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ABSTRACT

The paper proposes a variational analysis of the 1-hypergeometric stochastic volatility model for pricing European options. The

methodology involves the derivation of estimates of the weak solution in a weighted Sobolev space. The weight is closely related

to the stochastic volatility dynamic of the model. The solution is further analyzed using semigroup theory applied to the pricing

operator and leads to certain constraints on the model parameters. An implementation of the model using a finite element method

library is carried out and illustrates how the model works.

1 | Introduction

Since the seminal work of Black and Scholes [1] on option pric-
ing, many extensions have been proposed in the literature. An
important contribution is certainly the Heston model [2], which
has the important property that the implied volatility associated
with option prices is not flat but actually shows a smile or smirk,
see Gatheral [3]. A property of the Heston model is that the
Feller’s condition must be satisfied to ensure that the volatility
is positive. In practice, this condition is often not satisfied. To
solve this problem, the a-hypergeometric model was introduced
in Da Fonseca and Martini [4]. When « = 1 the model corre-
sponds to a model first proposed in Henry-Labordére [5]. These
papers derived two different expressions for the characteristic
function of the logarithm of the stock price, so that the pricing
option using the Fourier transform, as in Carr and Madan [6],
is feasible but rather complicated. Therefore, the use of the finite
element method seems to be an interesting alternative for pricing
European (or more exotic) options. The contribution of this paper
to the literature is as follows. Using the important contribution

of Achdou et al. [7], which builds on Achdou and Tchou [8], we
develop a variational analysis of the a-hypergeometric stochas-
tic volatility model when a = 1. This amounts to introducing a
weighted Sobolev space and performing the standard analysis in
this space. Using elliptic estimates, we also derive an existence
result using semigroup theory applied to the pricing operator.
Finally, once the variational formulation is obtained, we apply
the finite element method to the pricing problem and provide an
implementation of the model using the finite element method
library FreeFem++ (i.e., Hecht [9]). The last section contains
some concluding remarks.

2 | The Option Pricing Model

In the a-hypergeometric stochastic volatility model, the stock and
volatility dynamic is given by the following:

ds, = s;rdt + s,e¥dw,, 1)

dy, = (a — be™)dt + cdw,, 2)
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with (w,,,w,,);», @ two-dimensional Brownian motion such
that d(w, ,w, ), =pdt and a>0, b>0 and o >0. The
a-hypergeometric model is defined in [4], when @ = 1 the model
corresponds to a model first proposed in [5], where a series
expansion of the characteristic function of the logarithm of the
stock price is given. In [4], an alternative series expansion of
the characteristic function of the logarithm of the stock price
is provided, so that the pricing of the European option could
be in principle carried out. In both cases, the expression of
this characteristic function is difficult to implement. Therefore,
option pricing using the Fourier transform as presented in [6]
is rather complicated. The use of the finite element method to
price European (or more exotic) options is worth investigating.
From now on, we will assume that @ = 1.!

Define x, = log s, and v, = ¢”, then It6’s Lemma implies that

02
dx, = <r - 7’ dt +v,dw,, 3)

dv, = (cv, — bv)dt + ov,dw,, 4

with ¢ = a + 62 /2. Without loss of generality, we assume r = 0; it
amounts to working with the forward price.

Following Karlin and Taylor [13, Egs. (5.31,5.32)], the asymptotic
distribution associated with v, is as follows:

2c 2bv

2b 51 v Ce 2
b= (2)F 70202 o
) i)

It is a gamma distribution with shape % —1 and rate i—f We

need to have % —1 > 0 which leads to a > 0 that is satisfied by
hypothesis. We further assume that j—i — 1> 1 or equivalently
a> "72 For notational convenience, we define v, = i—‘z' —1 and
v, = j—b so that as a function of v, and v,, the above function

2
rewrites the following:
vo+1 DY0e ™Y
= —_— 6
PO =V I'(vy+1) ©)

and we have lim,_, p(v) = 0 since v, > 0 by hypothesis on the
parameters.

Denote by P(t, x,,v,) the European put (forward) price at time
t when the stock log (forward) price is x, and the volatility is
v,, then it satisfies the partial differential equation (PDE) for
tel0,T],xeR,veER,
1 1
o,P+ 5uzaﬁxp + pov*0l P+ zvzazaiuP
(7

2
- %axp +(cv—bP)I,P=0,

with terminal condition P(T,x,v) = (K —e*),. Expressed in
terms of the forward price s, and volatility v,, the payoff is
P(T,s,v) = (K —s), withs € R, ,v € R,. The put is often used
instead of a call option in the variational formulation because
the function s — (K — s), is in L2(R,). In Hilber et al. [14] and
Hilberetal. [15, p. 110], to price this product, the authors instead
consider the put option price minus its discounted payoff, so that

the resulting function decays to zero as the stock value converges
to either zero or plus infinity. This property is useful because
the problem is approximated by a function that satisfies Dirichlet
conditions. This transformation introduces into the PDE a source
term given by the second derivative of the payoff, which contains
a Dirac function. As explained in these works, the advantage of
the finite element method is that it can accommodate such an
irregular function.

2.1 | Decomposing the Payoff of a Put With a
Portfolio of Butterflies

We propose an alternative to deal with the fact that the put payoff
is not zero on one of its boundary (i.e., P(T', 0, v) = K). Define ¢ =
% with m € N, and K a given strike (of a put or call), then define
K, =i¢ci=0, ... ,m. Define Cs(t,T, K;) a butterfly with strikes
K, .. K;,and K;,, (fori =1, ... ,m — 1), it consists in a long call
with strike K_;, two short calls with strike K;, and a long call with
strike K, ;. The maturity of the butterfly matches the maturity of
the put (or call) one wishes to price. Consider the following sum
of butterflies: ¥"7' ¥/ Cs(t, T, K,) = X5 Cs(t, T, K)(m — i).
It can be seen that it almost replicates the put payoff. The differ-
ence is given by the set of options P(t,T, K = ¢) + (m — 1)C,(t,T)
where P(¢,T, K = ¢)isaputoption with strike K = ¢and C, (¢, T)
is an option with payoff s — (s), 1, (with the function 1, , =
1 if s < ¢ and O otherwise). For a sufficiently large m and a
given stock value s,, the put option P(#,T, K = ¢) is deep out of
the money and therefore its price is small. Similarly, the option
C,(t,T) is deep out of the money, so its price is also small. This
implies that it is sufficient to price the butterflies Cs(t, T, K,) i =
1, ... ,m — 1. Taking into account the fact that a call option payoff
is a homogeneous function of degree one with respect to the stock
and the strike, the model will generate option prices that also have
this property, so without loss of generality, we can assume s, = 1
where s, stands for the initial value of the stock.? The butterfly
payoff has a compact support along the x axis (where x is the
logarithm of the stock forward price), while it is integrable along
the v axis if the payoff of the butterfly is multiplied by a function
that only depends on v, is integrable, and converges to 0 when
v — 0 and v - +00, SO we can approximate the butterfly option
price with a function that satisfies a Dirichlet condition. Overall,
it achieves the same purpose as the tansformation in [14] without
introducing an irregular function into the PDE.

The decomposition can be better understood by considering a
graphical representation. Suppose that we wish to decompose
a put option with strike K = 4, using butterflies with support
either equal to [0, 2] (butterfly centered on 1 or with strike 1),
[1, 3] (butterfly centered on 2 or with strike 2) and [2, 4] (but-
terfly centered on 3 or with strike 3), so that the interval [0, 4] is
divided by m = 4. Then the portfolio of butterflies is illustrated in
Figures 1-4.

Note that when pricing a put option with a given strike of K, the
underlying stock value is often around K (in fact, in practice, it is
the opposite, options are introduced to the market with strikes
around the spot value, i.e., typically +£20% of the spot value,
with this percentage increasing with the maturity of the options).
Thus, in the above example, the spot value will be around 4 and
therefore the difference between the put option and its decompo-
sition by a portfolio of butterflies will consist of options that are
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FIGURE1 | The leftfigure displays the payoff of a put option with strike K = 4 in dotted blue along with three butterflies in black with strikes 1-3.
On the right figure, the black-shaded surface shows the corresponding part of the put payoff covered by the combined butterflies. [Colour figure can be

viewed at wileyonlinelibrary.com]
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FIGURE 2 | The left figure displays the payoff of a put option with strike K = 4 in dotted blue along with two butterflies in black with strikes 1 and
2 (they are shifted up by 1 unit). On the right figure, the black-shaded surface shows the corresponding part of the put payoff covered by the combined

butterflies (shifted up by 1 unit). [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 3 | The left figure displays the payoff of a put option with strike K = 4 in dotted blue along with one butterfly in black with strike 1 (shifted
up by 2 units). On the right figure, the black-shaded surface shows the corresponding part of the put payoff covered by the butterfly (shifted up by 2

units). [Colour figure can be viewed at wileyonlinelibrary.com]
all out of the money. As m increases, these options become deep
out of the money and therefore their price must converge to zero.

Note that the transformation is specific to the European option
pricing problem. From now on, P(t, x, v) will stand for the but-

terfly option price at time r < T (T is the maturity), with strike
price K when the log stock forward price is x (or the stock forward
price is s = ¢¥) and the volatility is v. It is known that P(t, x, v)
satisfies the pricing PDE (7) with the appropriate terminal
condition.
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FIGURE4 | The left figure displays the payoff of a put option with strike K = 4, while the right figure displays the surface covered by the portfolio

of butterflies (in plain blue) that is the sum of the butterflies of Figures 1-3, while the uncovered part that is composed of three identical payoffs of the

type s — (s),1;,<;, (with the function 1;,;, = 1 if s < 1 and 0 otherwise) in blue with vertical lines and the payoff of a put option with strike K = 1in

blue with horizontal lines. [Colour figure can be viewed at wileyonlinelibrary.com]

Remark 2.1. Regarding the existence and uniqueness of the
system of SDEs as well as a probabilistic approach of the Euro-
pean option price and its Feynman-Kac PDE representation,
these questions are addressed in the paper Sousa et al. [11]. In
this paper, the authors show for the 2-hypergeometric stochas-
tic volatility model that, although the standard assumptions are
not satisfied, the domain is unbounded (Baldi [16, Theorem
10.3, p. 315] and Baldi [16, Theorem 10.4, p. 315]) the coef-
ficients do not satisfy the linear growth conditions (Baldi [16,
Assumption A, p. 260]); there exists a unique strong solution
to the SDEs, and the option price satisfies the PDE given by
the Feynman-Kac representation (with the standard regularity
conditions).? To this end, the authors follow Rubio [17], who
considers the Cauchy-Dirichlet problem for a class of linear
parabolic differential equations with unbounded coefficients in
an unbounded domain and shows that the results of that paper
still hold under weaker conditions, which are satisfied by the
2-hypergeometric stochastic volatility model. Their verification,
whose details appear in Sousa [18], relies crucially on many other
results and on Da Fonseca and Martini [4, Proposition 6], which
proves the martingality of the forward price in this model. Still in
Da Fonseca and Martini [4, Proposition 6], it is proved that in the
1-hypergeometric stochastic volatility model, the forward price
is a martingale if (and only if) b > po. If p > 0, this means that
the mean-reverting parameter must be “strong” enough relative
to the volatility of the volatility parameter o. If we assume that
p = 0, then the forward price is a martingale and the conclusions
of Sousa et al. [11] still hold for the 1-hypergeometric stochas-
tic volatility, thus providing the existence and uniqueness of the
SDEs and the Feynman-Kac representation of the option price.

In the current work, we follow the point of view of Achdou
and Tchou [8] and Achdou et al. [7] and develop of variational
approach of the pricing problem.

3 | Variational Formulation and Analysis

Given an option price function (¢, x, v) — P(t, x, v) and following
the above discussion when implementing the model, it will be a
butterfly option; define the scaled option price by the following:

f(t,x,v) = P(T —t,x,v)0"™0e ™Y (8)

with # such that 0 < # < 1. Note that the scaling function is the
power of the density function (6) (up to a multiplicative constant).
Then P(t, x,v) = f(T —t, x, v)v ™™ and if P satisfies (7), then
f satisfies the PDE

9f —Af =0 ©)

with 1 1
_1 55 232 2 232
A—EU d;, + pov ()XU+§U c°0;,

= (v + ay0*)o, — (v + 1,0%)0, (10)

— Ho — U — ﬂzvz,

with the constants a; = ponv,, a, = —ponv, +1/2, v, = o*nv, —
1

¢, v, =b—c*nv; = b(1 —2n), uy=—cnvy + EO'ZVO’?(Voﬂ +1), uy

= o2n’vyv; —envy — by, and  p, = _%62,72‘/12 +byv, and the

initial condition f(0, x, v) = P(T, x, v)v™0e ",

Letusdenote O = R X R, and let H = L?(Q) the set of functions
f : O — Rsuch that

112 o= /Q 2 < 4o (11)

Following [15, Eqgs.(9.23)-(9.24)], we define the following norm:

£l = ( / (1+u2>f2+u2fj+u2f5)E (12)
[0}

where f, = ’;—’; and f, = ‘;—i are defined in the sense of distri-
butions and the weighted Sobolev space V' as the closure of
D(Q), the space of smooth and compactly supported real val-
ued functions (i.e., C3°(Q)), with respect to that norm, that is,

—IlII . .
V :=D(Q) ' .In(11) and (12), the integrals and weak deriva-
tives are understood with respect to the Lebesgue measure. This

space with the norm is a Hilbert space.*

Denote the domain of the operator A by D={f €V : Af €
H}. Since A given by (10) can be decomposed into A = A, +
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A, with
A = 1 252 252 1, 22 25 25 2
1= 50 ° +pov XU+EUCT 2 — Ui, = yyU°0, — Hyv
(13)
A, = —ovd, — 7,00, — pig — Uy U 14)

and since A, is a bounded operator from V' to H as we have that
there exists ¢; > 0 such that

12 <o / WF 2+ Wf, + (L4 ) f2 = eyl 1
[0}

weconcludethat D={f eV : A, f € H}.

Remark 3.1. In [8], they scale the option price using the Gaus-
sian density; see Achdou and Tchou [8, Eq. (13)], and this is
consistent with the fact that they are analyzing the Stein and
Stein model [19], whose volatility dynamic is Gaussian (it is an
Ornstein-Uhlenbeck process). Regarding the weights involved
in the norm of their weighted Sobolev space, they are consis-
tent with the operator involved in the option pricing formula; see
Achdou and Tchou [8, Egs. (18), (15)]. In [7], the authors per-
form the same choice since it is the same model; see Achdou
et al. [7, Egs. (9), (14) and (11)]. A Gaussian distribution is
also used to scale the option price in Canale et al. [20]; see
Canale et al. [20, Eq. (1.5)], but for the weights involved in
the norm of their weighted Sobolev space, they are consistent
with the operator used in the option pricing which is associ-
ated to the Heston model; see Canale et al. [20, Eq. (1.7)] for the
operator and the first unnumbered equation above the Canale
et al. [20, Eq. (2.9)]. In Hilber et al. [15], the option price is
scaled by a Gaussian density function; see Hilber et al. [15,
Eq. (9.17)], while the weights involved in the norm of their
weighted Sobolev space are consistent with the operator of the
pricing formula; see Hilber et al. [15, Egs. (9.24), (9.21)]. In
Lamberton and Terenzi [21], the authors also provide a varia-
tional analysis for (American) option prices using a weighted
Sobolev space. In this paper, the function that scales the option
price is a gamma density (for the volatility component of the scal-
ing function), and this is consistent with the fact that in the Hes-
ton model [2], which is the model used in [21], the stock volatility
is a square root stochastic process whose asymptotic distribution
is a gamma distribution. Still in [21], for the weight involved in
the norm of their weighted Sobolev space, it is consistent with
the operator involved in the option pricing, that is, it is consis-
tent with the Heston model. These choices explain our scaling
function in (8), which is consistent with (6), and the choice of the
norm (12), which is consistent with (10).%

We embed the problem in functions with complex values. The
notation H (i.e., L?(Q)) is still used for complex-valued functions
whose modulus is square integrable and the scalar product of
complex-valued functions in H is the sesquilinear form defined
by (f.g) = /Q fg. The modulus of a complex number u € C is
denoted |ul, its real part R(u), its imaginary part S(u), and # its
conjugate.

Let a(.,.) be defined on V' X V by the following:

a(f.g) =(-Af.g8) 15)

with

a(f,g)=/
o
po — 1 —
+/7U2fxgv+/5621}2fvgv

o o

+ /(5!1U+azvz)fx§+ /(?lv+hvz)fU§
o o

— po —
szxgx+/702fugx
o

N[ =

(16)

+ /(ﬂo + v+ ﬂzvz)fE,
o

with the
(2a — ¢?).

constants @ =a, +po, ¥, =1, +0*=n—-1/2)

Proposition 3.2.
ViV’

The operator A is a bounded operator from

Proof. With (-Af,g) =a(f,g) for f,g €V and the expres-
sion for a(.,.) given by (16), using Cauchy-Schwarz’s inequal-
ity, we get that there exists a constant ¢; such that |a(f, g)| <
el £l liglly- o

Remark 3.3. 'We will use repeatedly the following inequality:

R(a,b,) < g|a1|2 + %|b1|2, fora;,, b, €C, ¢ >0  (17)

Proposition 3.4. The Gdrding inequality holds; that is, there
exist two positive constants C,, and c,, and n €]0 , 1[ such that for
any f €V,

Ra(f, ) = Cy I NI}, = el F11 (18)

Proof.  We proceed as in Achdou and Tchou [8, Proposition
2], Achdou et al. [7, Proposition 2] or Hilber et al. [15, p. 111,
Theorem 9.3.1], that is, by density and considering a function
f €D).As(—Af, f)=a(f, f), the sum of the first four inte-
grals in the right-hand side of the equality (16), which we denote
1,, leads, after using (17), to

R(1,) > /%(1—|p|>u2|fx|2+/%azu2(1—|p|>|fu|2 (19)
o o

The fifth integral in the right-hand side of equality (16), which we
denote I,, leads, after an integration by part, to

1011

= 0
2 ox

R(1,) = 2)1( /(&10 + azuz)dxf7> = /(&lv + ay0?)
o o
(20)
since &, and «, are constant and f € D(Q).

The sixth integral in the right-hand side of equality (16), which
we denote I;, leads, after an integration by part, to

R(I;) = m( / v+ y2v2>avf7>
]

21
10|f1? @D

= -/Q(771U+72U2)5T = -/Q(_71/2_V2U)|f|2’
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since 7, and y, are constant and f € D(Q).

Collecting these results, we get the following:
1-—
Ra(f.[) > / %zﬂmz
o

201 —
+ / o (12 |p|)U2|fU|2 (22)
o]

+ /(ﬂ0+ﬂ1u+ﬂ2”2)|f|2 s
o

with fy = py —71/2, 1 = m1 = 12, B, = pp. The function n —
p,(n) is an inverse parabola, and the two roots are n =0
and #n = 1; therefore, Vn €]0, 1[; we have f,(n) >0 and the
maximum is reached for # =1/2. From now on, we suppose

that n = 1/2 so that g, = b*/(26?), B, = —b(% + %) and §, =
_£<£ _ 2 _ 1).
o2 \ 8 c?

We have the following:

/ﬁlefIZZ—%/vzlflz—@/|f|2 for ¢ >0 (23)
0 2 Jo 28 Jo

and combining (22) and (23), we reach the following:
1
R0z [ La-iodis e
o

1
+ [ Joa-iobis,
(o]

+<ﬁ2— 'ﬂ;'c>/u2|f|2
o
|ﬂ1| 2
- (1 + 228) [ e

and as g, > 0, we can choose ¢ sufficiently small such that g, —
B = ¢y with €y = J min((1 = [p])/2.0%(1 = |pl)/2. fy). that

is, ¢ =2(8, — Cy)/|p,|. Define ¢, = Cy, + || + % then we

have two positive constants such that (18) is satisfied. o

(24)

Remark 3.5. Note thatify =1/2,theny, =0andy, = 0.
Remark 3.6. Note thatify = 1,then §, =0and g, = —b(b >0
by hypothesis) and the rightmost integral in (22) implies that in
(18) the term ||f||§1 has to be replaced by || V1 + v2f||?,; see [21]
which falls in this case (but for a different model).

Remark 3.7. Ttis of interest to compare the results available in
the literature even if the analyzed models are different. In Achdou
and Tchou [8], the authors reach inequality (18) for the Stein and
Stein model under the assumption that p is not too large but also
that the mean-reverting parameter should be large enough com-
pared to the volatility of volatility parameter; see Achdou and
Tchou [8, Egs. (49-50) of Proposition 5.]. In Hilber et al. [15],
the authors obtain inequality (18) for the Heston model under
similar assumptions, that is, p should not be too large and the
mean-reverting parameter should be large enough compared to
the volatility of volatility parameter; see Hilber et al. [15, Theorem
9.3.1]. The Heston model is also considered in Achdou and Piron-
neau [24], but under the assumption that p is zero, the authors

obtain the Gérding inequality if the mean-reverting parameter
is sufficient large compared to the volatility of volatility param-
eter. Interestingly, Lamberton and Terenzi [21] obtain a Garding
inequality for the Heston model without any constraint on the
parameters, but as explained in the previous remark, one of the
norms involved in the inequality has to be adjusted.

A consequence of Propositions 3.2 and 3.4 is the following result.
Proposition 3.8. For all t € [0, T], the resolvent R(4 : A) =
(AT — A)~ of Aexists for R(A) > c,, with c,, defined in Proposition

3.4, and there exists a constant M independent of t > 0 such that

M

_ 25
[A—c,|+1 25)

IR+ Dl <

Proof. The operator AI — A is bounded from V to V' and if
R(A) > ¢, then thanks to (18), the operator satisfies the coerciv-
ity condition

RAAL = A, ) 2 CyIf I, +RG = eI f I (26)

so that for f € H, there exits a unique g € V such that g = R(4 :
A)f or (AI — A)g = f, and therefore,

Mgl — (Ag.8) =(f.8) (27)
and taking the real part of (27), we get the following:
Cy +RAD =c)lglu <N (28)

and
Cullgly, <1 Nullgl (29)

while taking the imaginary part of (27) gives

S(/g7+<Ag,g>>'

< Nllgly +eiligly .
<A+ /Clf Nk llgl s

ISWIllgll, =

(30)

where ¢, appears in the proof of Proposition 3.2 and we use (29).
Combining (28) and (30), we get the following:

(IS + R = e, ])llglly < @+ e /Cullf I (31
and the above equation along with (29) gives the result. u]

Lemma 3.9.
norm.

The space D(Q) is dense in D with the graph

Proof. Consider the function h,(x) defined for x € R such that
e h,(x)=0if |x| > 2n,
e h,(x)=1if|x| <n,

c c
° ”h;”Lm([R) < 71, ”h;,“L“’(IR{) < ”_i
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with ¢; > 0. Consider the function /,(v) defined for v € R, such
that

« 1,() = 0if v €10, [ U |21, +oo],

o I (v)=1ifv e]%, nl,

[
>
n

||l:,||Lm(]% %D <cyn, ||l:,||1_m(]n, up <
. ||l;’IILw(]%_ :) <TG 1Nl o, 2y < 2,
andlet ¢, (x,v) = h,(x)[,(v). Then lim,_, || f = fo,ll,, = 0and

A (fo,) — A () = (@, — DA () + %2(2fx(pn,x + [ @)
+p0? V(1@ + [oPux + [ Puxe)
+ #(vafpn,u AZYD,
— U ([ P+ [Ou) = 12000 + [ Pp)-

As we have that there exists a constant ¢; such that

2
IU fx(pn,x| = Ifo”U(pn,xl S C1|fo|

1 1
(;l[n, 2n](x)1[1/n, 2/n](U) + ;l[n, 2n](x)1[n, zn](U)>,

and since both =1, 5, ()11, 2/,(V) and =1, 5, ()1, 5,(V)
belong to L*(Q) and converge a.s. to zero when n — +o0, then
thanks to Lebesgue’s theorem and the fact that vf, € H, we get
that v”f, ¢, . converges to zero in H. Similar argument applies
to all the other terms. Note that the term that is likely to cause a
problem is v? f ¢, ,, as over the interval |1/n, 2/n[ the function
I"'(v) behaves like n?. But since

|sz(pn,vvl = |f||Uz(pn,UU| S C6|f|

02
(Uznzl[n, 200N, 2ym (@) + 51 2 (), 2 (0) ).

with 01, 5, ()11 2/ (®) and 511, 5, (01, 5,(v) belong-
ing to L*(Q) and converging a.s. to zero when n — +o0, using
again Lebesgue’s theorem as in the previous case and the fact that
f € H, we conclude that v* f ¢, ,, converges to zero in H when
n — +o0o. As a result, the functions in D with compact support
are dense in D.

Still following [7], we consider a function f with compact support
such that f € D, and since it has a compact support, it is suf-
ficient to restrict to f € D with D = {f : f,vd, f,vd, f, A, f €
H} with

A 1 1

A f = Euzafm + pov’d? + zvzazaiv (32)

and define the norm for D as ||f||% =713, + llva, 113, +
lvd, f11%, + 4, f1I%,. We also consider the space V = {f :
f,vo,f,vd,f € H} with the norm ||f||f7 = ||f||i, + IIUGXfIIi, +
||Uauf||§1. Let ¢(x) be a smooth function R — R, with support
in [—1, 1] such that fR @ = 1. The aim is to show that f can
be approximated in D by a sequence of smooth functions with
compact support. Define the function from R? - R, ¢ (x,v) =

e%go(f)(p(f), its support is in ] — ¢, e[X] — €, ¢[. Consider f,. =
f * @., which is smooth with compact support, then | f —
fellg = 01if e — 0. But in fact, there is the stronger result || f —
felly = 0if € — 0 so that D(Q) is dense in V. Let us prove that
lim,_, | A, f — A, f.|l; = 0. Define the integral operator J, f =
/% @ then we have |4,/ — A folly < 1A = JoA Il +
A I f —J. A flly, and since lime_,OJIAlf - Jg{hf”n =0,
we are thus left to prove that lim,_ ||A,J.f — J. A, fllg =0.
Define the operator H, f = A,J.f — J A, f, that s,

H, f(x,v) = / h (%,0,x,0)f(X,0)dXdD (33)
o
with
v? 2
h(%,0,x,0) = T(pe’xx(x —X,0—"0)— ?((pe(x —X,0—0));x

+ pa(vz(psyw(x —-X,v—-0)— (ﬁzfpe(x - X, 0- 15));(5)
o’ 2 o o 2 - -
+ > (v Pepp(X =X, 0=0) = (07 (x — X, 0— v))t-,ﬁ)

= hlL(%, 0,x,0) + h2(%, 0, x,0) + h3(%, 0, x,0),

and inserting the above equation into (33), we define the
corresponding H}! f(x,v), H?f(x,v), and H? f(x,v). Note that
h (X, 0,x,0) = 0ifmax(]x — X|, |[v — 0]) > e thanks to the fact that
the support of ¢, is in ] —¢,e[X] —e€,¢[. Also, H,1 =0 since
A,J.1=0and J_A4,1 = 0. Since we have (¢, (x — X, v — D));; =
@ x(x — X, v — D), we get the following:

Hf(x,0) = / %f(ic, B) (0 = 1) (x — %, 0 — D)dRD
Q
- / % FE D)0 = 0P, o (x — %0 — D)dTdD  (34)
Q
+ / 0f (X, 0)(V = D)@, 1 (x — X, 0 — D)dXdD,
o

and Young’s convolution inequality, see Hormander [25,
Eq. (4.5.5)], implies that ||H!flly < I/ Ilgllv*0c g, +
l0f 1l g lo@e sxll 1w~ Further to this, we have the following:

H?f(x,v) = / opf (X, D)(V* — 0P, (X — %, 0 — D)dXdD
o

(35)
+ / 20p0f (X, D)@, (x — X, v — D)dXdD,
o

and Young’s convolution inequality, see Hormander [25,
Eq. (4.5.5)], implies that there exists a constant ¢; such that

NH flly < et N 1@ ol ey + 10 g lo@e coll i w,) +

o f 1l ll@exll1w,), We use the fact that the first integral in (35)
has the same structure as the integral in (34). Lastly, we have the
following:

H?f(x,v) = / "72 fE W = )@, (x — X, 0 — D)dXdD
o
+ / 6?0 f (%, D) (X — X, v — D)d%dD
(o]

- / 26°f (%, D)o (x — X, v — D)dXdD,
o]

85UB017 SUOWILIOD 8A1TER1D) 8|qeot[dde auy Aq psuenob afe sajole YO ‘88N JO SaINJ 0} Akeiq 1 8Ul|UO /8|1 UO (SUONIPUOD-PUR-SLLIBY W0 AB | 1M AlRIq Ul |UO//SdNY) SUORIPUOD pUe swie | 8y} 89S *[5202Z/60/T0] Uo ArigiTauliuo A[1Mm *JO ASBAIUN pUe Ny AQ G002 BWW/Z00T OT/I0p/W0d A8 |im" kel 1jeul|uo//sdny wo.j pepeojumod ‘0 ‘9. T660T



and using similar arguments, we get that there exists a
constant ¢; such that ||H}flly < e (Ifgll0°@cpll i, +
10110l 3y + 1S il sy + 1 a0 rge,)-

Combining these bounds, we conclude that there exists a
constant ¢; such that ||[H, f|l; < ¢;|Ifly for f € D with com-
pact support, so we have a continuity property. To prove that
lim,_, ||H.fll; =0, it is sufficient to establish that relation for
f € D(Q) thanks to the continuity property. Using H,1 = 0, we
get H.f = fQ h.(%, 8, x,0)(f (%, D) — f(x,v))d%d and conclude
that lim,_, ||H,f||z = 0 derives from the continuity of f. It
concludes the proof. m|

Remark 3.10. The cutoff functions defined above are standard
and defined in Hérmander [25, Section 1.4] while for the L®
norm of these functions (and their derivatives), see Hérmander
[25, Eq. (1.4.2)]

Remark 3.11. The above lemma implies that D(Q) is a core
for the extension of A; see Engel and Nagel [26, Definition 1.6,
page 39].

Remark 3.12. It is possible to prove a regularity result similar
to Achdou et al. [7, Theorem 1] or Achdou and Pironneau
[24, Theorem 2.9]. The proof is essentially the same as the one
presented in Achdou et al. [7, Theorem 1]. In the notations
of our work, this requires assuming that # =1/2, p =0, and
b>o/ \/5 Under these assumptions, it is possible to prove that
D={f €V : V*f [y V* [y V* [ V2 f, P f € H}. Note
that these parameter constraints are similar to those in Achdou
et al. [7, Theorem 1] or Achdou and Pironneau [24, Theorem
2.9]. However, the fact that p = 0 is somewhat problematic since,
in practice, this parameter is negative and large in absolute
value.®

1%

Those results being established, the European option pricing
problem can be solved. A first consequence of Proposition 3.4 is
the next result.

Theorem 3.13. For any f, € H, there exists a unique f €

L20,T; V) CY[0, T; H) with %L € L2(0,T; V") such that, in
the sense of distributions in time, the following equation holds:

L(f.9-(Af.8)=0Vg eV (36)

and with initial condition f(t = 0) = f,.

The mapping f, — f is continuous from H to L*(0,T;V)n
c°([0, T1; H).

Theorem 3.14. Theorem 3.8 and Lemma 3.9 imply that A is
a quasi-contractive analytic continuous semigroup.

Proof. The proof is the one of [7] and reads as follows. The
domain of A is dense in H; the resolvent R(4 : A) of A exists for

Remark 3.15. One can also consider Canale et al. [20,
Theorem 3.3] that reads as follows. Define the following norm:

1/l 2= /R )+l 1 (37)

with a(.,.) given by (16) and c,, given by (18). Thanks to Propo-
sitions 3.2 and 3.4, this norm is equivalent to norm ||.[|,,. The
sesquilinear form a(.,.) with domain V is closed. Following
Ouhabaz [28, Definition 1.21, page 13], these authors define the
operator, denoted A, associated with a(., .) as follows:

D(A)={f eV suchthat3ge H : a(f,p) =(g.9) ¥ ¢ € D(Q)}

-Af =g

Since a(., .) with domain V" is densely defined, closed, continuous,
and quasi-accretive form on H, then Canale et al. [20, Theorem
3.3] implies that A is a quasi-contractive analytic semigroup on
H thanks to Ouhabaz [28, Theorem 1.52].

As mentioned in [7], the pricing problem is specified on an
unbounded domain, while the parabolic problem (36) is usually
formulated on a bounded domain. It needs to be localized, and
this is done in Achdou and Tchou [8] for the Stein and Stein
model or Hilber et al. [14, Section 3.4] and Hilber et al. [15,
Section 9.4] for the Heston model. For completeness, we report
below the corresponding result for the 1-hypergeometric stochas-
tic volatility model.

Consider the cutoff function ¢, of (3.9) and define Q, =] -
2n,2n[X]1/n,2n[ and V, the Hilbert space that is the closure of
D(Q,) with respect to the norm |||, that is, V, := D(Q,,)”’”V
then the bounds in Propositions 3.2 and 3.4 hold in V, with the
same constants, and we have that there exists a unique f, €
L2(0,T;V,)n C°([0, T]; L*Q,)) with % € L*(0,T;V,)such that
in the sense of distributions, the following equation holds:

o, f,—Af, =0 (38)

and

fut=0) = fp.

We extend f, to Q and assume that f, =0 on Q \ O, (we still
denote f, the extension). Using (36) and (38) together with the
coercive conditions, we get that there exists ¢; > 0 such that

IFOIZ, + [LIFOI2ds < el fol13
£,O12 + L2 ds < Il folI3,-

Definee, = f, — f with f, and f as above. Following Hilber et al.
[14, Theorem 3.6] or Hilber et al. [15, Theorem 9.4.1], the next
proposition holds.

Proposition 3.16. Let ¢, be the cut-off function of Lemma 3.9.

R(A) > ¢, (where c,, is defined in Proposition 3.4) and we have  Then there exists a sequence (c,,),»o such that lim,_,, ¢, = 0 and

(25) then Pazy [27, Chap. 1, Corollary 3.8] or Engel and Nagel [26,

Chap. 2, condition (c) of Corollary 3.6] can be applied and gives 5 d 5 _

the resalt 5 0,0l + [ e, 0lEds <, (39)
0
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Proof.  From (36) and (38), we get the following:
d
E(e,,(t), g +ale,),g) =0, VgeV,

and by considering g = (pien(t) in the above question, we reach
the following:

%Ilfpnen(t)lly + a(@,e, (1), ,e,(1) = h, (1) (40)

N | =

where h,(t) = a(p,e, (1), p,e, (1) — ale,(?), goien(t)) and taking
into account (16) and the fact that 7; = 0and y, =0forn =1/2
(i.e., Remark 3.5), it leads to the following:

v, 2 2 olr 5,
h, () = ?(pn,xen(t) + pov @, @, e, 1)+ qun,ve,,(t)
(o]

+ /(6{1v+a2U2)(pn,x(pnei(t) s
o}
SO
|h, (D] < ¢y / @yl + 19,0700 + ¢ / 0+ )@l @,en)
o o

with a constant ¢, that does not depend on n. Using the properties
of ¢,, we reach

I,()] < e / e
O, \1-n.n[x12/n,n[

for another constant ¢, that does not depend on n. As f,(t)
and f(¢#) belong to V, then ve,(f) is bounded in H and
L0, \1-nti2/mal) U*€,(0) = 0 2.8 50 Lo\ aixiz/nay Ven(t) = 0 in
H. It implies that there is a sequence (c,),», such that
lim,_ , ¢, = 0 and such that |a,(f)| < c,. Then using (40) along
with the coercivity of a(.,.) (after being regularized), we get the
announced result. O

4 | Numerical Results

We demonstrate the evaluation of a European put option
P(t, T, K) with the following model parameters:

so=1,0,=03,r=0,a=0.6,0=2.0,p=-0.5,0 =0.2.

The first part is to approximate the butterfly options P(z, x, v)
for various strike values of K; with K, = i% and K a given
strike price, m = 20 and 1 < i < 19. The domain of (x, v) is spec-
ified as [In(s;n), IS ax)] X [Vmins Vmax] With s = 0.05, 5., =
4.0, Uiy = 0.0, vy, = 5. We use a regular mesh on the domain,
with 180 nodes in space (for both the stock and the volatil-
ity). We split the time interval [0, 1] with 100 points (regu-
larly spaced). We use artificial Dirichlet boundary conditions on
x =1In(s0)s X = 10(Spy)s U= Uy and v = v, These bound-
ary conditions, which are not exactly satisfied by butterfly options
P(t, x,v), may induce very small errors. We find the solutions of
these butterfly options utilizing the free software FreeFem++.
For an implementation of the Heston model in FreeFem++,
see Pironneau [29]. Once the butterfly options are priced, we
recover the put option prices for different maturities and differ-
ent strike prices using the decomposition of the put price as a

sum of butterflies mentioned in Section 2 and report the values
in Figure 5 where we can check that for a given maturity and
initial stock value, the put option price increases with the strike
price K, while for a given strike price and initial stock value,
the option price increases with the maturity. In terms of imple-
mentation, if we consider Figures 1-3, in the sum of butterflies
2;":‘11 /_ Cs(t,T,K,), with Cs(1, T, K,), the butterfly with matu-
rity T and payoff support [K,_;, K;,,], the outer sum is composed
of the following: one butterfly with strike 1 (cf. Figure 3); two but-
terflies, one with strike 1 and one with strike 2 (cf. Figure 2); and
three butterflies, one with strike 1, one with strike 2, and one
with strike 3 (cf. Figure 1). It is preferable to rewrite this sum
as Z:":_IICs(t, T, K;)(m — i) and compute it by reversing the sum,
that is, with i running from i = m — 1 to i = 1 and stop as soon
as Cs(t, T, K;)(m — i) is small enough. In the present implemen-
tation, we stop as soon as Cs(t, T, K;)(m — i) < € with e = 0.001.
‘We check the put option price values with a Monte Carlo method,
without using the butterfly decomposition, using a simple Euler
scheme with 70,000 paths, and a discretization of the time inter-
val [0, 1] of 250 regularly spaced points. We compute the root
mean square error (RMSE) between the finite element method
and the Monte Carlo prices over a range of strike prices from 0.8
to 1.2 and maturities from 0.2 to 1.0, as shown in Figure 5 and
find it to be 1.87%. In terms of computation time, pricing a single
option with maturity T = 1 and strike K = 1 takes 310.25 s using
the finite element method, compared to 556.67 s using the Monte
Carlo method. Note that the Monte Carlo pricing is implemented
in Python.

To illustrate how the pricing error (relative to the put price
obtained via the Monte Carlo method) depends on the number
of spatial steps, we compute the RMSE for various space step
counts and report the errors (in %) in Figure 6. Regarding the
dependence of the pricing error on the option’s moneyness we
obtain for in-the-money options (K > 1.1), the error is 0.92%, for
at-the-money options (K €]0.9, 1.1[), the error is 0.85%, and for
out-of-the-money options (K < 0.9), the error is 2.98%.

Note that the value of m has been chosen arbitrarily; however,
it should be clear that it is related to the mesh size of the finite
elements used to partition the space. A detailed error analysis is
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FIGURES5 | Put option prices P(t,T,K) for T —t€[0,1] and
strike K €[0.8,1.2] with s, =1. [Colour figure can be viewed at
wileyonlinelibrary.com]
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FIGURE 6 | Putoption pricingerror (RMSE) compared to the Monte
Carlo prices for different number of space steps. Put option prices
P, T,K)for T —t € [0,1] and strike K € [0.8,1.2] with s, = 1. [Colour
figure can be viewed at wileyonlinelibrary.com]
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FIGURE7 | Putoption absolute pricing error relative to the put price
obtained for d K = 0.05, controlling the support of the butterflies used to
decompose the put, for different values of d K ranging from 0.02 to 0.2.
The put option strike is 1, and the maturity is 1 year (the stock value
is 1). The model parameters are those reported above. The solid blue
curve reports the absolute pricing error (in %), while the dotted red curve
reports the computation time (in seconds). [Colour figure can be viewed
at wileyonlinelibrary.com]

required to clarify this relationship, which is a study in itself, but
its impact can be assessed numerically. To this end, we focus on
a single put option with a strike of 1 (with the stock price also
equal to 1) and a maturity of 1 year. We price this option using
butterfly spreads of varying widths. Specifically, we consider but-
terflies with regularly spaced strikes—that is, the three strikes
K;_,. K;, and K, , that define the support of the butterfly sat-
isfy K,,, — K; = K; — K;_, = dK. The previous pricing was per-
formed with dK = 0.05 = % = 21—0 We now price the option for
values of d K ranging from 0.02 to 0.20 and report both the abso-
lute pricing error (relative to the price obtained with d K = 0.05)
and the computation time. The results, shown in Figure 7, indi-
cate thatincreasing d K can reduce computation time without sig-
nificantly increasing the pricing error—up to a certain threshold.

Note that we use a regular mesh. In Achdou and Tchou [8], the
authors also consider an adaptive mesh that reduces the compu-
tational cost for a given level of accuracy; this mesh adaptation
algorithm is derived from the Black-Scholes model (see Piron-
neau and Hecht [30]). An analysis of the adaptivity of the mesh
to the structure of the model presented here is certainly of inter-
est. Finally, the decomposition of the put option as a portfolio of
butterflies is not perfect as Figure 4 clearly shows; there is a dif-
ference, and we claim (and verify numerically) that it converges
to zero, but a formal proof is needed.

4.1 | Payoff Subtraction

In Hilber et al. [14, p. 6] and Hilber et al. [15, p. 110], the authors
formulate the variational analysis of the option price minus the
(discounted) option payoff. This approach allows them to con-
trol the behavior at the boundaries of the domain along the log-
arithmic stock price axis. In our case, we employed the butter-
fly decomposition of the put option price. The payoff of a but-
terfly option resembles the hat function used in the FEM, and
therefore, the accuracy of the approximate price depends on both
the mesh size used in the FEM and the number of butterflies
employed to decompose the put option payoff. As a result, it is
difficult to disentangle the errors arising from these two compo-
nents. However, the results obtained so far can be adapted at min-
imal cost to the approach proposed in Hilber et al. [14, p. 6] and
Hilber et al. [15, p. 110].

Consider  fy(x,v) = P(0,x,v)v™e™™?  with  P(0,x,0) =
max(K —¢*,0) the put payoff and assume that in (8)
P(T —1t,x,v) stands for the put option price at time ¢. Define
h(t,x,v) = f(t,x,v) — fo(x,v) then since f(f,x,v) satisfies
(9), with A given by (10), we deduce that A(t, x, v) solves the
following:

oh—Ah=1,,

h(0,x,v)=0,

(41)

with [, = Af,. Since Propositions 3.2 and 3.4 remain valid,
Theorem 3.13 applies and the localization of Proposition 3.16 also
applies. In Theorem 3.13, the right-hand side of (36) is (/,, g) =
—a(f,,g) with a(-, -) given by (15). Implementing this approach,
using the parameters and mesh grid from the previous section,
results in a RMSE of 1.59% compared to the Monte Carlo prices.
In terms of computation time, to price one option with maturity
T =1 and strike K = 1, the finite element method takes 382.27
s. Regarding the dependence of the pricing error to the degree of
the moneyness of the option, for in-the-money options (K > 1.1),
it is 0.55%; for at-the-money options (K €]0.9, 1.1]), it is 1.71%;
and for out-of-the-money options (K < 0.9), it is 2.08%.

5 | Conclusion

This paper proposes a variational formulation for the Euro-
pean option pricing problem in the 1-hypergeometric stochastic
volatility model proposed in Da Fonseca and Martini [4]. Follow-
ing the work of Achdou et al. [7], which builds on Achdou and
Tchou [8], we derive the main ingredients, namely the Garding
inequality, which allow us to solve the European option pricing
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problem. Still following [7], we derive estimates that allow us to
use results from the theory of semigroups. As in these works,
the analysis involves a weighted Sobolev space, and following
a critical remark in Lamberton and Terenzi [21], the weight is
closely related to the dynamic of the volatility. We provide an
implementation of the model using the finite element method
library FreeFem++. Our work focuses on European options, but
as shown in Hilber et al. [15], other products could also be ana-
lyzed. Extending the model to include jumps is also an interesting
possibility.
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Endnotes

!In the case « = 2, Privault and She [10] propose an approximation of
the implied volatility of a European option price while Sousa et al. [11]
propose an approximation of the Barrier option price, both use a volatil-
ity of volatility expansion of the pricing operator. In a different con-
text, that is optimal portfolio choice, Cipriano et al. [12] analyze the
a-hypergeometric stochastic volatility model.

2 The stock log return volatility solely depends on the volatility process,
which is autonomous.

3In Baldi [16, Remark 10.4, p. 319] it is proved that when the domain is
unbounded it is still possible to obtain similar results, but it requires a
boundedness of the diffusion coefficients which is not satisfied by the
a-hypergeometric stochastic volatility models.

4We follow the presentation of Hilber et al. [15, Chap. 9.3] instead of
Achdou and Tchou [8, Section 3].

SSee also [22] and Hozman and Tichy [23] for alternative weighted
Sobolev spaces to formulate the variational option pricing problem.

®The corresponding proof is available upon request.
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