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Abstract

Training data in the real world is often presented in random chunks. Yet existing

sequential incremental IDR/QR LDA (sIncLDA) can only process data one instance

after another. This thesis proposes a new chunk incremental IDR/QR LDA (cIn-

cLDA) capable of processing multiple data instances at one time. sIncLDA updates

the reduced within-class scatter matrix W by a QR decomposition of the centroid

matrix for each newly-arrived data instance. It is assumed that the updated Q′ ≈ Q

for any data instance from an existing class and the updated W ′ ≈W for any data

instance from a new class. In practice, the assumption in sIncLDA leads to signifi-

cant loss of the discriminative information from approximating Q and W when the

number of classes is large. By utilizing a new method that accurately updates W ,

the proposed cIncLDA can better pr eserve the discriminative information contai-

ned in W . The limitation of sIncLDA is hence resolved. Experimental comparisons

have been conducted on six facial datasets with diverse class numbers ranging from

40 to 1010. The result indicates that our algorithm achieves an competitive accu-

racy to batch QR/LDA and is consistently higher than sIncLDA. It is noted in the

report that the computational complexity of our algorithm is more expensive than

sIncLDA for single data processing (i.e., sequential manner); however, the efficiency

of our algorithm surpasses sIncLDA as the chunk size increases for multiple instances

processing (i.e., chunk manner).
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Chapter 1

Introduction

1.1 Background

Incremental learning (IL) addresses real-world situations when data are frequently

presented in either sequential (i.e., one sample after another) or chunk manner (i.e.,

a subset of samples presented at a time) (Giraud-Carrier, 2000; Pang, Ozawa &

Kasabov, 2005b). Given an existing learning model Ω, the incremental learning of

Ω is an updating process as follows:

Ω′ = Fsq(Ω, x̃),

or

Ω′ = Fck(Ω, X̃), X̃ = {x̃i}si=1,

where x̃ denotes a newly presented data sample, and {x̃i}si=1 represents a chunk of s

data samples. Fsq and Fck perform respectively the sequential and chunk incremental

learning to calculate the updated model Ω′ over any newly presented data. The Fck

is generally computationally less efficient than Fsq, when the chunk size s = 1 (Pang

et al., 2005b; Cauwenberghs & Poggio, 2000). This thesis studies incremental linear

discriminant analysis (IncLDA) with a focus on how an Fck is able to match and

surpass the Fsq on learning efficiency without sacrificing effectiveness.

Linear Discriminant Analysis (LDA) seeks a linear projection of data that best

discriminates two or more classes by the Fisher criterion or its equivalents (Fisher,

1936; Fukunaga, 1990; McLachlan, 2004). In principle, the computing of batch

LDAs in different disciplines can be formulated as an n-tuple function. The clas-
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sic Fisher LDA (Fukunaga, 1990) constructs the discriminant eigenspace based on

the within-class scatter matrix Sw, between-class scatter matrix Sb, and the class

label set C. Thus a 3-tuple model Ω = {Sw,Sb,C} can be formed (Pang et al.,

2005b). The GSVD/LDA (Ye, Janardan, Park & Park, 2004) applies generalized

Singular Value Decomposition (SVD) on H to obtain singular vector P and singu-

lar value Γ, then performs again the SVD on a submatrix of P to solve the LDA

optimization problem. Here, H = [Hw Hb]
T and H = PΓΠT . Thus, GSVD/LDA

models Ω = {Hw,Hb,C}. The Least Square LDA (Ye, 2007) transforms the LDA

optimization into Multivariate Linear Regression (MLR), thus rears 3-tuple calcu-

lation Ω = {M ,Y ,C}, where M and Y are the input centroid matrix and the

output indicator matrix, respectively. The QR/LDA (Ye et al., 2005) employs QR

decomposition to implement LDA optimization on size-reduced instead of full scat-

ter matrices. Its eigenspace model is written as Ω = {M ,W ,B}; here W and B

represent reduced within-class and between-class scatter matrices respectively, and

M is the centroid matrix. Therefore, IncLDA can be explained as an n-tuple model

updating process.

Thus, a general IncLDA model can be depicted in the example of existing se-

quential IDR/QR IncLDA (cIncLDA) (Ye et al., 2005) as

{M ′,W ′,B′} = Fsq({M ,W ,B}, x̃).

In fact, for a preferable IL method, it should obey four general rules proposed by

Polikar, Upda, Upda and Honavar (2001) as,

1. It should be able to learn new information from new data.

2. It should not require access to, and retain in memory, the original data.

3. It should preserve previously acquired information.

4. It should be able to accommodate new classes that may be introduced with

new data.

In this thesis, we present two additional criteria for IncLDA, as (5) It should be

able to process multiple data samples at one time, and single data sample can be

processed as a special case; (6) It should be able to address the Small Sample Size

problem.
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IncLDA is essentially a model updating process, each component of the model

needing to proceed through along a chunk of newly presented samples. As a result,

the loss of discriminant information will become severe due to approximate projec-

tions at each update round. It is clear that the increase of update rounds is a main

source of inefficiencies. To reduce update rounds at each IncLDA cycle, it is neces-

sary to conduct chunk IncLDAs in which multiple samples can be processed at one

time, instead of sequential IncLDAs.

Furthermore, most existing LDAs are derived from the Fisher criterion (Fukunaga,

1990) as

φ = argmax
φTφ=I

Tr(φTSbφ)

Tr(φTSwφ)
, (1.1)

and two variations areφ = argmaxφTφ=I
Tr(φTStφ)

Tr(φTSwφ)
, φ = argmaxφTφ=I

Tr(φTSbφ)

Tr(φTStφ)
.

The criterion requires that either Sw or St must be non-singular. However, it is not

to be followed in many practical applications as the number of samples may be much

smaller than the dimension of the sample space, namely n� d. This is the so-called

‘undersampled’ problems, or ‘small sample size’ (SSS) problem (Fukunaga, 1990).

To address the problem, many LDA methods have been developed, such as QR-

decomposition based LDA (QR/LDA)(Ye & Li, 2004; Ye et al., 2005), Generalized

Singular Value Decomposition based LDA (GSVD/LDA)(Howland, Jeon & Park,

2003; Ye et al., 2004; H. Zhao & Yuen, 2008), Least Square LDA (LS/LDA)(Ye,

2007), Null Space LDA (NS/LDA)(Huang, Liu, Lu & Ma, 2002; Chu & Thye, 2010;

Chen, Liao, Ko, Lin & Yu, 2000), PCA+LDA(Belhumeur, Hespanha & Kriegman,

1997), uncorrelated LDA (ULDA)(Jin, Yang, Hu & Lou, 2001; Ye, 2004), orthogonal

LDA (OLDA) (Ye, 2005), etc. Accordingly, IncLDAs, which update some of those

LDA extensions incrementally, should be able to address the SSS problem.

The existing sIncLDA satisfies all the criteria presented above, except criterion

5. Our work concentrates on developing a method that satisfies criterion 5 to boost

its practical usage. To evaluate the proposed cIncLDA, its performance is experi-

mentally compared with sIncLDA on some real-world datasets. Experimental results

show that the proposed cIncLDA is more stable and effective on selected datasets

than sIncLDA.

For convenience, we summarize most notations used in the thesis in Table 1.1.

As a convention, “˜” is used to represent additional information introduced by newly

added data samples.



1.2. Research Objectives 4

Notation Descriptions
X data matrix
Xi data matrix of the i-th class
d dimension of data matrix
n number of data samples
ni number of data samples in the i-th class
C set of class labels
ci class label of the i-th class
k number of classes
M centroid matrix of data matrix
m general mean of data matrix
mi mean of data matrix of the i-th class
W reduced within-class scatter matrix
B reduced between-class scatter matrix

Table 1.1: NOTATIONS

1.2 Research Objectives

This research aims to propose a new chunk incremental IDR/QR LDA to resolve the

limitations of the sequential incremental IDR/QR LDA and boost its performance.

The proposed method follows all incremental learning criteria and addresses the SSS

problem. It is designed to process data presented in random chunks. In addition, it

loses less discriminant information than sIncLDA, and the discriminant eigenspace

model can be updated more accurately.

1.3 Research Contributions

The contributions of this thesis are:

1. A new evaluation criteria framework for IncLDAs has been proposed. It allows

us to assess IncLDAs from a new point of view, not just by comparisons on

performance, efficiency and so forth.

2. Two efficient matrix augmentation methods have been proposed. They allow

us to easily accommodate information of new classes contained in chunk data

through expanding the dimensions of matrices Q and W .
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3. A new method for incremental updating ofW , more accurate than the existing

approach, has been successfully developed in this thesis. This is achieved by

relaxing a key assumption on Q and W that is vital to the existing algorithm

but may be significantly violated as the number of classes increases.

4. Unlike Pang’s IncLDAs (Pang et al., 2005b) where only the chunk data in one

class can be acquired each time, our method is capable of absorbing information

obtained from newly added samples in whatever classes.

1.4 Thesis Structure

Chapter 2 investigates the fundamental concepts of LDA first, and reviews seve-

ral popular LDA methods based on their principles and pseudocodes; After

that, incremental extensions of those LDAs methods will be depicted in de-

tail. Finally, based on what has been reviewed, motivations of this research is

highlighted.

Chapter 3 recaptures and analyzes the existing batch QR/LDA and sequential in-

cremental IDR/QR LDA from an embedding point of view. The principles of

batch QR/LDA and sIncLDA are both recapitulated first. The limitations of

the sIncLDA are summarized and discussed in depth at the end of the chapter.

Chapter 4 presents the proposed chunk incremental IDR/QR LDA. To improve

computational efficiency, two new matrix augmentation methods are proposed.

The proposed cIncLDA has been detailed with mathematical derivations and

its pseudocode.

Chapter 5 examine the accuracy and efficiency of the proposed cIncLDA by com-

paring it with sIncLDA and batch QR/LDA. We have specifically examined its

equality to the ground truth eigenspace, its class separability of the embedding

eigenspace, and its execution time.

Chapter 6 concludes the work presented by the thesis and gives some directions

for future research.



Chapter 2

Literature Review

In this chapter, the fundamental concepts of LDA will be investigated first, and

popular LDA methods will be presented based on their principles and pseudocodes;

After that, we study incremental extensions of those LDA methods in detail. Finally,

based on what has been reviewed, motivations of this research will be highlighted.

2.1 Linear Discriminant Analysis

LDA has been widely demonstrated as an effective technique for dimension reduction

and feature extraction (Ye & Li, 2004; Pang et al., 2005b; T.-K. Kim, Stenger,

Kittler & Cipolla, 2011). Applications of LDA are growing in number, such as

pattern recognition (Bishop, 2006; Duda, Hart & Stork, 2001; Fukunaga, 1990),

pedestrian detection (X. Wang, Han & Yan, 2009), information retrieval (Kowalski,

1997; Frakes & Baeza-Yates, 1992), micro-array data analysis (Baldi & Hatfield,

2002; Dudoit, Fridlyand & Speed, 2002), text classification (Jain & Dubes, 1988),

original texture analysis (Chan, Kittler & Messer, 2007) as well as face recognition

(Jin et al., 2001; Swets & Weng, 1996). The aim of dimension reduction is to either

find a linear combination of features, or select a subset of features from the original

feature space (Ye et al., 2005). In this way, LDA can be simply defined as: LDA

seeks a linear projection of data (in terms of a combination of features) that best

discriminates two or more classes by the Fisher criterion or its equivalents (Fisher,

1936; Fukunaga, 1990; McLachlan, 2004).
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2.1.1 Classic Fisher LDA

Most existing LDAs follow or extend the classic Fisher criterion. By employing

within-class scatter matrix Sw, between-class scatter matrix Sb, and total scatter

matrix St, the class separability criterion can be formulated as follows (Fisher, 1936;

Fukunaga, 1990):

φ = argmax
φ

Tr(φTSbφ)

Tr(φTSwφ)
, (2.1)

and two variations are

φ = argmax
φ

Tr(φTStφ)

Tr(φTSwφ)
, (2.2)

φ = argmax
φ

Tr(φTSbφ)

Tr(φTStφ)
, (2.3)

where

Sb =
k∑

i=1

ni(mi −m)(mi −m)T (2.4)

denotes the scatter of the expected vectors around the general mean,

Sw =
k∑

i=1

ni∑
j=1

(xij −mi)(xij −mi)
T (2.5)

represents the expected vector of the general distribution, and

St = Sw + Sb (2.6)

is the covariance matrix of all samples without consideration of their class assign-

ments. Given X = [X1, . . . ,Xk] ∈ Rd×n, in which X i = [xi1, . . . ,xini
] ∈ Rd×ni

denotes samples belonging to the i-th class, and i = 1, . . . , k. For the i-th class,

mi and ni denote the mean and the number of samples, respectively. The general

mean and the total number of samples are represented by m and n. Note that,

the equivalence between (2.1) and those two alternative criteria (2.2) and (2.3) is

conditional on the non-singular status of Sw or St. Thus, the Fisher LDA forms a

3-tuple model as Ω = {Sw,Sb,C}.
The pseudocode of the above algorithm is given as algorithm 1.
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Algorithm 1 Fisher/LDA Algorithm

Input: Newly added training data matrix X̃, and its class label set C̃

Output: Optimal transform matrix φ, Fisher-LDA eigenspace model Ω = {Sw,Sb,C}.
1: Calculate within-class scatter matrix Sw by (2.5);

2: Calculate between-class scatter matrix Sb by (2.4);

3: Calculate matrix Z = Sw
−1Sb;

4: Perform eigen-decomposition of Z: Z = φΛφT .

2.1.2 Small Sample Size Problem

For many tasks, such as information retrieval and face recognition, LDA has already

been showing promising results (Belhumeur et al., 1997; W. Zhao, Chellappa &

Phillips, 1999; Chen et al., 2000; Yu & Yang, 2001; C. Liu & Wechsler, 2002; Lu,

Plataniotis & Venetsanopoulos, 2003a, 2003b; Ye & Li, 2004). However, LDA suffers

from the so-called Small Sample Size (SSS) problem (Raudys & Jain, 1990). The SSS

problem is often encountered in high dimensional pattern recognition tasks where the

number of training samples (i.e., n) is smaller than the dimensionality of the sample

space (i.e., d), namely n < d. In such a case, the within-class scatter matrix Sw or

the total scatter matrix St may not be singular. As a result, the Fisher/LDA may

fail.

Simply put, there are three ways to solve the problem:

1. It can be solved by utilizing linear algebra techniques, such pseudo inverse,

SVD, or GSVD, on the singular within-class scatter matrix. For example, Tian,

Barbero, Gu and Lee (1986) proposed a solution to the problem by using pseudo

inverse on the within-class scatter matrix. Some research (Hong & Yang, 1991;

W. Zhao et al., 1999) gave a solution of adding a small perturbation to the

within-class scatter matrix so that it became nonsingular.

2. It can also be solved by involving a subspace approach. For example, Belhumeur

et al. (1997) applied PCA as a preprocessing step on the raw data to remove

the null space of Sw, and hereby the singularity of Sw was well handled. Ano-

ther solution used the null space of Sw rather Sw itself (Chen et al., 2000; Chu

& Thye, 2010).

3. Regularization is another way to cope with the problem, adding a scaled iden-
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tity matrix to diagonal elements of the within-class scatter matrix (Friedman,

1989; Lu, Plataniotis & Venetsanopoulos, 2005).

In summary, the third approach is the most efficient, since it only involves simple

matrix addition. To address SSS problem of LDA, we need to extend the Fisher

criterion by employing the above approaches. In the following text, three popular

LDA extensions, GSVD/LDA (Ye et al., 2004; H. Zhao & Yuen, 2008), LS/LDA(Ye,

2007; L. Liu, Jiang & Zhou, 2009), and QR/LDA (Ye & Li, 2004; Ye et al., 2005),

are depicted.

2.1.3 LDA Extensions to the SSS Problem

GSVD/LDA

The concept of GSVD was first introduced by Paige and Saunders (1981). Based on

their idea, Ye et al. (2004) proposed a GSVD-based LDA extension. GSVD/LDA

follows the Theorem 1 below:

Theorem 1 Let ei = [1, . . . , 1]T ∈ Rni×1,

Hw = [X1 −m1e
T
1 , . . . ,Xk −mke

T
k ], (2.7)

and

Hb = [
√
n1(m1 −m), . . . ,

√
nk(mk −m)]. (2.8)

Suppose that H = [Hw Hb]
T ∈ R(k+n)×d, then there exist orthogonal matrices U ∈

Rk×k, V ∈ Rn×n and a nonsingular matrix Υ ∈ Rn×n, such that[
U 0

0 V

]T
HΨ =

[
Σb 0

Σw 0

]
(2.9)

where

Σb =

⎡⎢⎣ Ib 0 0

0 Db 0

0 0 0b

⎤⎥⎦ and Σw =

⎡⎢⎣ 0w 0 0

0 Dw 0

0 0 Iw

⎤⎥⎦
and ΣT

b Σb +ΣT
wΣw = Id.
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In the Theorem 1, Ib ∈ Rt×t and Iw ∈ R(t−s−r)×(t−s−r) are two identity ma-

trices, in which t = rank(H), r = rank(H) − rank(Hw), and s = rank(Hb) +

rank(Hw) − rank(H). In addition, Db = diag(τt+1, . . . , τt+r) ∈ Rr×r and Dw =

diag(νt+1, . . . , νt+s) are diagonal matrices with diagonal elements value positioning

between 0 and 1.

From Theorem 1, as Sw = HwH
T
w and Sb = H bH

T
b , we have

ΨTSbΨ =

[
ΣT

b Σb

0

]
(2.10)

ΨTSwΨ =

[
ΣT

wΣw

0

]
(2.11)

Accordingly, we can have

ν2
i Sbτi = ν2

i Swτi, (2.12)

where τi is the i-th column of the matrix Υ, i = 1, . . . , d.

Hence, the leftmost k−1 eigenvectors of Υ are obtained as the optimal transform

matrix. The algorithm of GSVD/LDA is summarized in algorithm 2.

Algorithm 2 GSVD/LDA Algorithm

Input: Newly added training data matrix X̃, and its class label set C̃

Output: Optimal transform matrix φ, GSVD/LDA eigenspace model Ω = {Hw,Hb,C}.
1: Calculate matrix H = [Hw Hb]

T ;

2: Calculate the rank of H as t = rank(H);

3: Perform SVD on H as H = P

⎡⎣ R 0

0 0

⎤⎦ΠT ;

4: Perform SVD on P (1 : k, 1 : t) as P (1 : k, 1 : t) = UΥΞ;

5: Calculate submatrix Πk as leading principal submatrix of Π;

6: Calculate the rank of Hb as τ = rank(Hb);

7: Calculate matrix

T = Π

⎡⎣ R−1Ξ 0

0 I

⎤⎦ ;
8: Calculate optimal transform matrix φ = T (:, 1 : τ).
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LS/LDA

Ye (2007) investigated the relationship between LDA and the MLR problem and

proposed LS/LDA. By adding a constraint to the optimization of the Fisher criterion

(2.1), LDA can be integrated into the MLR schema, as

maxTr((φTSbφ)(φ
TStφ)

+),

s.t. φ = (MMT )+MY ,
(2.13)

where M is the centroid matrix of X, and Y is the indicator matrix.

From (2.13), we can compute Y , as

Y ji =

⎧⎨⎩
√

n
nk
− nk

n
if X..i belongs to class k

−√nk

n
otherwise.

(2.14)

Thus, the MLR solution φMLR can computed from (2.13) as

φMLR = (M+)TY (2.15)

Consequently, we have a 3-tuple model of LS/LDA as Ω = {M ,Y ,C}, and

the pseudocode is shown in algorithm 3. In LS/LDA, the SSS problem is solved

by transforming the LDA optimization problem into the MLR framework, since the

singularity of Sw or St can be avoided in the MLR schema.

Algorithm 3 Least Square LDA Algorithm

Input: Newly added training data matrix X̃, and its class label set C̃

Output: Optimal transform matrix φ, LS/LDA component model Ω = {M ,Y ,C}.
1: Calculate centroid matrix M ;

2: Calculate pseudo inverse of centroid matrix M+;

3: Calculate indicator matrix Y by (2.14);

4: Calculate optimal transform matrix φ by (2.15);

QR/LDA

QR/LDA (Ye & Li, 2004; Ye et al., 2005) used QR-decomposition rather than SVD

or GSVD to maximizing the Fisher criterion (2.1) by maximizing the separation
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between different classes (i.e., maximize between-class scatter matrix Sb), meanwhile

minimizing the within-class distance (i.e., maximize within-class scatter matrix Sw).

Because QR/LDA is the basis of our proposed algorithm, the detailed review on this

method is given in section 3.1.

For QR/LDA, to address SSS problem, the regularization method has been em-

ployed. Different from previous regularized LDAs, such as Regularized LDA (Lu et

al., 2005) and Spectral Regression Discriminant Analysis (SRDA)(Cai, He & Han,

2008), the QR/LDA and sIncLDA applied the regularization step on the reduced

within-class scatter matrix W instead of Sw. As discussed previously, the regulari-

zation method is the most efficient way to address SSS problem.

2.1.4 Summary

In many real-world applications, it is common for training data to be continuously

presented over time rather than all being given in one batch in advance. Since the

data is often given in random chunks, we cannot know in advance the next sample to

process. In view of this, the LDAs discussed above suffer certain limitations. Particu-

larly, the computational cost of batch LDAs, such as Fisher/LDA and GSVD/LDA,

is extremely high when the dataset is large. Meanwhile, batch LDAs keep all data

samples, incurring a high level of memory usage. This is obviously inefficient for

those tasks needing online learning. Because of these limitations, it is necessary to

conduct learning in an incremental way, where only information carried by newly

presented data is accommodated for the existing model.

2.2 Incremental Linear Discriminant Analysis

This thesis focuses on incremental linear discriminant analysis. In this section, be-

fore studying IncLDA in depth, we first revisit the two important characteristics

of incremental learning (IL), chunk and one-pass. Most existing IncLDAs will be

reviewed and evaluated according to our proposed assessing criteria in Section 1.1.

2.2.1 Chunk Incremental Learning

IL operates numerous updates on a set of components (e.g., within-class scatter

matrix Sw) to renew the entire space/model. Sequential IL updates the learning
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model for every data sample presented, causing many update calculations; As model

updating may be computationally intensive, inaccuracies and inefficiencies may build

up quickly (Hall, Marshall & Martin, 2000; Ozawa, Pang & Kasabov, 2006). Chunk

IL is more likely to improve accuracy and efficiency, because it processes multiple

samples at one time.

It is worth noting that chunk IL has recently gained more attention (Hao et al.,

2004; Jiang, Song, Wu, Maurizio & Liang, 2006; Hall et al., 2000; Pang, Ozawa

& Kasabov, 2004; Pang et al., 2005b; Pang, Ozawa & Kasabov, 2005a; Ozawa et

al., 2006; J.-G. Wang, Sung & Yau, 2010). For incremental principle component

analysis (IncPCA), Hall et al. (2000) enabled chunk IncPCA computing by merging

original and newly created eigenspace; Ozawa et al. (2006) developed another version

of chunk IncPCA by implementing both eigenspace rotation and augmentation. For

incremental support vector machine (IncSVM), Karasuyama and Takeuchi (2010)

extended a sequential (Cauwenberghs & Poggio, 2000) to chunk IncSVM algorithm

by updating multiple Lagrange multipliers under the condition of keeping Karush-

Kuhn-Tucker (KKT) balance.

2.2.2 One-pass Incremental Learning

When data are presented sequentially or in random chunks, despite incremental

learning, a straightforward approach for learning is to collect the data and then

conduct batch learning over the data so far collected. Obviously, this requires large

memory and high computational cost, because the data presented so far would be

stored in the memory until the learning process ends. Moreover, even if the learning

is almost finished, adding the last single data sample, still requires repetition of the

learning from the beginning (Pang et al., 2004, 2005b).

To cope with the problem, the one-pass concept has been widely applied to the

incremental learning (Yen & Meesad, 1999; Loos, 1989; Pang et al., 2005b; Kidera,

Ozawa & Abe, 2006; Pang, Ban, Kadobayashi & Kasabov, 2010). According to Loos

(1989); Pang et al. (2005b), one-pass can be explained as, in the learning schema,

only knowledge from a single presentation of the training data is acquired, learned,

and retained, without keeping all data samples presented so far.

In the machine learning field, one-pass incremental learning has become more and

more popular. For incremental PCA, Pang et al. (2004) proposed an one-pass PCA,

which stores the eigenvectors of the new face data for updating the existing eigenspace
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model rather than the raw face data. For incremental clustering, Ataa Allah, Grosky

and Aboutajdine (2007) proposed an online single-pass (i.e., one-pass) method, which

requires a single, sequential pass over the incoming data it attempts to cluster.

2.2.3 Incremental Linear Discriminant Analysis

A batch LDA can be formed as a component model Ω, and incremental LDA can be

described as the update of Ω. In the following text, we will discuss several popular

IncLDAs as the update of batch LDAs mentioned in section 2.1.

Pang’s IncLDA

Pang et al. (2005b) proposed an incremental LDA based on the Fisher/LDA. As

discussed above, Fisher/LDA can be formed as a 3-tuple model Ω = {Sw,Sb,C},
and thus can be updated in a sequential manner or chunk manner respectively,

Ω′ = Fsq(Ω, x̃) = {S′
w,S

′
b,C

′},

or

Ω′ = Fck(Ω, X̃) = {S′
w,S

′
b,C

′}, X̃ = {x̃i}si=1.

For Pang’s sequential IncLDA, Ω′ = {S′
w,S

′
b,C

′} can be calculated following the

steps below:

1. if x̃ comes from an existing class, then n′ = n + 1 and C′ = C. The updated

within-class scatter matrix S′
w is calculated as,

S′
w =

k∑
i=1,i �=ρ

Σi +Σ′
ρ, (2.16)

where

Σi =

k∑
i=1,i �=ρ

ni∑
j=1

(xij −mi)(xij −mi)
T , (2.17)

and

Σ′
ρ = Σρ +

nρ

nρ + 1
(x̃−mρ)(x̃−mρ)

T . (2.18)
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The updated between-class scatter matrix S′
b can be calculated as,

S ′
b =

k∑
i=1,i �=ρ

ni(mi −m′)(mi −m′)T + n′
ρ(m

′
ρ −m′)(m′

ρ −m′)T , (2.19)

where m′
ρ =

1
nρ+1

(nρmρ + x̃) and n′
ρ = nρ + 1.

2. if x̃ belongs to a new class, then n′ = n + 1 and C′ = [C, c̃]. The updated

within-class scatter matrix does not change, namely S′
w = Sw.

The updated between-class scatter matrix S′
b is calculated as,

S′
b =

k∑
i=1

ni(mi −m′)(mi −m′)T + (x̃−m′)(x̃−m′)T . (2.20)

The pseudocode of the above algorithm is given as algorithm 4.

Algorithm 4 Pang’s Sequential IncLDA Algorithm

Input: Newly added training data sample x̃ and its class label c̃, Fisher/LDA eigenspace model

Ω = {Sw,Sb,C}.
Output: Optimal transform matrix φ′, Pang’s Sequential IncLDA eigenspace model Ω′ =

{S′
w,S

′
b,C

′}.
1: if c̃ ∈ C then

2: Calculate within-class scatter matrix S′
w by (2.16);

3: Calculate between-class scatter matrix S′
b by (2.19);

4: else

5: Calculate C ′ = [C, c̃];

6: Calculate within-class scatter matrix S′
w = Sw;

7: Calculate between-class scatter matrix S′
b by (2.20);

8: end if

9: Calculate matrix Z ′ = S′
w
−1

S′
b;

10: Perform eigen-decomposition of Z ′: Z ′ = φ′Λφ′T .

Pang’s chunk IncLDA requires the newly added samples to belong to one class,

namely the class number of incoming data k̃ = 1. Hereby, Ω′ = {S′
w,S

′
b,C

′} is

calculated in the following steps:
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1. if X̃i comes from an existing class, then n′ = n+ s and C′ = C. The updated

within-class scatter matrix S′
w is calculated as,

S ′
w =

k∑
i=1

Σ′
i, (2.21)

where

Σ′
i = Σi +

nis
2

(ni + s)2
(Di) +

n2
i

(ni + s)2
(Ei) +

s(s+ 2ni)

(ni + s)2
(F i). (2.22)

From (2.22), we have the second term as

Di = (m̃i −mi)(m̃i −mi)
T , (2.23)

the third term as

Ei =
s∑

j=1

(x̃ij −mi)(x̃ij −mi)
T , (2.24)

and the fourth term as

F i =

s∑
j=1

(x̃ij − m̃i)(x̃ij − m̃i)
T , (2.25)

The updated between-class scatter matrix S′
b can be calculated as

S ′
b =

k∑
i=1

n′
i(m

′
i −m′)(m′

i −m′)T . (2.26)

2. if x̃ belongs to a new class, then n′ = n + 1 and C′ = C ∪ C̃. The updated

within-class scatter matrix S′
w is calculated as

S′
w =

k∑
i=1

Σi +
s∑

j=1

(x̃j − m̃)(x̃j − m̃)T . (2.27)

The updated between-class scatter matrix S′
b is calculated as,

S′
b =

k∑
i=1

ni(mi −m′)(mi −m′)T + (x̃−m′)(x̃−m′)T . (2.28)
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The pseudocode of the above algorithm is given as algorithm 5.

Algorithm 5 Pang’s Chunk IncLDA Algorithm

Input: Newly added training data matrix X̃i, k̃ = 1 and its class label set C̃, Fisher-LDA eigens-

pace model Ω = {Sw,Sb,C}.
Output: Optimal transform matrix φ′, Pang’s Sequential IncLDA eigenspace model Ω′ =

{S′
w,S

′
b,C

′}.
1: if C̃ ⊂ C then

2: Calculate within-class scatter matrix S′
w by (2.21);

3: Calculate between-class scatter matrix S′
b by (2.26);

4: else

5: Calculate C ′ = C ∪ C̃;

6: Calculate within-class scatter matrix S′
w by (2.27);

7: Calculate between-class scatter matrix S′
b by (2.28);

8: end if

9: Calculate matrix Z ′ = S′
w
−1

S′
b;

10: Perform eigen-decomposition of Z ′: Z ′ = φ′Λφ′T .

GSVD IncLDA

GSVD/LDA models Ω = {Hw,Hb,C}, according to our previous study, a direct

incremental GSVD/LDA can update the Ω as

Ω′ = Fck(Ω, X̃) = {H ′
w,H

′
b,C

′}, X̃ = {x̃i}si=1.

However, the computational cost of twice SVD on the large matrix H is extre-

mely high (H. Zhao & Yuen, 2008). To address the problem, it was necessary to

use an efficient and effective SVD updating method, but it was found difficult to

conduct SVD-updating on H (H. Zhao & Yuen, 2008). Thus, H. Zhao and Yuen

(2008) modified Ye’s GSVD/LDA by computing H t instead of H , and derived an

incremental GSVD/LDA (GSVD IncLDA) on the modified GSVD/LDA by upda-

ting singular vectors Q and P , respectively. Thus, the modified GSVD/LDA models

Ω = {Hb,Q,P ,C}.
For Q in Ω, because it is the right singular vector of H , and it is also the
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eigenvector of the total scatter matrix St, the method turns to update St,

S′
t = H ′

tH
′T
t

= H tH t
T + (X̃ − m̃ẽT )(X̃ − m̃ẽT )T

+ nñ
n+ñ

(m− m̃)(m− m̃)T ,

(2.29)

Let

G =

[
X −meT , X̃ − m̃ẽT ,

√
nñ

n+ ñ
(m− m̃)

]
(2.30)

as we have

H̃ t =
[
X −meT , X̃ − m̃ẽT

]
, (2.31)

then the updating of Q can be obtained by calculating the SVD of G, since G = H ′
t,

and

Q
′TS′

tQ = Q
′TH

′T
t H ′

tQ =

[
R′2 0

0 0

]
(2.32)

When X̃ is inserted, the first k columns of G are unchanged, thus the SVD of

G can take place using the SVD updating technique introduced by Zha and Simon

(1997) as:

Given SVD on a n × d matrix A as A = UΛΥ, the SVD of [A,B] can be

calculated as

[A,B] = ([U t, Q]Û)Λ̂

([
Υt 0

0 I

]
Υ̂

)T

(2.33)

where t = rank(A), U t and Υt are constructed by the first t columns of U and Υ,

respectively. The Q is from the QR decomposition I − U tU
T
t = QL; The Û , Λ̂,

and Υ̂ comes from the following SVD[
Λt UT

t B

0 L

]
= ÛΛ̂Υ̂ (2.34)

For updating P in the modified GSVD/LDA,

P (:, 1 : t) = HQ(:, 1 : t)R−1, (2.35)
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Algorithm 6 GSVD IncLDA algorithm

Input: Newly added training data matrix X̃,and its class label set C̃, Modified GSVD/LDA model

Ω = {Hb,Q,P ,C}.
Output: Optimal transform matrix φ′, GSVD IncLDA model Ω′ = {H ′

b,Q
′,P ′,C ′}.

1: Construct matrix X̃ = {x̃1, . . . , x̃ñ};
2: Calculate updated training data matrix X ′ =

[
X X̃

]
;

3: Calculate H ′
b on X ′ ;

4: Calculate matrix G by (2.31);

5: Calculate singular vectors Q′ and R′ by performing SVD updating (i.e., (2.33) and (2.34)) on

G;

6: Calculate rank of H ′
b: δ ← rank(H ′

b);

7: Calculate matrix P ′ by (2.37);

8: Conduct SVD on P ′: P = U ′Σ′W ′T ;

9: Calculate matrix φo = Q′

⎡⎣ R′−1W ′ 0

0 I

⎤⎦;
10: Calculate transform matrix φ′ = φo(:, 1 : δ).

According to Ye’s GSVD/LDA (Ye et al., 2004), we have

P (1 : k, 1 : t) = H(1 : k, :)Q(:, 1 : t)R−1

= HbQ(:, 1 : t)Ξ(1 : t, 1 : t)−1,
(2.36)

by substituting H =

[
HT

b

HT
w

]
to (2.36).

Therefore, P can be updated as

P ′(:, 1 : t) = H ′
bQ

′(:, 1 : t)Ξ′(1 : t, 1 : t)−1 (2.37)

In summary, algorithm 6 describes the pseudocode of the GSVD IncLDA,

LS IncLDA

L. Liu et al. (2009) proposed the incremental approach for LS/LDA. Given a 3-tuple

LS/LDA model Ω = {M ,Y ,C}, the incremental LS/LDA (LS IncLDA) updates

the model as

Ω′ = Fsq(Ω, x̃) = {M ′,Y ′,C ′}.
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Following (2.38), the centroid matrix M is updated as:

M ′ =
[
M − 1

n+1
(x̃−m′)eT n

n+1
(x̃−m′)

]
, (2.38)

where m′ = m+ 1
n+1

(x̃−m).

The indicator matrix Y can be updated as: For each new sample x̃, a new

indicator vector ỹ is appended to Y , and Y = {y1, . . . , yk}T is defined as

Y ji =

{
1√
nk

if X..i belongs to class k

0 otherwise.
(2.39)

1. if c̃ /∈ C then k′ = k + 1,

Y ′ =

[
Y 0

yT

]
(2.40)

2. otherwise c̃ ∈ C, then

Y ′ =

[
Y ⊗p αp

yT

]
(2.41)

where

αp =

√
np

np + 1
(2.42)

the operator ⊗p denotes multiplying the p-th column of Y with αp.

In general, the updating of Y can be an unified form as

Y ′ =

[
Y ⊗̄pαp

yT

]
, (2.43)

in which ⊗̄p is calculated if p is smaller than or equal to the width of Y , the p-th

column of Y is multiplied with αp; otherwise, a new column with zero elements is

appended to Y .

Thus, an LS/LDA can be incremented by updating centroid data matrix M and

indicator matrix Y , then recalculating the MLR by (2.15).

Towards a computational efficient IncLDA, L. Liu et al. (2009) extended the

batch LS/LDA model as ΩLSLDA = {M ,M+,Y ,C}, and had (2.15) updated on x̃

with the consideration of whether n is smaller than d or not.

In the case of n < d, assuming the rank of M increases by 1 when a new sample
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is added. M+ can be updated as

M ′+ =

[
M+ −M+(x̃−m)hT − 1

n
ehT

hT

]
(2.44)

where

h =
(x̃−m)−MM+(x̃−m)

(x̃−m)T (x̃−m)− (x̃−m)TMM+(x̃−m)
(2.45)

In this way, (2.15) is updated for LS IncLDA by applying (2.44) and (2.43) to

calculate M ′+ and Y ′, respectively.

φ′ = M ′+Y ′

=
(
(M+)T − h(x̃−m)T (M+)T − heT

n

)
(Y ⊗̄pαp) + hyT

=
(
φ− h(x̃−m)Tφ− heTY

n

)
⊗̄pαp + hyT

(2.46)

where h is defined as (2.45), αp as (2.42) and y as (2.39).

When n > d, to avoid the computational cost of LS IncLDA growing with the

number of samples, (2.15) can be interpolated as

φ = T +MY , (2.47)

since T = MMT .

In this sense, an incremental LS/LDA model can be constructed by just updating

T +. To do that, T is firstly updated as

T ′ = M ′M ′T = T + n
n+1

(x̃−m)(x̃−m)T ,

= T + μμT ,
(2.48)

where μ =
√

n
n+1

(x̃−m). Then, T+ can be updated as

T+ =

{
T+ − θ−1ssT if t = 0

T+ − srT+rsT

tTr
+ θrrT

(rTr)2
otherwise,

(2.49)

in which s = T+μ, r = (I −TT+)μ, and θ = 1+μTT+μ. The derivation of (2.49)

can be found in L. Liu et al. (2009).

Applying (2.49) and (2.43) to calculate T + and Y ′ respecetively, (2.47) can be
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updated as

φ′ = T+M ′Y ′,

=

(
G− T +

(x̃−m)eTY
n+1

)
⊗̄pαp +

nT +
(x̃−m)y
n+1

(2.50)

where

G =

{
φ− θ−1suTφ if r = 0

φ− tuTφ
rTr otherwise.

(2.51)

In a summary, algorithm 7 presents the detailed computational steps for LS In-

cLDA by updating T+. The algorithm integrates two updating algorithms proposed

in L. Liu et al. (2009) for both cases of n < d and n > d.

Sequential IDR/QR IncLDA

Ye et al. (2005) proposed the incremental version of QR/LDA, which is called sequen-

tial Incremental IDR/QR LDA. With the insertion of a new sample x̃, the centroid

matrix M , Hw, Hb will change accordingly, where Hw and Hb can be obtained by

Sw = HwH
T
w and Sb = HbH

T
b , respectively. Thus, the reduced within-class scatter

matrix W and B are changed as well.

According to Ye et al. (2005), sIncLDA utilizes three stages to accomplish the

incremental learning task as follows:

1. Updating centroid matrix M and its QR-decomposition.

2. Updating reduced within-class scatter matrix W .

3. Updating reduced between-class scatter matrix B.

Consequently, the sIncLDA can be formed as a 3-tuple model updating process

from the original bath QR/LDA model Ω as

Ω′ = Fsq(Ω, x̃).

The detailed review on this method is given in section 3.2.

2.2.4 Summary

As far as we know, the concept of chunk IncLDA is first discussed in Pang’s IncLDA

(Pang et al., 2005b), in which both sequential and chunk version of the incremental
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Algorithm 7 LS IncLDA Algorithm

Input: Newly added training data sampe x̃, and its class label c̃, LS/LDA eigenspace model

Ω = {M ,M+,Y ,C}.
Output: Optimal transform matrix φ′, LS IncLDA model Ω′ = {M ′,M ′+,Y ′,C ′}.
1: if c̃ ∈ C then

2: Calculate ni = ni + 1;

3: else

4: Set ni = 1;

5: Calculate k = k + 1;

6: end if

7: Calculate indicator matrix Y ′ by (2.40) and (2.41);

8: Calculate general mean vector m′ = m+ 1
n+1 (x̃−m);

9: Calculate n and d as the size of centroid matrix M ;

10: if d ≤ n then

11: Calculate matrix T = MMT ;

12: if rank(T ) == d then

13: Set r = 0;

14: else

15: Calculate r = (I − TT+)μ;

16: Calculate total scatter matrix T ′ by (2.48);

17: end if

18: Calculate T+ by (2.49);

19: Calculate optimal transform matrix φ′ by (2.50).

20: else

21: Calculate centroid matrix M ′ by (2.38);

22: Calculate pseudo-inverse centroid matrix M ′+ by (2.44);

23: Calculate optimal transform matrix φ′ by (2.50).

24: end if

Fisher LDA are developed and compared in terms of computation efficiency, memory

usage, and eignespace discriminability. The comparison results indicate that the

running efficiency of chunk IncLDA outperforms sequential IncLDA, and improves

continuously with the increase in chunk size. However, since this method cannot

address the SSS problem (Song, Liu, Zhang & Yang, 2008), thus is not applicable to
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any problem that has its number of samples less than dimensionality. To mitigate

the problem, H. Zhao and Yuen (2008) proposed an alternative chunk IncLDA, called

GSVD IncLDA. This method uses GSVD as its solution to the SSS problem. The

disadvantage of the method is, it is not a one-pass incremental learning. In fact, it

always retains in memory all data samples newly added at each incremental learning

cycle. Apparently, this makes the algorithm memory-inefficient over large size data-

sets. Considering the drawbacks of GSVD IncLDA, L. Liu et al. (2009) developed

another very different IncLDA, called LS IncLDA. This is superior to both IncLDAs

above, because it simply updates a multivariate linear regression (Ye, 2007), instead

of using eigen-decomposition as all previous methods. However, it is worth noting

that the LS IncLDA is sequential-based IL. As a result, inefficiencies may build up

over numerous learning cycles.

The sequential IDR/QR IncLDA, proposed by Ye et al. (2005), updates the ori-

ginal batch QR/LDA by using an efficient QR-updating method. The superiority of

the sIncLDA as compared with other IncLDAs can be seen as follows:

1. it conducts incremental dimensionality reduction in d − k scale with the least

loss of discriminative information.

2. it updates a QR-decomposition of a d×k matrix and solves an eigen-decomposition

of a k × k matrix. Thus, it is computationally efficient.

3. it is one-pass incremental learning, where IL is executed by a single presentation

of new data.

4. SSS problem is well-handled in the algorithm by applying regularization on the

reduced within-class scatter matrix W .

Table 2.1 compares sIncLDA against all above IncLDAs on four IL algorithm asses-

sing criteria.

2.3 Motivations for the Presented Research

As indicated in Table 2.1, we are aware that the drawback of sIncLDA is that it

conducts only sequential IL. Also, we notice that it uses an approximation for upda-

ting the reduced within-class scatter matrix W , which may be corrupted in practice

for data with a large number of classes. In order to process chunk data, we intend
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Algorithm Sequential Chunk One-Pass Solving SSS problems
Pang’s IncLDA (Pang et al., 2005b) YES YES YES NO

sIncLDA (Ye et al., 2005) YES NO YES YES
GSVD IncLDA (H. Zhao & Yuen, 2008) YES YES NO YES

LS IncLDA (L. Liu et al., 2009) YES NO YES YES

Table 2.1: Previous IncLDAs characterized in sequential, chunk, one-pass and SSS
problem-solving properties.

to propose in this thesis a new type of chunk IncLDA on the basis of sIncLDA. The

proposed cIncLDA not only enjoys the benefits of sIncLDA, but also significantly

boosts its performance of the sIncLDA , because of 1) being capable of processing at

one time multiple samples, so that its computational efficiency grows with the size

of data chunk presented; it follows that the bigger the size of the dataset provided

at one time, the faster the speed given by the proposed cIncLDA; and 2) the dis-

criminability of eigenspace upgrades owing to the derivation of a more reliable and

accurate update of the reduced within-class scatter matrix W .



Chapter 3

Existing Sequential Incremental

IDR/QR LDA

This chapter recaptures and analyzes the existing batch QR/LDA and sequential

incremental IDR/QR LDA from an embedding point of view. Because our proposed

cIncLDA is on the basis of sIncLDA, the technical details of sIncLDA is important

and therefore is presented in this chapter. We first recapitulate the principles of batch

QR/LDA and sIncLDA. Next, we summarize and discuss in depth the sIncLDA on

its limitations.

3.1 Batch QR/LDA

The batch QR/LDA also follows the Fisher criterion (1.1) in two stages:

The first stage maximizes the between-class distance by solving an optimization

problem as follows:

φ = argmax
φTφ=I

Tr(φTSbφ). (3.1)

Ye et al. (2005) state that such a solution can be obtained by solving the ei-

genvalue problem on Sb, or by applying QR-decomposition on the centroid matrix

M = [m1, ...,mk] which is the so-called Orthogonal Centroid Method (OCM)(Park,

Jeon & Rosen, 2003). In batch QR/LDA, the latter solution was applied. Hereby,

the optimization transformation φ can be obtained by φ = QZ for any orthogonal

matrix Z, where Q ∈ Rd×k is orthonormal and R ∈ Rk×k is upper triangular. Both

are obtained from the reduced QR-decomposition on M , namely M = QR. The
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Algorithm 8 QR/LDA Algorithm

Input: Training data matrix X ∈ Rd×n and its class label set C.

Output: Optimal transform matrix φ, LDA eigenspace model Ω = {M ,W ,B,Q,R,C}.
1: Calculate centroid matrix M , within-class scatter matrix Sw, between-class scatter matrix SB;

2: Calculate QR-decomposition of M by M = QR;

3: Calculate reduced within-class scatter matrix by W = QTSwQ;

4: Calculate reduced between-class scatter matrix by B = QTSBQ;

5: Calculate eigen-decomposition on (W +μIk)
−1B to obtain Z containing k eigenvectors ϕi with

decreasing eigenvalues;

6: Calculate optimal transform matrix by φ = QZ.

detailed proof can be found in Ye et al. (2005). The second stage of batch QR/LDA

seeks a transformation matrix φ such that φ = QZ for some Z, in order to minimize

the within-classes distance. Since

φTSbφ = ZT (QTSbQ)Z

φTSwφ = ZT (QTSwQ)Z,

the original optimization problem on finding φ is equivalent to finding Z. Here,

two reduced scatter matrices B = QTSbQ and W = QTSwQ can be also obtained.

Note that, W and B are much smaller in size than Sw and Sb. This greatly improves

computational efficiency of the algorithm. In addition, Ye et al. (2005) give a solution

to computing Z by solving a small eigenvalue problem on (W + μI)−1B for μ > 0.

They also indicate that the solution is insensitive to the value of μ, where μ = 0.5

was used in their experiments.

As discussed above, the batch QR/LDA can be written as a 3-tuple discriminant

eigenspace model Ω = {M ,W ,B}.
The pseudocode is provided in algorithm 8.

3.2 Sequential Incremental IDR/QR LDA

Given batch QR/LDA eigenspace model on X as Ω = {M ,W ,B}. When a new

instance x̃ is presented in the ith class, the problem of IncLDA can be described as

Ω′ = Fsq(Ω, x̃) = {M ′,W ′,B′}
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1. if x̃ belongs to an existing class (i.e., i ≤ k), then n′
i = ni + 1, n′ = n+1. The

updating of the centroid matrix is calculated as

M ′ = M + fgT , (3.2)

where f = x̃−mi

n
′
i

and g = (0, . . . , 1, . . . , 0) where the 1 appears at the ith

position. By implementing QR-updating in two stages: 1) Rank-One QR-

updating; 2) QR-updating as the case of insertion with a new row, we have the

updated QR-decomposition so that Q′R′ = M ′.

The updating of the reduced within-class scatter matrix W is

W ′ = W + (α− β)(α− β)T + niββ
T , (3.3)

where α = Q
′T (x̃−mi) and β = Q

′T (m′
i −mi).

The updating of the reduced between-class scatter matrix B is

B′ = (R′D − (
1

n′R
′ · r) · hT )(R′D − (

1

n′R
′ · r) · hT )T , (3.4)

where D = diag(
√
n′
1, . . . ,

√
n′
k), h = [

√
n′
1, . . . ,

√
n′
k]

T , and r = (n′
1, . . . , n

′
k)

2. if x̃ belongs to a new class (i.e., i > k), then for i = 1, . . . , k, n′
i = ni, n

′
k+1 = 1,

and n′ = n+ 1. The updated centroid matrix is

M ′ = [m1,m2, . . . ,mk, x̃] = [M , x̃]. (3.5)

Then, the updated reduced within-class scatter matrix is

W ′ =

(
W 0

0 0

)
(3.6)

The reduced between-class scatter matrix can be updated similarly to (3.4) as

B′ = (R′D − (
1

n′R
′ · r) · hT )(R′D − (

1

n′R
′ · r) · hT )T , (3.7)

withD = diag(
√
n′
1, . . . ,

√
n′
k+1), h = [

√
n′
1, . . . ,

√
n′
k+1]

T , and r = (n′
1, . . . , n

′
k+1)

The steps of sIncLDA above are summarized in algorithm 9.



3.3. Discussion 29

Algorithm 9 Sequential IDR/QR IncLDA Algorithm

Input: Newly added training data sample x̃ and its class label c̃, LDA/sIncLDA eigenspace model

Ω = {M ,W ,B,Q,R,C}.
Output: Optimal transform matrix φ′, sIncLDA eigenspace model Ω′ =

{M ′,W ′,B′,Q′,R′,C′}.
1: if c̃ ∈ C then

2: Calculate centroid matrix M ′ by (3.2);

3: Calculate reduced between-class matrix B′ by (3.4);

4: Calculate reduced within-class matrix W ′ by (3.3);

5: else

6: Calculate centroid matrix M ′ by(3.5);

7: Calculate reduced between-class matrix B′ by (3.7);

8: Calculate reduced within-class matrix W ′ by (3.6);

9: end if

10: Calculate k′ eigenvectors ϕi
′ of (W ′ + μIk′ )−1B′ with decreasing eigenvalues;

11: Calculate optimal transform matrix φ′ = Q′Z′.

3.3 Discussion

It is worth noting that when data is presented in a chunk manner, the sIncLDA

performs learning inefficiently for a single sample at a time. This is because a large

number of iterative updates are carried out in sIncLDA for just one sample, and

this might be discriminatively redundant (i.e., gives no contribution to the existing

discriminant model). Furthermore, the class separability of the sIncLDA deducts for

datasets with a large class number. This is because when the W is being updated,

discriminative information loss occurs, 1) when the newly presented sample belongs

to an existing class, the sIncLDA has the assumption of Q′ ≈ Q in (3.3); and

2) when the newly presented sample comes from a new class, the sIncLDA has

another assumption of W ′ ≈ W in (3.6). However, these two assumptions often

lose generality in practice, especially when the class number is large.



Chapter 4

Proposed Chunk Incremental

IDR/QR LDA

In this chaper, we propose our new chunk incremental IDR/QR LDA. Given an

eigenspace modelΩ = {M ,W ,B}, and a chunk of samples X̃ in k̃ classes, regardless

of existing or entirely new categories. Simply put, the set of total class labels is

updated as C′ = C ∪ (C̃ − C ∩ C̃) and k′ = |C′|. The number of total training

samples is renewed as n′ = n + ñ. Then, the problem of the proposed IncLDA can

be described as

Ω′ = Fck(Ω, X̃) = {M ′,W ′,B′}.
Fc updates Ω on X̃ in three steps: (1) Updating centroid matrix M and its QR

decomposition; (2) Updating the reduced within-class scatter matrix W ; and (3)

Updating the reduced between-class scatter matrix B. Note that differing from

Sequential IDR/QR IncLDA, Chunk IDR/QR IncLDA takes care of newly added

data from existing and new classes simultaneously.

4.1 Updating the Centroid Matrix and its QR-

decomposition

To update M ∈ Rd×k to M ′ ∈ Rd×k′ , the dimensionality of M is augmented from

k to k′ for accommodating new classes in the centroid matrix. In doing so, we insert

zero vectors 0 at ith column of M for i = k + 1, . . . , k′ and M̃ for i = k̃ + 1, . . . , k′.

Thus, M ∈ Rd×k is augmented to M̂ ∈ Rd×k′ upon the presence of X̃. Here, ‘ ˆ ’
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identifies the result of a matrix augmentation, which will be applied throughout the

paper.

Applying matrix augmentation to M = QR, we have M̂ = Q̂R̂. Q̂R̂ can be

obtained by recomputing a QR decomposition on M̂ , or by a QR-updating on QR.

However, both approaches are computationally expensive due to the high complexity

of matrix decomposition or multiplication. For efficient Q̂R̂ augmentation, we pro-

pose the rule of matrix augmentation for QR decomposition as Proposition 1, which

involves only manipulations of matrix partition or combination.

Proposition 1 Given A = (A1,A2) = QR ∈ Rd×k with A1 ∈ Rd×(i−1), and

A2 ∈ Rd×(k−i). If a zero vector 0 is inserted as Â = (A1, 0,A2), then the QR

decomposition Q̂R̂ of Â can be computed as

Q̂R̂ = (Q1, 0,−Q2)

⎛⎜⎝ R1 0 R2

0T 1 0T

R3 0 −R4,

⎞⎟⎠
where Q1 ∈ Rd×(i−1), Q2 ∈ Rd×(k−i), R1 ∈ R(i−1)×(i−1), R2 ∈ R(i−1)×(k−i), R3 ∈
R(k−i)×(i−1), and R4 ∈ R(k−i)×(k−i). Note that, Q = (Q1,Q2), R =

(
R1 R2

R3 R4

)
,

and R3 is a zero matrix. The detailed proof is given in Appendix A.

According to the definition of centroid matrix, we reformulateM ′ = [m1n1+˜m1ñ1

n′
1

,

. . . ,
mk′nk′+˜mk′ ñk′

n′
k′

] as,

M ′ = M̂ +Δ. (4.1)

Then, we have Δ = [ ñ1

n′
1
(m̃1 −m1), . . . ,

ñk′
n′
k′
(m̃k′ −mk′)] ∈ Rd×k′ . Note that Δ here

identifies the residue information of newly presented against existing data.

To calculateQ′R′, we apply the thin Singular Value Decomposition onΔ, namely

Δ = UΣV T and obtain a summation of rank one matrices products (Golub &

Van Loan, 1996) as,

Δ =

η∑
j=1

Σ(j, j)U(1 : d, j)V T (j, 1 : k′) =
η∑

j=1

ujvj
T (4.2)

where η = rank(Δ), uj = Σ(j, j)U(1 : d, j) and vj = V (j, 1 : k′).
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Substituting (4.2) into (4.1), we can calculate Q′R′ by an iterative QR-updating

procedure as,

Q′R′ = Q̂
(η+1)

R̂
(η+1)

= Q̂
(η)
R̂

(η)
+ uηv

T
η

. . .

= (Q̂
(j)
R̂

(j)
+ ujv

T
j ) +

∑η
j=j+1ujv

T
j

. . .

= (Q̂
(2)
R̂

(2)
+ u2v

T
2 ) +

∑η
j=3ujv

T
j

= (Q̂
(1)
R̂

(1)
+ u1v

T
1 ) +

∑η
j=2ujv

T
j

= Q̂R̂+
∑η

j=1u
jvT

j .

(4.3)

Here, we define the recursive function P such that Q̂
(j+1)

R̂
(j+1)

= P(Q̂(j)
R̂

(j)
).

Thus, for each iteration of (4.3),

P(Q̂(j)
R̂

(j)
) = Q̂

(j)
R̂

(j)
+ ujv

T
j

= Q̂
(j)
(R̂

(j)
+ Q̂

(j)T
ujv

T
j ) + (I − Q̂

(j)
Q̂

(j)T
)ujv

T
j

= Q̂
(j)
(R̂

(j)
+w(j)vT

j ) + f (j)vT
j ,

(4.4)

where j = [1, . . . , η], and w(j) = Q̂
(j)T

uj and f (j) = (I− Q̂
(j)
Q̂

(j)T
)uj . Now, we can

calculate Q′R′ by applying the two-stage QR-updating method on (4.4) as in Ye et

al. (2005).

4.2 Updating the Reduced Within-Class Scatter

Matrix

To update the reduced within-class scatter matrix W , we augment, similar to the

updating of M , the k-dimension W to k′-dimension Ŵ . Again to avoid matrix

multiplication, we simplify the augmentation of W following the rule of Proposition

2:

Proposition 2 Given W = QTHwH
T
wQ ∈ Rk×k, if a zero vector 0 is inserted

as the i-th column into Q ∈ Rd×k, such that Q̂ = (Q1, 0,−Q2) ∈ Rd×(k+1) where
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Q1 ∈ Rd×(i−1) and Q2 ∈ Rd×(k−i), then we have

Ŵ = Q̂
T
HwH

T
wQ̂

=

⎛⎜⎝ W 1 0 −W 2

0T 0 0T

−W 3 0 W 4,

⎞⎟⎠ ,

where W 1 ∈ R(i−1)×(i−1), W 2 ∈ R(i−1)×(k−i), W 3 ∈ R(k−i)×(i−1), W 4 ∈ R(k−i)×(k−i),

and W =

(
W 1 W 2

W 3 W 4,

)
. The detailed proof is given in Appendix B.

Based on Ŵ , we can compute the reduced within-class scatter matrix W ′ by the

following proposition 3.

Proposition 3 Given an augmented reduced within-class scatter matrix Ŵ and a

set of new training samples X̃, the reduced within-class scatter matrix can be updated

as

W ′ = W̄ + W̃ +E (4.5)

where W̄ = Q′THwHw
TQ′, W̃ = Q′TH̃wH̃

T

wQ
′, E =

∑k′
i=1(ñi(α

′ − β′)(α′ −
β′)T + niβ

′β′T )), α′ = Q′T (m̃i − mi), and β′ = Q′T (m′
i − mi). The detailed

proof is given in Appendix C.

Consider W̄ = Q′THwHw
TQ′ and Q(j+1) = P(Q(j)), there should exist an

iterative function PW for W

W (j+1) = PW (W (j)), j = 1, . . . , η (4.6)

such that W̄ = W (η+1) when j = η.

Following (4.6), we have

W (j+1) = Q̂
(j+1)T

HwH
T
wQ̂

(j+1)

= [P(Q̂(j)T
)]HwH

T
w[P(Q̂

(j)
)]

≈ G(j)T · J (j)T · Q̂(j)T
HwH

T
wQ̂

(j) · J (j) ·G(j)

= G(j)T · J (j)T · Ŵ (j) · J (j) ·G(j),

(4.7)
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where G(j) = [G
(j)
1,2, . . . ,G

(j)
k′−1,k′] and J (j) = [J

(j)
k′−1,k′, . . . ,J

(j)
1,2] are two sets of

Givens rotations obtained from the first QR-updating stage; “·” denotes that ap-

plying the Givens rotations on Ŵ
(j)

one by one. Note that the approximation in

(4.7) assumes that Ŵ
(j)

is not varied in the second QR-updating stage.

4.3 Updating the Reduced Between-Class Scatter

Matrix

We use the same process for updating B as in (Ye et al., 2005), which can be written

as

B′ =
(

R′D − ( 1
n′R

′r)hT
)(

R′D − ( 1
n′R

′r)hT
)T

, (4.8)

where D = diag(
√

n′
1, . . . ,

√
n′
k′), r = (n′

1, . . . , n
′
k′)

T , and h = [
√
n′
1, . . . ,

√
n′
k′]

T .

4.4 The Pseudocode of the Proposed Algorithm

The pseudocode of the proposed algorithm is presented in algorithm 10.

4.5 Time Complexity Analysis

This section provides the time complexity analysis of the proposed cIncLDA with

a comparison to the sIncLDA. The term ‘flam’, which denotes an addition and a

multiplication, is used for presenting operation counts (G.W., 1998). Consider that

both IncLDAs calculate an update of the 3-tuple model {M ,W ,B, }. We measure

the time complexity of each variable update for every single new sample presented

for incremental learning. Here, for each variable updating, we only consider the

maximum time cost regardless of whatever class the incoming sample belongs to.

For sIncLDA, the maximum time cost occurs when the new sample belongs to

an existing class, since this involves more complicated calculations on W and QR

than when a new sample comes from a new class. In this case, the updating of M

requires dk flam, namely O(dk). According to Daniel, Gragg, Kaufman and Stewart

(1976), total operation counts for the two-stage QR-updating are 9dk+ 9
2
k2 flam, so

its time complexity is written as O(dk + k2). With regard to the scatter matrices,

it requires dk + 2k2 + k flam for updating W and 3
2
k3 + 2k2 flam for B. Hence, the



4.5. Time Complexity Analysis 35

Algorithm 10 Chunk IDR/QR IncLDA Algorithm

Input: Newly added training data matrix X̃ and its class label set C̃, LDA/cIncLDA eigenspace

model Ω = {M ,W ,B,Q,R,C}.
Output: Optimal transform matrix φ′, cIncLDA eigenspace model Ω′ =

{M ′,W ′,B′,Q′,R′,C′}.
1: Calculate current class label set C′ = C ∪ (C̃ −C ∩ C̃), k̃ = ‖C̃‖, and k′ = ‖C′‖ ;
2: Calculate centroid matrix M̃ = [m̃1, . . . , m̃˜k], and within-class scatter matrix S̃w =∑

˜k
i=1

∑ñi

j=1(x̃ij − m̃i)(x̃ij − m̃i)
T ;

3: if k′ > k̃ then

4: Conduct matrix augmentation on M̃ by inserting k′ − k̃ zero vectors;

5: end if

6: if k′ > k then

7: Conduct matrix augmentation on M , Q, R, W by Proposition 1 and Proposition 2;

8: end if

9: Calculate centroid matrix M ′ and residue matrix Δ by (4.1);

10: Calculate the rank η = rank(Δ);

11: Perform SVD of Δ as, Δ = UΣV T ;

12: for j = 1 to η do

13: Calculate vector w = QTΣ(j, j)U(:, j), and v = QTV (j, :);

14: Calculate Q′R′ by updating QR-decomposition as (4.3) and (4.4);

15: Calculate matrix W̄ by (4.7);

16: end for

17: Calculate E and W̃ by Proposition 3;

18: Calculate reduced within-class scatter matrix W ′ by Proposition 3;

19: Calculate reduced between-class scatter matrix B′ by (4.8);

20: Calculate k′ eigenvectors ϕ′
i of (W

′ + μIk′ )−1B′ with decreasing eigenvalues;

21: Calculate optimal transform matrix φ′ = Q′Z′, where Z′ = [ϕ′
1, . . . ,ϕ

′
k′ ].

time complexity for updating W and B is simplified as O(dk+ k2) and O(k3 + k2),

respectively.

In the proposed cIncLDA, a matrix augmentation operation is employed before

all updates. We have M ∈ Rd×k, M̃ ∈ Rd×˜k, Q ∈ Rd×k, R ∈ Rk×k and W ∈ Rk×k

augmented from k or k̃ to k′, so the total time complexity for augmentation is

O(dk′ + k′2). Updating M̂ requires dk′ flam whose time complexity is O(dk′). For
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Main step Sequential IDR/QR IncLDA Chunk IDR/QR IncLDA
Matrices Augmentation NO O(dk′ + k′2)

Update M O(dk) O(dk′)
Update Q and R O(dk + k2) O(dk′2 + k′3 + dk′ + k′2)

Update W O(dk + k2) O(k′3 + dk′ + k′2)
Update B O(k3 + k2) O(k′3 + k′2)
General O(k3 + dk) O(dk′2 + k′3 + dk′)

Table 4.1: Comparison of Time Complexity for incremental learning on a single
sample, sIncLDA vs cIncLDA

updating the Q̂R̂, the SVD on Δ requires 4dk′2 + 8k′3 flam according to G.W.

(1998), and the following two-stage QR-updating on Q̂R̂ is a η-iteration process,

which requires 9ηdk′ + 9
2
ηk′2 flam. Adding the above two steps, it gives the total

time complexity O(dk′2+k′3+dk′+k′2) for updating Q̂R̂. As discussed in Section 4.2,

the update of the reduced within-class matrix Ŵ follows Proposition 3, in which the

operation counts for computing W̄ by (4.6) and (4.7) are 6ηk′2+k′3+dk′+6ηk′+k′2

flam, and those for computing W̃ and E are d′k′ + k′2 and k′3 flam. Hereby for

updating Ŵ , the total operation counts are 2k′3 + 2dk′ + 6ηk′2 + 2k′2 + 6ηk′ flam,

namely O(k′3+dk′+k′2). For updating the reduced between-class scatter matrix B,

we can calculate the time complexity similarly to sIncLDA as O(k′3 + k′2) by (4.8).

The time complexity discussed above is summarized in Table 4.1. As seen in

Table 4.1, for incremental learning on a single sample, the general complexity of

cIncLDA O(dk′2+ k′3+ dk′) is higher than the sIncLDA O(k3+ dk) since d k and

k′ ≥ k.

However, for incremental learning on a chunk of s samples, sIncLDA can only

process the data iteratively in s cycles. Thus, it gives O(s(k3+dk)). In contrast, the

proposed cIncLDA processes whole chunk s samples at one time, and the actual time

cost by Proposition 3 is determined by η, the rank of Δ. It follows that s samples

are compressed informatively into η samples in the proposed cIncLDA. Thus, the

time complexity for cIncLDA is O(η(dk′2 + k′3 + dk′)).

Matching the running efficiency of the cIncLDA with sIncLDA, s(k3 + dk) =

η(dk′2 + k′3 + dk′), since k ≤ k′, we have the minimal chunk size s as,

s =
η(dk′2 + k′3 + dk′)

k3 + dk
≥ ηk′2d

k3 + dk
+ η. (4.9)

Here, s is greater than η as proved below, and it follows that the cIncLDA matches
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the sIncLDA efficiency when the chunk size s > η. Because s often grows much

faster than the η for cIncLDA, the general efficiency of cIncLDA (in terms of the

total time cost to complete incremental learning of a whole dataset) is expected to

surpass the sIncLDA with the increase of the chunk size s.

Proof: Consider k � d, without loss of generality, we enlarge the denominator of

(4.9) by replacing the k3 item with dk2, thus we have

s ≥ ηk′2d
dk2 + dk

+ η =
ηk′2

k(k + 1)
+ η > η (4.10)



Chapter 5

Experiment Evaluation

In this chapter, we examine the accuracy and efficiency of the proposed cIncLDA

by comparing it with sIncLDA and batch QR/LDA. We have specifically examined

its equality to the ground truth eigenspace, its class separability of the embedding

eigenspace, and its execution time. All the experiments were conducted on a Intel

2.26GHZ Core I5 PC with 4GB Ram.

5.1 Data Description

As we have discussed previously, the performance of sIncLDA may suffer when data

with a large number of classes are presented. Thus, we need to choose datasets with

diverse class numbers to examine the performance of both IncLDAs. In addition, to

our best, we can find these five benchmarked datasets, which are widely used in other

related work (T.-K. Kim, Kim, Hwang & Kittler, 2005; T.-K. Kim et al., 2011; Pang,

Kim & Bang, 2003; M.-S. Kim, Kim & Lee, 2003; Pang et al., 2004). Therefore,

the following five benchmarked facial recognition datasets and one combined face

dataset have been selected for the following performance and efficiency evaluation

experiments. Those have different class numbers from 40 to 1010.

1. The AT&T (ORL) face dataset 1 consists of 400 face images from 40 persons

(10 images per person). Each image has the size of 92×112. The images

were taken at the same background but at different times, with varied facial

expressions (e.g., open/closed eyes and smiling/non-smiling) or facial details

(e.g., glasses/no-glasses).

1http://www.cl.cam.ac.uk/research/dtg/attarchive/facedatabase.html.
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2. The Altkom dataset 2 (T.-K. Kim et al., 2005, 2011) is composed of 1200 face

images from 80 persons (15 images per person) with different poses. The size

of image is normalized to 46×56.

3. The MPEG-7 dataset has 1355 face images from 271 persons (five images per

person) (Pang et al., 2003; M.-S. Kim et al., 2003; Pang et al., 2004). Each

image has the size of 23×28 pixels. The dataset is collected from AR(Purdue),

AT&T, Yale, UMIST, University of Berne, and some of them were obtained

from MPEG-7 news Videos.

4. The XM2VTS dataset 3 (T.-K. Kim et al., 2005, 2011) contains 2950 face

images from five recordings of 295 persons in which each recording has two

head shots taken at two different time (i.e., 10 images per person). Each image

has the same size of 46×56.

5. The extended version 1 MPEG dataset 4 (T.-K. Kim et al., 2005, 2011) is a

combination of several public face sets (e.g., AR and ORL). It collects 3175

images from 635 persons (five images per person) showing illumination and

view variations. The size of image is the same, 46×56.

6. The combined face dataset includes 5050 images from 1010 persons (five images

per person), in which we selected 400 images from the Altkom dataset (80

persons), 1475 images from XM2VTS dataset (295 persons), and 3175 images

from the version 1 MPEG dataset (635 persons). The size of image is kept the

same, 46×56.

5.2 Experimental setup

To conduct incremental learning on each dataset, we first construct an initial dis-

criminant eigenspace using 10% of the face images, in which at least two classes of

data are guaranteed to be included according to the definition of classic LDA. The

remaining 90% training instances are divided equally into nine chunks/subsets and

presented to the learner sequentially. As a reference, we also apply batch QR/LDA

2http://www.iis.ee.ic.ac.uk/∼tkkim/code.htm.
3http://www.iis.ee.ic.ac.uk/∼tkkim/code.htm.
4http://www.iis.ee.ic.ac.uk/∼tkkim/code.htm.
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to perform the same incremental learning task. As the incremental learning pro-

ceeds, the learner is provided with chunks of new data in a sequential manner until

all subsets are exhausted.

5.3 Results Evaluation

5.3.1 Similarity to Ground Truth Eigenspace

To examine the similarity between the discriminant eigenspace from the cIncLDA

and that from the ground truth QR/LDA, we set the chunk size s as 1, and use the

cIncLDA for sequential incremental learning. We experiment cIncLDA, sIncLDA and

the batch LDA on the UCI Iris dataset (Frank & Asuncion, 2010) which has three

classes and 150 samples in a 4-dimension space. We calculate the inner products

between the discriminant eigenvectors from the cIncLDA and the counterpart of the

batch QR/LDA at every learning stage, and record the converging procedure of the

cIncLDA and sIncLDA, respectively.

As a result, Fig. 5.1 reveals the difference between two IncLDAs on their conver-

ging procedure to batch QR/LDA. As seen, both IncLDAs converge to the Batch

QR/LDA as the incremental learning proceeds, demonstrating the cIncLDA equiva-

lent to the ground truth on Iris data. The proposed cIncLDA has not only fewer but

also far smaller fluctuations than the sIncLDA on all three axes. Specifically on the

d1 axis, the cIncLDA is found converging to the ground truth over 100 stages earlier

than the sIncLDA; and on the other two axes performing similarly to the sIncLDA.

This suggests that with reference to the ground truth, the proposed cIncLDA has

deterministically less discriminative information lost for incremental QR/LDA lear-

ning, and thus is expected to have better stage learning performance (in terms of

stage class separability evaluation) than the sIncLDA even if it is being used just in

sequential learning mode.

5.3.2 Class Separability

To evaluate the class separability of the proposed cIncLDA, we project the data

presented so far to the current LDA eigenspace and then classify the data using a k-

Nearest Neighbor (kNN) classifier. The dimensions of the embedding spaces of both

reported methods are set to the number of classes, and the classification accuracy is
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Figure 5.1: inner products of eigenvectors, cIncLDA vs. sIncLDA on their converging
procedure to batch QR/LDA

measured by leave-one-out (LOO) cross-validation.

Fig 5.2 shows the experimental results, where the proposed cIncLDA is compared

to sIncLDA and batch QR/LDA, at every incremental learning stage, which is iden-

tified as the percentage of data presented so far. As seen in the figure, the cIncLDA

resembles the trend of sIncLDA for all six datasets; however the performance of the

cIncLDA apparently approaches the ground truth batch QR/LDA better than the

sIncLDA. Such superiority arises at the beginning stage and amplifies quickly in a

few cycles of learning. For dataset Altkom and XM2V., it grows to even outperform

the batch QR/LDA. Most importantly, it turns to be stable at later stages to the

end of incremental learning.

We further measure the statistical difference from the proposed cIncLDA to the

exisiting sIncLDA on class separability by calculating the average stage classification

accuracy difference (i.e., stage Acc. diff.) and the final stage classification accu-

racy difference (i.e., final Acc. diff.). Table 5.1 gives the comparison for all six

case studies, in which the quantitative properties of each dataset are detailed, and

the class separability differences are calculated as the sIncLDA minus cIncLDA on

classification rate.



5.3. Results Evaluation 42

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

Data Percentage

Ac
cu
ra
cy

batch IDR/QR LDA
sIncLDA
cIncLDA

(a) AT&T

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.45

0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

Data Percentage

Ac
cu
ra
cy

batch IDR/QR LDA
sIncLDA
cIncLDA

(b) Altkom

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0.4

0.5

0.6

0.7

0.8

0.9

1

Data Percentage

Ac
cu
ra
cy

batch IDR/QR LDA
sIncLDA
cIncLDA

(c) MPEG-7

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Data Percentage

Ac
cu
ra
cy

batch IDR/QR LDA
sIncLDA
cIncLDA

(d) MPEG

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.2

0.25

0.3

0.35

0.4

0.45

0.5

0.55

0.6

0.65

Data Percentage

Ac
cu
ra
cy

batch IDR/QR LDA
sIncLDA
cIncLDA

(e) XM2V

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Data Percentage

Ac
cu
ra
cy

batch IDR/QR LDA
sIncLDA
cIncLDA

(f) Combined

Figure 5.2: The comparison of class separability between the proposed cIncLDA and
sIncLDA, with reference to the batch QR/LDA
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As seen from the table, both type differences are positive for all six datasets.

This indicates that the proposed cIncLDA retains more discriminant information

than the sIncLDAs at every incremental learning stage. The stage difference is seen

to be smaller than the final difference for most cases except the At&T dataset. This

suggests that the superiority of the cIncLDA to sIncLDA grows at every incremental

learning stage, ensuring a reliable and significant superiority on the learning of the

whole data.

For the AT&T dataset with a small number of classes (k=40), only subtle diffe-

rences are exhibited between two IncLDAs, whereas for datasets with larger number

of classes, such as the MPEG and XM2VTS data, the differences are more evident.

However, the superiority is not determined by merely the class number, but also

the number of samples and the dimensionality, despite the class number playing an

important role.

Dataset # of samples # of dimensions # of classes stage Acc. diff. final Acc. diff.
AT&T(ORL) 400 92×112 = 10304 40 +0.0018 +0.0005

Altkom 1220 46×56 = 2576 80 +0.1037 +0.1172
MPEG-7 1355 23×28 = 644 271 +0.1851 +0.2590
XM2VTS 2950 46×56 = 2576 295 +0.0825 +0.0707
MPEG 3175 46×56 = 2576 635 +0.1439 +0.1272

Combined 5050 46×56 = 2576 1010 +0.0636 +0.0382

Table 5.1: The stage accuracy differences and final accuracy differences of the incre-
mental learning for six datasets, sIncLDA versus cIncLDA

5.3.3 Computational Efficiency

In this experiment, cIncLDA is compared with sIncLDA on CPU time cost. To

observe the relationship between the execution time and chunk size (size of the

added subsets), we use different chunk sizes ranging from 5 to 1220 with a step of

five in the experiment, and record the differences between cIncLDA and sIncLDA at

every incremental learning stage.

Fig. 5.3 (a) gives a comparison of the time cost at each stage between cIncLDA

and sIncLDA for chunk sizes at 100, 250, and 350, respectively. It is seen that when

the chunk size is 100, the stage learning time cost of cIncLDA is less than that of

sIncLDA, and the difference is as large as 20 seconds on average. However at 250,

the efficiency of cIncLDA is competitive with sIncLDA, and its efficiency surpasses

the sIncLDA entirely, when the chunk size is just 100 bigger.
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We further measure the total time cost by cIncLDA to compute a discriminant

model for all 1,355 samples under different chunk sizes. To better clarify the compari-

son between cIncLDA and sIncLDA, we show the sIncLDA time minus the cIncLDA

time in Fig. 5.3 (b). As is seen, the efficiency of cIncLDA grows nicely with the

increase of the chunk size. When the chunk size reaches 240, cIncLDA matches

sIncLDA in general. The superiority of cIncLDA occurs and remarks when the in-

cremental sizes are larger than 290. The difference scales up to over 100 seconds,

when the chunk size increases to 1220.
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Figure 5.3: Comparison on time cost with different incremental sizes, cIncLDA vs.
sIncLDA.
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To discover how the running efficiency of the proposed cIncLDA is maximized

by a large chunk size, we conduct incremental learning additionally in two settings:

the first uses half, and the second uses all the remaining dataset as one chunk data

input to IndLDAs. We measure the time costs of each incremental learning for all

the above six datasets, respectively. Table 5.2 presents all the time costs from the

proposed cIncLDA with a comparison to those of sIncLDA, where the time saving is

calculated in both CPU seconds and the percentage to the corresponding sIncLDA

cost.

As seen in Table 5.2, the time cost of the sIncLDA learning varies little on chunk

size choices. In contrast, when the chunk size is doubled, the proposed cIncLDA

reduces the time cost to half for all 6 datasets regardless of their differences on sample

size (i.e., n), dimensionality (i.e., d), and the number of classes (i.e., k). Moreover,

the proposed cIncLDA saves time against sIncLDA consistently in all cases. The

minimum saving is on the MPEG-7 dataset, where the saved 84.46 CPU seconds is

54% of the sIncLDA time cost. The maximum time saving (in terms of percentage to

sIncLDA) is on the Altkom dataset, where 473.16 seconds are equivalent to 92.67%

of the sIncLDA time cost.

Dataset
Chunk Size

CPU Time(s)
Time saving(s)

(#sample/#dimension/#class) sIncLDA cIncLDA
AT&T(ORL) 180 2279.30 473.40 1805.9 / 79.23%
(400/10304/40) 360 2278.20 242.29 2035.9 / 89.37%

Altkom 540 509.50 70.14 439.36 / 86.23%
(1200/2576/80) 1080 510.58 37.42 473.16 / 92.67%

MPEG-7 610 153.68 69.22 84.46 / 54.96%
(1355/644/271) 1220 152.74 35.76 116.99 / 76.59%

XM2VTS 1327 2893.30 462.09 2431.2 / 84.03%
(2950/2576/295) 2655 2893.20 235.16 2658.1 / 91.87%

MPEG 1428 6194.80 1807.10 4387.7 / 70.83%
(3175/2576/635) 2857 6195.60 913.40 5282.2 / 85.26%

Combined 2272 17419.00 4500.80 12918.00 / 74.16%
(5050/2576/1010) 4545 17417.20 2291.70 15125.00 / 86.84%

Table 5.2: The execution time of incremental learning on six datasets, sIncLDA
versus cIncLDA, with two different chunk sizes.
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5.4 Summary

The experimental result indicates that our algorithm achieves an accuracy level that

is competitive to batch QR/LDA and is consistently higher than sIncLDA. The

proposed algorithm also produces the optimal transform matrix that is very similar

to those obtained by batch QR/LDA. The efficiency of our algorithm can match and

surpass sIncLDA as the chunk size increases for multiple instances processing. In

view of this, we believe that our proposed cIncLDA is much better than sIncLDA,

and will be applied to more real-world tasks.



Chapter 6

Conclusions and Directions for

Future Research

This chapter provides a brief retrospect of the content presented in the thesis. We

summarize the work reported in each chapter and identify the contributions. In

addition, several directions for future research will be highlighted.

6.1 Conclusions

In this thesis, we first reviewed major incremental learning methods including LDAs

and IncLDAs. Based on the review, we proposed a new framework for assessing

IncLDAs. Further, we intensively analyzed current popular IncLDAs in terms of

a component model, and evaluated those IncLDAs based on the framework. In

particular, we analyzed existing sequential IDR/QR IncLDA from an embedding

point of view, and indicated its limitations, such as inefficiency of processing chunk

data, etc.

To resolve the limitations of sIncLDA, we proposed a new Chunk IDR/QR In-

cLDA algorithm that is capable of processing a whole chunk of data for every incre-

mental learning cycle. Following this, we explicitly compared the time complexity

of cIncLDA and sIncLDA,. Our analyisis showed that the computational efficiency

of cIncLDA is capable of matching and surpassing that of sIncLDA as the chunk

increases.

Experimental results showed that performance (i.e., accuracy) is improved in our

solution, especially when processing data with large number of classes. In addition,
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compared with sIncLDA, the proposed cIncLDA also produces the transform matrix

much similar to the one obtained by batch QR/LDA. Moreover, the experimental

study on computational efficiencies agrees well with theoretical time complexity ana-

lysis. As evidenced in the thesis, the running efficiency of the proposed cIncLDA can

be maximized by large chunks.

The main contributions of this paper are summarized as below:

1. A new evaluation criteria framework for IncLDAs has been proposed. It allows

us to assess IncLDAs from a new point of view, not just by comparisons on

performance, efficiency and so forth.

2. Two efficient matrix augmentation methods have been proposed. They allow

us to easily accommodate information of new classes contained in chunk data

through expanding the dimensions of matrices Q and W .

3. A new method for incremental updating ofW , more accurate than the existing

approach, has been successfully developed in this thesis. This is achieved by

relaxing a key assumption on Q and W that is vital to the existing algorithm

but may be significantly violated as the number of classes increases.

4. Unlike Pang’s IncLDAs (Pang et al., 2005b) where only the chunk data in one

class can be acquired each time, our method is capable of absorbing information

obtained from newly added samples in whatever classes.

6.2 Directions for Future Research

As we noted in the thesis, the reduced between-class scatter matrix B in the existing

sIncLDA and the proposed cIncLDA are not incrementally updated but completely

recomputed. As a matter of fact, whenever new data are presented for the incre-

mental learning procedure, there should exist an incremental learning rule such as

B′ = B+Σ. One important future challenge would be to develop such an incremen-

tal mechanism for calculating Σ and subsequently updating B. Once realized, we

believe the efficiency of cIncLDA could be improved further. As analyzed in section

4.5, the time complexity for recomputing B is O(k3). It is straightforward to see that

if the reduced between-class scatter matrix can be updated through B′ = B + Σ,

which only requires O(k2), significant reduction of computation cost can be achieved.
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Our time complexity analysis also showed that when s > η, the running efficiency

of cIncLDA can match and even exceed that of sIncLDA. This has been mathema-

tically proved. However, it remains as a challenge to find a general formula for

computing the exact match point and surpass point.

Finally, in the thesis, only face recognition application has been touched. It is also

interesting to investigate other potential applications of our proposed cIncLDA, and

design experiments on other real-world datasets to see the generability and stability

of our work.



Appendix A

Proof of Proposition 1

Given A = (A1,A2) = Q(R1,R2) = QR ∈ Rd×k with A1 ∈ Rd×(i−1), and A2 ∈
Rd×(k−i). According to Daniel et al. (1976), if a zero vector 0 is inserted at the i-th

column of A, then we have the augmented matrix Â as,

Â = (A1, 0,A2) = (Q, 0)

(
R1 0 R2

0T 1 0T

)
= ΨΞ,

where Ψ = (Q, 0) and Ξ =

(
R1 0 R2

0T 1 0T

)
.

For QR-updating, the re-orthogonalization step stated by Daniel et al. (1976) can

be avoided, because 0 is orthogonal to any vectors. We choose directly the Givens

rotations G = [Gi,i+1, . . . ,Gk−1,k,Gk,k+1] so that

GT ·
(

0

1

)
=

⎛⎜⎝ 0

1

0

⎞⎟⎠ ∈ Rk×1 (A.1)

where 1 positions at the i-th row, and “·” denotes the application of individual Givens

rotation Gi,i+1 on

(
0

1

)
one by one. As a result, we obtain Gi,i+1 = · · · = Gk−1,k =

Gk,k+1 =

[
0 −1
1 0

]
.
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Consequently, we can apply GT on Ξ to compute R̂ as,

GT ·Ξ = GT
i,i+1 . . .G

T
k,k+1

(
R1 0 R2

0T 1 0T

)

= GT
i,i+1 . . .G

T
k−1,k

⎛⎜⎝ R
(1)
1 0 R

(1)
2

0T 1 0T

R
(1)
3 0 −R(1)

4

⎞⎟⎠
. . .

= GT
i,i+1

⎛⎜⎝ R
(k−i)
1 0 R

(k−i)
2

0T 1 0T

R
(k−i)
3 0 −R(k−i)

4

⎞⎟⎠
=

⎛⎜⎝ R
(k+1−i)
1 0 R

(k+1−i)
2

0T 1 0T

R
(k+1−i)
3 0 −R(k+1−i)

4

⎞⎟⎠
= R̂.

(A.2)

HereR
(k+1−i)
1 ∈ R(i−1)×(i−1),R

(k+1−i)
2 ∈ R(i−1)×(k−i),R

(k+1−i)
3 ∈ R(k−i)×(i−1),R

(k+1−i)
4 ∈

R(k−i)×(k−i), and

(
R

(k+1−i)
1 R

(k+1−i)
2

R
(k+1−i)
3 R

(k+1−i)
4

)
= R with its submatrix R

(k+1−i)
3 being a

zero matrix. Note that (A.2) performs an iterative calculation, because an individual

Givens rotation Gi,i+1 effects only two rows of Ξ (Golub & Van Loan, 1996).

Similarly, we apply G on Ψ to compute Q̂ as,

Ψ ·G = (Q, 0)Gk,k+1 . . .Gi,i+1

= (Q
(1)
1 , 0,−Q(1)

2 )Gk−1,k . . .Gi,i+1

. . .

= (Q
(k−i)
1 , 0,−Q(k−i)

2 )Gi,i+1

= (Q
(k+1−i)
1 , 0,−Q(k+1−i)

2 )

= Q̂.

(A.3)

Here Q
(k+1−i)
1 ∈ Rd×(i−1) ,Q

(k+1−i)
2 ∈ Rd×(k−i), and (Q

(k+1−i)
1 ,Q

(k+1−i)
2 ) = Q. Note

that, only two columns of Ψ are effected by an individual Givens rotation Gi,i+1

(Golub & Van Loan, 1996).

Hereby, we have Â = Q̂R̂ as required.
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Proof of Proposition 2

Given W = QTHwH
T
wQ ∈ Rk×k, if a zero vector 0 is inserted as the i-th column

into Q ∈ Rd×k, so that Q̂ = (Q1, 0,−Q2) ∈ R(k+1)×(k+1) where Q1 ∈ Rd×(i−1) and

Q2 ∈ Rd×(k−i). According to (A.3), we derive the augmented reduced within-class

matrix as follows,

Ŵ = Q̂
T
HwH

T
wQ̂

= (GT ·ΨT )HwH
T
w(Ψ ·G)

= GT · (Q, 0)THwH
T
w(Q, 0) ·G

= GT ·
(

W 0

0 0

)
·G

= GT
i,i+1 . . .G

T
k,k+1

(
W 0

0 0

)
Gk,k+1 . . .Gi,i+1

= GT
i,i+1 . . .G

T
k−1,k

⎛⎜⎝ W
(1,0)
1 0 0

0T 0 0

−W (1,0)
3 −W (1,0)

4 0

⎞⎟⎠Gk,k+1 . . .Gi,i+1

. . .

=

⎛⎜⎝ W
(k+1−i,0)
1 0 0

0T 0T 0

−W (k+1−i,0)
3 −W (k+1−i,0)

4 0

⎞⎟⎠Gk,k+1 . . .Gi,i+1

. . .

=

⎛⎜⎝ W
(k+1−i,k+1−i)
1 0 −W (k+1−i,k+1−i)

2

0T 0 0T

−W (k+1−i,k+1−i)
3 0 W

(k+1−i,k+1−i)
4

⎞⎟⎠ ,
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where W
(k+1−i,k+1−i)
1 ∈ R(i−1)×(i−1), W

(k+1−i,k+1−i)
2 ∈ R(i−1)×(k−i), W

(k+1−i,k+1−i)
3 ∈

R(k−i)×(i−1),W
(k+1−i,k+1−i)
4 ∈ R(k−i)×(k−i), and

(
W

(k+1−i,k+1−i)
1 W

(k+1−i,k+1−i)
2

W
(k+1−i,k+1−i)
3 W

(k+1−i,k+1−i)
4

)
=

W .
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Proof of Proposition 3

As W = QTHwH
T
wQ (Ye et al., 2005), its update for incremental learning is cal-

culated as,

W ′ = Q′TH ′
wH

′T
w Q′

= Q′T ∑k′
i=1(H

′
wi
H ′T

wi
)Q′ . (C.1)

As we know, H ′
w = [X ′

1 − m′
1e

′T
1 , ...,X

′
k′ − m′

k′e
′T
k′] ∈ Rd×k′ and e′

i =[
ei

ẽi

]
= (1, . . . , 1)T ∈ Rn′

i , H ′
wi

in (C.1) gives,

H ′
wi

= X ′
i −m′

ie
′T
i

= [Xi, X̃i]−m′
ie

′T
i

= [Xi − mie
T
i , X̃i − m̃iẽ

T
i ]−m′

ie
′T
i +mie

′T
i

= [Hwi
, X̃i − m̃iẽ

T
i + m̃iẽ

T
i −miẽ

T
i ]− (m′

i − mi)e
′T
i

= [Hwi
, H̃wi

+ (m̃i − mi)ẽ
T
i ]− (m′

i − mi)e
′T
i

= [Hwi
, H̃wi

+αẽT
i ]− βe′T

i ,

(C.2)

where α = m̃i − mi and β = m′
i − mi. Hereby, H ′

wi
H ′

wi

T in (C.1) is computed

as
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H ′
wi
H ′T

wi
= ([Hwi

, H̃wi
+αẽT

i ]− βe′T
i )([Hwi
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+αẽT
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i )

T
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+ ẽT
i (H̃wi

+αẽT
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+ ẽT

i ẽiα
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(C.3)

since Hwi
ei = H̃wi

ẽi = 0, ẽT
i ẽi = ñi and e′T

i e
′
i = n′

i. Substituting H ′
wi
H ′

wi

T in

H ′
wH

′
w
T =

∑k′
i=1H

′
wi
H ′

wi

T , we have

H ′
wH

′
w
T = HwHw

T + H̃wH̃w

T
+

k′∑
i=1

(ñi(α− β)(α− β)T + niββ
T ). (C.4)

Further substituting (C.4) into (C.1), we obtain the update of reduced within-class

scatter matrix as,

W ′ = Q′TH ′
wH

′T
wQ

′

= Q′THwHw
TQ′ +Q′TH̃wH̃

T

wQ
′

+Q′T (
∑k′

i=1(ñi(α− β)(α− β)T + niββ
T ))Q′

= W̄ + W̃ + (
∑k′

i=1(ñi(α
′ − β′)(α′ − β′)T + niβ

′β′T ))

= W̄ + W̃ +E,

(C.5)

where W̄ = Q′THwHw
TQ′, W̃ = Q′TH̃wH̃

T

wQ
′, E =

∑k′
i=1(ñi(α

′ − β′)(α′ −
β′)T + niβ

′β′T ), α′ = Q′Tα and β′ = Q′Tβ.
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