the implementation process for the 
simulation or field trials. The details of those exceptions are out of scope 
of this paper and it can be referred from Fagiano and Teel (2012), 
Boccia et al. (2014), Grüne (2012), Ipopt Documentation (2024). 
Brief explanations on those exceptions and mitigation-steps are as
follows.

Infeasible problem: In general, the trajectory tracking problem 
based on NLP only works given a trajectory in which the desired pose 
and twist are within the system dynamics’s constraints — 𝜁𝑑 ∈ 𝔹. Sup-
pose such problem is encountered together with the terminal constraint, 
it can be assumed feasible such that 𝜁∗, 𝑓 ∗

𝑇 ∈ 𝔹 over the horizon 𝑁𝑝 as 
shown in Definition 3. However, if the trajectory violates the constraints 

or there is an external disturbance that causes NLP problem to produce 
𝜁, 𝑓𝑇 ∉ 𝔹, the infeasible or recursive infeasible problem arises.

Algorithm 5: Solver with exception handler.
1 if sol_status fails then
2 𝑖← 𝑖 + 1;
3 if max_iter exception then
4 𝑚𝑖 ← 𝑖 × 100 if 𝑚𝑖 ≤ 𝑚𝑖,max else 𝑚𝑖,max; Algorithm 2
5 else if infeasible problem exception then
6 𝑠𝑐 ← 𝑠𝑐 × 1.05 if 𝑠𝑐 ≤ 𝑠𝑐max

 else 𝑠𝑐max
;

7 𝑐𝑐 ← 𝑐𝑐 × 1.05 if 𝑐𝑐 ≤ 𝑐𝑐max
 else 𝑐𝑐max

;
8 𝑐𝑜𝑛𝑠𝑡new ← [𝑠𝑐 , 𝑐𝑐 ];
9 Algorithm 3 with 𝑐𝑜𝑛𝑠𝑡new;
10 𝑆 ← 𝑆 ∈ ℝ𝑛×𝑁𝑝 ;
11 𝐶 ← 𝟎 ∈ ℝ𝑚×𝑁𝑐 ;
12 𝜁 ← 𝑆[∶, 0];
13 𝑓𝑇 ← 𝐶[∶, 0];
14 else
15 𝑆∗ ← reshape(𝑠𝑜𝑙[′x′][∶ (𝑛 ×𝑁𝑝)]) ∈ ℝ𝑛×𝑁𝑝 ;
16 𝐶∗ ← reshape(𝑠𝑜𝑙[′x′][(𝑛 ×𝑁𝑝) ∶]) ∈ ℝ𝑚×𝑁𝑐 ;
17 if 𝑖 ≠ 0 then
18 𝑖 ← 0;
19 Algorithm 3 with original 𝑐𝑜𝑛𝑠𝑡;

Maximum iteration steps: Due to the nature of the numerical solver 
in NLP, the user has to define max_iter parameter (3000 by default) 
during which the solver tries to reach acceptable convergence tolerance 
(1𝑒−8 by default). Generally, it is better to set max_iter value higher than 
the iteration steps which the solver usually requires, and then, increase 
max_iter when the exception regarding max_iter occurs.

Suppose 𝑚𝑖 and 𝑚𝑖,max = 2000 are max_iter and max. max_iter. 𝑠𝑐
and 𝑠𝑐,max are state constraint and max. state constraint. For each 
failed_solver_count, 𝑖, 𝑚𝑖 is increased by 100 steps. The max. position 
constraint of 𝑠𝑐,max is set as 1.2𝑠𝑐 . 𝑐𝑐 =800N and 𝑐𝑐,max =1540N are con-
trol constraint and max. control constraint. When infeasible problem 
arises, state and control constraints are relaxed by 5%. The solver with 
exception handler can be described as shown in Algorithm 5.

Algorithm 6: Controller.
1 Algorithm 4 ⊳ Call Solver;
2 Algorithm 5 ⊳ Exception Handler;
3 𝜁∗ ← 𝑆∗[∶, 0];
4 𝑓 ∗

𝑇 ← 𝐶∗[∶, 0];
5 𝑆 ← Left Shifting on 𝑆∗;
6 𝐶 ← Left Shifting on 𝐶∗;

The controller mainly imports the solver with the relevant argu-
ments, checks if it encounters any exception and handles it accord-
ingly. Subsequently, the optimal state, 𝜁∗, and control effort, 𝑓 ∗

𝑇 , are ex-
tracted from the optimal solution matrices, 𝑆∗, 𝐶∗, and horizon-shifting 
operation is performed on those matrices so that they can be used for 
"warm-start". The overall structure of such implementation is shown in
Algorithm 6.

Finally, all the above Python functions can be clustered as parts of 
Python Class which will be used a ROS node. The detailed implementa-
tion using 𝑅𝑐 = 15 is shown in Algorithm 7.
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Algorithm 7: ROS controller node.
1 Class ROV_MPC_Controller():
2 Function Initialization():
3 init_node(’rov_mpc_controller’);
4 𝑁𝑝 ← Np;
5 𝑁𝑐 ← Nc;
6 𝑐𝑡𝑟𝑙_𝑐 ← False;
7 𝑅𝑐 ← Rc;
8 rate ← rospy.Rate(𝑅𝑐 );
9 𝑋 ← casadi.SX.sym(𝑛 ×𝑁𝑝);
10 𝑈 ← casadi.SX.sym(𝑚 ×𝑁𝑐 );
11 𝑃 ← casadi.SX.sym(2𝑛);
12 𝛾1, 𝛾2 ← 𝛾1, 𝛾2 ∈ ℝ+

0 ;
13 𝑄← Q ∈ ℝ𝑛×𝑛;
14 𝑅 ← R ∈ ℝ𝑚×𝑚;
15 𝑄𝑓 ← 𝛾3Q ∈ ℝ𝑛×𝑛;
16 Algorithm 1 ⊳ PIs and DMS;
17 Algorithm 2 ⊳ Solver setup;
18 Algorithm 3 ⊳ Impose constraints;
19 𝑆 ← 𝟎 ∈ ℝ𝑛×𝑁𝑝 ;
20 𝐶 ← 𝟎 ∈ ℝ𝑚×𝑁𝑐 ;
21 𝑓 ∗

𝑇 ,prev ← 𝟎 ∈ ℝ𝑚;
22 𝐸 ← 0 ⊳ Total energy consumption = 0;
23 ROS Subscribers …;
24 ROS Publishers …;
25 𝑡start ← ROS_time;

26 Function ROS_Callbacks():
27 Handle 𝑠init ;
28 Handle 𝑠tar ;
29 Handle others;
30 Function Call_Controller():
31 Algorithm 6;
32 Δ𝑡 ← ROS_time − 𝑡start ;
33 𝑡start ← ROS_time;
34 𝐸 ← 𝐸+ Eqn. (35) as 𝑓 (Δ𝑡, 𝑓 ∗

𝑇 ,prev);
35 Publish data;
36 𝑓 ∗

𝑇 ,prev ← 𝑓 ∗
𝑇 ;

37 Function Shut_Down():
38 Publish 𝑓 ∗

𝑇 ← 𝟎;
39 𝑐𝑡𝑟𝑙_𝑐 ← True;

40 if __name__ == ’__main__’ then
41 try:
42 mpc_control_obj ← ROV_MPC_Controller();
43 while not rospy.is_shutdown() do
44 mpc_control_obj.Call_Controller();
45 mpc_control_obj.rate.sleep();

46 except rospy.ROSInterruptException:
47 mpc_control_obj.Shut_down();
48 print("Exception. Shut Down.");
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